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We consider the integral functions

(1) F(z)sz(t) coszt dt
and ’
©) @ (2)= [ 7(t)sin 2t dt

where f(#) is a real integrable function. It has been proved by
G. Polya[], that (1) and (2) have only real roots, provided that f ()
is non-negative and non-decreasing. In two papers[*3] published in
this journal, L. Ilieff proved that (1) has only real roots if f(£)
belongs to a certain class of non-negative and non-increasing functions.
The purpose of the present paper is to give some theorems, based on
very simple principles, which generalize the results of L. Ilieff
mentioned above.

Theorem A. Let n» and m denote non-negative integers, and let
us suppose that n-+m is odd. Let f(£) denote a real function, which
is n times derivable in the interval (0, 1) and which satisfies the follo-
wing conditions:

a) f(1)=0 further ®(1)=0 for k=1, 2,--. (n—1);
b) fe*D(0)=0 for 1=2k-}1<n;
@)

c) g®)= rra is integrable, non-negative and non-decreasing
in (0, 1). ~

It follows that (1) and (2) have only real roots.

Proof: We begin by proving that (1) has onmly real roots.

Let us put

(3) G(2)= [ () sin 2t at



According to the theorem of P6lya mentioned above G(2) has only
real roots. From a well known result]t] which states that if an inte-
gral function of order =<1 takes real values on the real axis and has
only real roots, its derivative has also only real roots, it follows that
G (z) has only real roots. Using conditions a) and b), by iterated
partial integration we obtain that G (z) is — up to a factor (—1)8
where the parity of the integer s depends on z and m -— is equal &
2"F(z), which proves that F(z) has only real roots. As regards (2)
the proof is the same with the only difference that we consider

(4) G(2)= [ g(t) cos 2t at

instead of (3).

By the same method we obtain

Theorem B. Let » and m denote non-negative integers and let us
suppose that n+m is even. Let f(¢f) denote a real function, which is
n-times derivable in (0, 1), satisfies conditions a) and c) of theorem
A, but instead of b) satisfies the following condition:

b) f@(0)=0 for 2=2k<n.

It follows that (1) and (2) have only real roots. Theorem I of
Ilieffs papers) which states that if a=1, x=1—¢% @.(x)="7(f) and

filH)= f @ (x) dx where fo(f) is integrable, non-negative and non-dec~

reasing, then ff, (¢)cosztdt has o:zly real roots, follows from the-

orem A of the present paper by putting n=1, m=0, f({)= f1 (t) and
e(t)=fut)t=.
Finally let us mention that instead of condition c) of theorems.
A and B it can be supposed that (3) resp. (4) have only real zeros
Theorem IL. of Ilieff’s paper[?] follows from this remark.
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