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Introduction

Since the beginning of the century many authors, e. g. K. P earson [1], 
L. v. Bortkiewicz [2], E. L. Dodd [3], L. H. C. T ippet  [4], and M. Fré- 
chet [5] have dealt with particular problems which may be classified as 
belonging to the theory of order statistics. A. N. Kolmogorov [6], V. 1. Gli- 
venko [7], N. V. Smirnov [8], В. V. G nedenko [9], and other mathematicians 
having recognized the great theoretical and practical importance of this set 
of problems, developed this subject into a systematical theory.

In the last three years a particularly great number of papers dealt with 
such problems; of these we mention those of В. V. Gnedenko and 
V. S. Koroluk [10], В. V. Gnedenko and E. L. Rvaceva [11], В. V. Gne
denko and V. S. Mihalevic [12], V. S. Mihalevic [13], J. D. Kvit [14], 
G. M. Mania [15], I. 1. G ihman [16], W. Feller [17], J. L. Doob [18], 
F. J. Massey [19], M. D. Donsker [20], T. W. Anderson and D. A. Darling 
[21]. A bibliography up to 1947 is to be found in the paper of S. S. W ilks 
[30] enumerating 90 papers.

The purpose of the present paper is to give a new method by means 
of which many important results of the theory of order statistics can be 
obtained with surprising simplicity; the method also enables us to prove 
several new theorems. The essential novelty of this method is that it reduces 
the problems connected with order statistics to the study of sums of mutually 
independent random variables. § 1 contains the review of the method, § 2 is 
devoted to the proof of some known theorems by means of this method, and 
§ 3 contains the formulation of some new results obtained by this method, 
concerning the comparison of the sample distribution function to that of the 
population. These results are connected with the fundamental results of 
A. N. Kolmogorov and N. V. Smirnov.

Let Fn(x) denote the distribution function of a sample of size n drawn 
from a population having the continuous distribution function F(x), in other
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words, Fn(x) denotes the frequency ratio of sample values not exceeding x. 
Kolmogorov determined the limiting distribution of the supremum of 
I/l.Oc)—F(x)|, Smirnov did the same for Fn(x)—F(x); in § 4 we shall 
determine the limiting distribution of the supremum* of the relative deviations

, respectively. To do this, besides our method,Fn(x )-F (x )  F „ (x)-F (x)
F(x) ’ and F(x) 

the lemmas in § 4, generalizing some results of P. Erdős and M. Kac [22], 
are needed. These lemmas are of certain interest in themselves. § 5 contains 
the proof of the results formulated in § 3, while § 6 contains some remarks on 
the numerical computation of the values of the limiting distribution functions 
occurring in our theorems; tables for one of these are also given. I have 
found the method formulated in § 1 by analysing a theorem of S. Malmquist 
[23]; § 1 contains among others a new and simple proof for this theorem 
of Malmquist. Together with G. Hajós, we have found another simple proof 
of this theorem which will be published in a joint paper of ours [24]. All these 
investigations have for their origin in the discussions in a seminary of the 
Departments of Probability Theory and of Mathematical Statistics of the In
stitute for Applied Mathematics of the Hungarian Academy of Sciences. 
I lectured on the part of the results contained in this paper in January 1953 
on the congress of the Humboldt University in Berlin1 and in September 1953 
on the VIII th Polish Mathematical Congress in Warsaw. On this last occasion 
A. N. Kolmogorov has made certain valuable remarks for which I 
express him my most sincere thanks. Further, I express my thanks to 
T. LiptAk who participated in the preparation of this paper by elaboration 
of some particular calculations, as well as to Miss I. Palásti and Mrs. P. 
Várnai for the numerical computations.

§ 1. A new method in the theory of order statistics

Let us start with the following special case: let a sample of size n be 
given concerning the value of a random variable £ of exponential distribution, 
i. e. the results of n independent observations for its value, denoted by 
£,, £2, . . in other words, £,,£ 2, ...,£ „  are mutually independent random 
variables with the same distribution function of exponential type. We need 
the following well-known property of the exponential distribution: if £ is an 
exponentially distributed random variable, then

( l . i )  P(£ < x + y |£  =  y) =  P(£ < x),

* (in an interval 0 < a <; F(x) sä b ^  1).
1 This lecture will be published in the communications of the Congress under the 

following title: “Eine neue Methode in der Theorie der geordneten Stichproben”.
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if x > 0 and у Ш О.2 This property characterizes uniquely the exponential 
distribution. Indeed, let F(x) be the distribution function of £, then

P(£ < ДС +  У IS ^  y) =  F{Xt ^ F { y ) {V)

and it follows that (1. 1) is equivalent to the following relation:
<1.2) Ф(х -.-у) Ф(х)Ф{у)
where Ф(х) =  \ — F(x). It is known however that, of all functions satisfying 
the condition О ^ Ф ( х ) ^ 1 ,  except for the trivial cases Ф(х) =  0 and 
Ф(х) 1, the functions Ф(х) = е~кх (l > 0) and only these satisfy the func
tional equation (1.2).

The meaning of (1.1) becomes especially clear, if the random variable 
S is interpreted as the duration of a happening having random duration. In 
this interpretation the proposition (1. 1) can be formulated as follows: in case 
of a happening of exponentially distributed random duration, being in pro
gress at the moment y, the further duration of the happening does not depend 
on y, i. e. on its duration until the given moment.

Let us arrange the numbers £1? C2, • • ■, £« in order of magnitude and use 
the notation
(1.3) 3  =  tf*(5i, ,5») (Ar— 1,2....... л)
where the function Rk{X\, x2, . . . ,  x„) of the n variables xlt x2, . . . ,  x„ denotes 
the Лг-th of the values x1; x2, . . . ,  x„ in order of magnitude ( k =  1 ,2 ,... ,  n); 
thus e. g. £í =  min £k and C* =  max £fc. Then the individual and joint dis-

tributions of the values of the order statistics £1 ^  C* s  ^  £* can be most 
easily determined. For that purpose we interpret the variables £* as random 
durations of mutually independent happenings; then £* denotes the duration 
of the happening finished as k-th of the n happenings. Let us determine, 
first of all, the distributions of the differences £3t+i—SÍ- If =  y, then
(1.4) p<e:+i - s  > x| a = у ) -  p (&.1 > x + y j G = y )
where on the right side there stands the probability of the event that none 
of the n— к happenings, being in progress at the moment y, finishes until 
the moment x-\-y. By virtue of (1. 1), the value of this probability is

(Р(£>х))п'* =  е-0" чл'
and thus the conditional distribution function of £*+i—ÍJ* with respect to the 
condition G =  у is
(1.5) Р(СГ+1 -  G < x\ G =  у) =  1 - e -

2 P(4) denotes the probability of the event A, and P(4jß) denotes the conditional 
probability of the event A with respect to the event B.
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As the conditional distribution function (1.5) does not depend on y, (1.5) 
gives also the non-conditional distribution function of £*+i — £*; indeed, by- 
virtue of the theorem on total probability,

CD

(l. 6) P ( 5 E « - a < *)  =  J P ( S f i - £ 2 < jc|G—y)í/P(SE<y) 1
0

Therefore the differences £JJ+i— are themselves exponentially distributed

with the mean value 7---- \ . , and thus the variables(.n — k)l
(1.7) dM  =  {n— k) (Sfi - Й )  (k - 0 ,1 ,. . . ,  n —1> 

are also exponentially distributed with the mean value 4 - .  (In the above rela-Л
tion by definition £* =  0.)

It follows from the abovesaid that the variables dlt d2, . . . ,  dn are mutu
ally independent random variables. It is namely easy to see that the proba
bility
( 1 . 8 )  P ( & - 1— 5  <  x | Я  =  y i , Й — £1 =  У2, . . . ,  S — Й -1 =  уь)

does not depend on the variables y,, , . . . ,  ; this is evident, as the above
conditions mean that £í =  yi, й  =  У1 +  У2 , £í =  yi-|-y 2 -f------ fy*; i. e.
they give the moments of the finishing of к happenings, which finish first of 
the n happenings which started simultaneously at the moment t =  0. These 
conditions imply that at the moment t =  yi +  y2 +  •• • -by* there are still 
n — к happenings in progress and the probability of the finishing of at least 
one of them before the moment f +  x is equal to 1—g-(»>-*)**_ Thus the 
probability of the left hand side of (1.8) equals 1—e~ <n-fcArJ j. e. it does not 
depend on the variables yu y2, . . . ,  yk, and this is equivalent to the fact that 
the variables £*+i — C* (and also the variables dk) are mutually independent. 
Thus the variables ££ can be expressed in the form

(1.9) n n—1
öt

n—k -\-1 (k =  \ , 2 , . . . ,  n)

i. e. as linear forms of mutually independent random variables having the 
same distribution. (1.9) can be also expressed by saying that the variables 
Z* form an (additive) Markov chain. By virtue of (1.9) the distribution of any 
£*, further, the joint distribution of any number of the variables Cl can be 
determined in explicit form.

Consider now, how the abovesaid can be applied in general to the 
study of order statistics. Let § be any random variable having a continuous 
and steadily increasing3 distribution function F(x), let (£j, £2, • • •, I») be a.

3 By saying that F(x) is steadily increasing, we mean that F(x) is a strictly increas
ing monotone function in the least interval (a, b) where F(a) =  0 and F(b) 1; it mayr 
be happen that a =  — oo or ö =  - j-°о.
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sample of size n consisting of n independent observations of the value of 
£, that is to say, let £ i,i2, ...,£»  be mutually independent random variables 
with the same (continuous) distribution function F(x). Let us arrange the 
sample values £,c in order of magnitude, that is to say, let us form the new 
variables Ц =  RkQ,u & ,.. . ,  D-

The main problem of order statistics is to study the variables this, 
however, can be reduced to the special case when the variables £k are expo
nentially distributed (and therefore — by virtue of (1.9) — to the study of 
sums of mutually independent random variables), as follows: let us put

(1.10) i]k F($k) and &t= log— (k —  1 ,2 ,..., n)

and let us denpte by 1$= F(íf) the Ar-th of the variables rjlt ri2, . . . ,  r\„ in 
order of magnitude, i. e. let us put /Д. =  Кк(т}1г rj2, . . ?jn); further, let us put

(1.11) SÍ — log (k =  1, 2 , . . n).
• J n + 1 -Ъ

As log-- is a steadily decreasing function, we obtain:

(1.12) 5E =  tf*(Si, & ,...,£») ( k =  1 ,2 , . . . ,n),
whence Cl is the A:-th of the variables £,, in order of magnitude.
As we have assumed the variables to be mutually independent, it follows 
that the variables £*; are also mutually independent.

Let us investigate now the distribution of the single variable St- F(X) 
being a strictly increasing function, the inverse function of x  =  F(y), denoted 
by у =  F '1(x), is uniquely defined in the interval 1, and thus

P(St < X) =  P (log F ]( : )  < x j  P(£, > F \ O )  =  \ - F { F \ e * ) )  =  \ - e %

if O ^ x ^ l .  Therefore the variables £1, £2, ■ • are mutually independent 
and of exponential distribution with the mean value 1. In this way, the ran
dom variables 2* themselves can be expressed in the form

(1.13) S  =  y?_,(e-Äfi-b) =  F"1U “-1 k ') (к =  1 ,2 ,... ,  n);
where the variables d ,,d 2, . . . ,d „  are mutually independent and of exponen
tial distribution with the same distribution function 1— e x (x> 0). It also 
follows from this result that the quotients

(1. 14)
П*

_ <Wi-t 
£ /с

are mutually independent random variables (here, by definition, ?/*+i =  1), 
since the variables dll+i-k are, as we have seen, mutually independent. 
Another consequence of (1.13) is that the variables £* ,£*_ 1 , . . . ,  £* form a 13

13 Acta Mathematica
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Markov chain (and thus the variables £5,..., £* form also a Markov chain); 
this follows from

(1.15) s«
n - i

log /•'(£* -l) 1H-+1 1

which is obtained from (1.13) and from the fact that the variables £*+i ,, and 
()k+i are independent, since

n —k -\-1
A. N. Kolmogorov [6a] was the first who remarked that the variables 

if, £•*,..., £*, i. e. the sequence of order statistics, form a Markov chain. 
The new method contained in the present paper starts from this fundamental 
observation, but the possibilities implied by it could be developed only after 
having transformed the Markov chain {£,*} into an additive Markov chain by

1 In this connection it is inmeans of the transformation £ í=  log
Г  (£» -fc+l)

teresting to consider the following general problem: for which Markov 
processes {£<} can such a family of functions Gt(x) be found that the variables 
lit form an additive Markov process? A necessary condition of this
is that the distribution function F(x, s, y, t) =  P(£f < x |£., =  y) of the Markov 
process should satisfy the following differential equation:

dFdFÍdF cTF OF ckF \ i fF )o2F h)F]r £2F(dFY(  
ßx dy ( ö y  cx2dy dx c xdy-J ~ öxőy \ dx- ) dy- ( с / х ) ) '

We hope to return to the discussion of this problem on another occasion.
The variables щ are obviously uniformly distributed in the interval 

(0, 1), because, if 0 < x <  1, then
(1.16) P(/,t < x ): P($;< F '( x ) )  =  F ( F \x ) )  =  x,
and therefore the variables i/;* form an ordered sample of size n drawn from 
a population of uniform distribution in the interval (0, 1).

It follows from (1. 14) that

H r í = £ " ” “ ‘

and as P(e >,,+1 '■ < x) =  Pjd„+i ,, > l o g ^ ) ^  e '°g -T = x, therefore the va-

I7" * Л к

are mutually independent and have the same distribution, namely,

they are uniformly distributed in thé interval (0, 1). This is the theorem of
S. Malmquist mentioned in the introduction.
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§ 2. The theory of order statistics built up by means 
of the method of § 1

On the basis of what has been said above it is easy to obtain the 
results concerning the limiting distribution of order statistics. In order to 
show this, we shall prove the following theorems.4

T heorem  l. I f  к Ш \ is a fixed positive integer, then

lim P (пЦ < х) f  le < dt (*>0),(k— 1)!
U

i. e. n L,t has in the limit a Г-distribution of order k.
P r o o f .  A s  w e  h a v e  s e e n ,

Qk~ T + T - \  +  + n + l - k
w h e r e  őlt d 2 , . . . ,  ök a r e  m u t u a l l y  i n d e p e n d e n t  a n d  e x p o n e n t i a l l y  d i s t r i b u t e d  

r a n d o m  v a r i a b l e s  w i t h  t h e  c o m m o n  d i s t r i b u t i o n  f u n c t i o n  1 —e x ( x > 0 ) .

ÖiTherefore, the variable has the probability density functionn +  1 —j
(n -f- l—у)е-<и+1-л* (x > 0) and thus it follows by simple calculation that 
the probability density function of £* is

gift) k e “'(e1 — l)'"1;

hence n tf  has the frequency function

( 2. 1) (k— 1)!
tk l eAs lim n(e" —1) =t, thus the density function of nt,l converges to у

as п —юо, i. e. to the density function of the / ’-distribution of order k.
This result might have been expected by the following consideration. 

Obviously

<2. 2) n  Q* —  d'i -j- Ő -2 +  • • • -f- d fc -f- v i Z z d H .
s=ä n +  1 — j  ’

f' €̂~fthe density function of eh -(- d---- +  ők is, however, on the other

h a n d ,  t h e  v a r i a b l e  Уb u - W i
m  n + i —j

(k— 1)!

tends stochastically to 0, as л —*<x>.

4 We use the notations introduced in § 1.

13*
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To develop this consideration into a precise proof, we need the following- 
lemma, due to H. C ramer ([25], p. 254).

L e m m a  1. Let us put ya — a n-\- ß n where aH and ß n are random variables 
and let F„ (x) denote the distribution function o f a„ and further let us assume 
that5

lim M /?„=0 and lim D/?,,- 0.
n - > - 3 О ?l-> 00

Furthermore, let us suppose that there exists the limit F(x) o f the distribution 
functions F„(x) as n ->&«, i. e.

lim Fu (x) =  F(x)
n - >  GO

holds for all points x of continuity of the distribution function F(x). Further„ 
let us denote the distribution function of y„ by G„(x). Then

lim G„(x) =  F(x).
n  ->- 00

Proof.6 Without loss of generality we may suppose that M/?„ =  0. 
Then, by virtue of Tchebyshev’s inequality, we have

Р ( |А |> « ) < - ^ - .
therefore, given any, arbitrarily small « > 0  and t) >0, there exists a positive 
integer n„(d) such that

P(|/?,t| >«) < d if n > n lt(d).
But then
(2.3) G„ (x) P (/„ < x) s  P («„ < x +  *) +  P (A < — e).
In fact, if an +  ßn < x, then either a ^ Kx - f s  or aH ^ x  +  f, but in the latter 
case at the same time ß n <  — s  holds and we obtain (2. 3) by means of the 
theorem on total probability. Similarly,
(2. 4) G„(x) =  P(/„ < x) ^  P («н < x —s )  — P (ßn > s);
in fact, if an < x —e, then either an +  ßn < x, or an -f ßn ^  x, but in the latter 
case at the same time ß„ > s. Consequently, we have

Fn(x—s)— d g  G„(x) ^  F„(x +  e) +  d.
Passing to the limit n —>oo and considering that s and ő can be chosen 
arbitrarily small, it follows that

F (x—0) ^  lim G„(x) <  lim G„(x) ^  F(x +  0),

5 Here and in what follows we shall denote then mean value of the random variable 
I  by M | and its standard deviation by D£.

0 We give here the proof of this lemma of Cramér because a similar method of 
proof is needed in the proof of Lemma 2.
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i. e., that in all points of continuity of F(x)
lim G„(x) F(x).

tt—>-00
This proves Lemma 1.

Theorem 1 follows immediately from this lemma, as

м L>v í Z - Ш
1 - /

к
V

~ i k n + 1-
j — 1

-j
and D- v ( y —

n

k
V .

1—yV ^ ( л + 1 —У)-
and thus the conditions of Lemma 1 are satisfied.

By means of Theorem 1 we can easily determine also the limiting 
distribution of rf. We have ifn+ \^= e  Ък and therefore

1
x

Р(л(1 — i]*+l.,)< x ) bk log
1

s i n c e

log

lim

1

1 - i Ln
X
II

and the /-distribution is continuous, it follows that n ( l—rf+i-i) has in limit

also a / -distribution of order к with the density function tk l e
(t>  0).(k— 1)!

Now, the random variables qk are mutually independent and uniformly dis
tributed in the interval (0, 1). Because of the symmetry of the uniform distri
bution, the same holds also for the variables 1 — qk(k —  1 ,2 ,..., n) and thus 
the variables

i]k Rk(q 1, i]‘2i •••) t]«) and 1 qn+i~k — 1 f t)«)
have the same distribution. Hence it follows the following

T heorem  2. The distribution of the variables n i f  and n ( \—rf+i-k) in 
case of any fixed 1, tends to the Г-distribution o f order к with the den-

fk-  lg - t
sity function (A. ]); (t > 0).T

By means of Theorem 2 we can determine also the limiting distributions 
of and |*+x_a-; these, however, — contrary to the limiting distributions of 
the variables i f  and — will depend on the distribution function F(x) 
(see [8]). 7

7 The distribution of the variables rf  can be also determined exactly for finite n and 
after this passing to the limit Theorem 2 can be proved also in this manner by means of 
some simple calculations (see H. C ramer [25]). We proved this theorem here by means of 
our method to show its application at first in a simple case.
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Now we shall prove the following
Theorem 3.8 The variables r*k and /;*+i ; are independent in the limit i f  

П-+Ж and at the same time к and j  are fixed, namely

lim P f ] n  ^  i * l j n + 1 - j  \
ll1' 1 yj-1 (f («+'’)

(к 1)! U — 1)!
du dr (x > 0 ,y >  0).

P r o o f . First of all we prove a lemma:
Lemma 2. Let us put y„ =  «„ +  Д  where an and d„ are random variables, 

and let a random variable y H be given which is independent of an. Let us 
denote the distribution functions o f u„ and y n by F„(x) and Н,(х) respecti
vely. Let us assume that the limit functions F(x) -= lim F„ (x) and H (x) =  lim FL, (x)и -> oo ' it —у со
exist and, further, that

lim M/i„ 0 and lim D,j„ 0.
11 —>  X  11 —► X

In case all these conditions are satisfied, we have
lim P (/„  < x ;y n<y) -  F(x)H(y),

11 —► 00
i. e., the variables y„ and y„ become independent in the limit.

P r o o f . Let us choose (as in the proof of Lemma 1) the value of the 
integer /?,, so large that

P ( |A | > r) < ó if n > n„
Similarly to the arguments applied in the proof of Lemma 1, it may be proved 
that, if n > n a, where n„ depends on the choice of the positive numbers s and 
<), then
(2. 5) P(a„ < x — s ,y„ < y) — d ^  P y„<y) =5 P (ci„< x +  t, y„< y) +  ö,
and as, by our assumption, a„ and y tl are independent, therefore 

P («,, < x +  s, y„ < y) = Fn(x ± s )  Hn(y)
and similarly to the proof of Lemma 1, we obtain that in all points of con
tinuity of F(x)

lim P (yn < x, y H < y) F{x) H(y)
11 - >  X

holds. This completes the proof of Lemma 2.
Now

£*+i-fc — l°g n : n l l j  -̂----- I— —*°S n +  £f

* See C ramér [25], p. 371. We discuss this well-known theorem here, because our 
method throws more light on the real ground of the fact expressed in the theorem, than 
its known proof.
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where

and therefore

£
d, , d.
II 1 n — 1 + <b

n +  1 —j  ’

As the sum 1

lim MC* =  lim D£* 0.
П —У Х ) и  -> - c c

«— J
log n is independent of l* and

1lim n l o g ----=  y,
00 I У 

n
further, we know that

we have

(2. 6) lim P L ;  < 4 , 1  -  < -£ ) =  Hm P (sU,..*-$? ^  log -£-) =  /}(y)
n ->  oo V И  И  J  n - + c c  \  A J

where
.*/

/:,'(y)-= J  e/ - ~0о
On the other hand, by Lemma 1

(2. 7) Hm P k ;i+, . * - S  ^  lo g -J ) lim P |£5+i-* a  log — )
ft 00 V X  J  П - * .  CD V A y

and by virtue of Theorem 2
X

(2. 8)  lim P S  l o g ± ) -  lim P( t f  <  f ) - J ' £ ^ T dt.

From the relations (2. 6), (2. 7) and (2. 8), Theorem 3 follows.
By means of Theorem 3 we can determine the limiting distribution of 

the difference íj,*— >j*. This is important, because íj* — ;j*, the range of the 
sample ( íj, ,  ij2, . . íj „ ) , can be used to estimate the standard deviation 
of the population. As, for large n, the variable íj* is near to 1 and i]\ is 
near to 0 with a probability near to 1, we obviously have to consider the 
variable n\ 1—( íj* — г;*)] and as, by virtue of Theorem 3, nij* and n ( l—r*„) 
are independent in the limit, the limiting distribution of their sum equals the 
composition of their limiting distributions. As e x (x  > 0) is the density func
tion of the limiting distribution of both rttfi and n ( l— íj * ) , the density



2 0 2 A. RÉNYI

function of the limiting distribution of л [1 —(//* — //*)] is

I e-(x~v)e y dy =  xe x (x > 0);
Ó

therefore я[1—(//* — /у*)] is in the limit a random variable having a / ’-dis
tribution of order 2.

By means of the limiting distributions of the random variables ry*, the 
limiting distributions of the random variables can also be determined.

Hitherto we have’ considered the limiting distributions of the order 
statistics £’ (resp. those of their transformed values ту* and £*) under the 
condition that the index к (resp. j=  n-f  1—k) is fixed and at the same time 
n —► ос; this set of problems is called the study of the “extreme values” of 
the sample. We now turn to the study of the limiting distributions of the 
variables £* (resp. of /у* and ££) under the condition that together with n 
A- tends also to infinity, namely so that \k— nq\ — о (|A rí), where q is a con
stant (0<  q < 1). The variable U+i (where к [яд])9 satisfies this condition; 
this variable is called the q-quantile of the sample. In the special case 
n = 2 m -) - l  where m is an integer, the variable 'SZ+i is the median of the sample: 
obviously, the g-quantile of the sample is nothing else but the g-quantile of 
the sample distribution function and thus the median of the sample is nothing else 
but the median of the sample distribution function. Consequently, if n is an even

integer, i. e. n 2m, then (£*, +  £*+i) is called the median of the sample.

We shall now prove the following theorem containing the proposition that 
the g-quantiles of the sample in the limit are normally distributed, if the 
distribution function F(x) of the population satisfies certain simple conditions.

T heorem 4.10 Let us suppose that the density function f(x )  F’(x) of 
the common distribution function F(x) of the mutually independent random 
variables . . . ,  §„ exists and that f(x) is continuous and positive in the 
interval a < x < b ; then, if 0 < F(a) < q < F(b) < 1 and further, i f  \k„ — nq\

_  k
o (\ n)(and thus, a fortiori, lim " g), then 5*i( is, in the limit, nor-

11 -> CC /2
mally distributed with the mean value Q F \q ) , which is the q-quantile of 
the distribution function F(x), i. e.

Q
</(l </)

n

lim P a .

/(Q )

9 [x] is the largest integer for which [x] g; x.
19 This theorem is contained in a general theorem of N. V. S mirnov [8g].
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P r o o f . First consider the limiting distribution of
tn-l-i- (I

< 2 - 9 )  — „ _  n _|_ 1 _ y
where the variables dj are mutually independent and exponentially distributed 
with the distribution function 1—e~x (x > 0), that is to say, Mr)',= D d, 1 
and

CC 1 cc
M ( I dj—1 j!1) = |  x —lp e x dx  <  I e r dx +  j x3 e Xdx 5.

Then, however,

<2. 10)

and thus

(2.11)

n + l - l c n

м „  =  m c : +1 ,  =  v 1

n + l - k

s ; =  D% :M , =  N

j k  n +  \ - j ’ 
1

к  I  =  у  м
j 1

» + 1 - j k  (" +  1-У Г
4— 1

Л + 1— j
«+I-*»

<  5 У  ________
4  (п + 1 - у г

Kn 5
S„ =  it,, '

K„Therefore, if n —»-cx>, then >-0; this means that the central limit theorem

in Lia pu n o v ’s form can be applied to the sequence of sums (2.9) and 
thus

r r*
(2. f2) lim P —

К ->00 V
Now, it is known that

r*r>?i+ l-/f„
Sn < x

-j-  =  log m -J- C -T dmк= 1 л
where C is the Euler constant, and an A > 0 constant can be found such

A
that 14,, I < — . By means of some simple calculations it can be verified that m '

<2. 13)

Thus we have 

<2. 14)

<2. 1 5 )

y - L  =  l — l  +  - j —
S I P  А /У ^  Л(Л—1)

Mn =  log .Кг)

s  = J L _ . L + y
6,1 A„ h +  "

(0 <  # <  1).
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А Вwhere j«'| < —- and |e"| < — , A and В being constants not depending on n.

Therefore 

(2. 16)

where [ s'” I <  L

Ьн+l- k . - M S*+l-k„ log
s n [ n — kn

1 nk ,

к„(п— к„) and L is a constant not depending on n. But,

k„if n оо then - —> q and thus s’,” —> 0. Hence n

r*
( 2 . 17) lim P

Ьи-м un log j r

n — kn 
nku

n
k, ^=— < x 1 C e 1 dt.

][2:r

For brevity, let us introduce the notation qa =  ~ , then, by virtue of (2. 17)

and taking into account that owing to \k„ — nq \ -- - o(j л), we have
1 tlog 1---- log-1 = o |

qn q \\in
it follows that

(2. 18) lim P
— log —

1 q
nq

< x
П

dt.

AS C*+l log 

( 2 . 19)

1
m . )

lim P |£ L > F

, if follows from (2. 18) that

1
J/ 2;т

e 2 dt.

But, in view of the mean value theorem of differential calculus, we have

(2- 2°) F%e
where lim =  1.

Q +
f(Q&n)

n  ->■ CO

It follows that

(2.21) lim P (  Й ,— Q ^
------------— ____________  < "  Y

l

1 f q ( \ — q ) Y 2 t t

f(Q) | /  -  n  i

e~ i d t ,

which was to be proved.
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The statement of our theorem can also be characterized by that the 
<7-quantile of a sample of size n in case of large n is approximately normally 
distributed around Q, i. e. around the ^-quantile of the population, with the

standard deviation 1
f ( Q)

gQ—Я) 
n

In this way, by means of the sample median, an interval containing 
the median of the population with probability arbitrarily near to 1, can be 
given. In the special case of symmetrical, for example, normal distribution, 
the median of the distribution coincides with its mean and in this way we 
can estimate the mean value of the population.

The theory of order statistics has a widespread applicability in the 
statistical quality control of mass production,11 which is an important field 
of application of probability theory. Let us assume that a certain measurement 
of some engine parts produced on an automatic machine displays some 
small random fluctuations from specimen to specimen, therefore its value 
can be considered as a random variable. Let us suppose that, under standard 
manufacturing circumstances, the distribution function of this measurement is 
the (continuous) function F(x)\ to control the process of production, at regular 
time intervals we draw a sample of size n — e. g. of size 5.

We take the considered measurement of the values of the sample and we 
mark them on a perpendicular straight line drawn across the abscissa corres
ponding to the point of time of sampling on the „control chart“ and we mark 
their places with dots; the values of the sample will be placed automatically 
in order of magnitude. In order to detect any irregularity in the process of 
production (e. g. the displacement of the adjustment of the automatic machine 
or the attrition of certain parts of the producing machine etc.), we draw 5 
bands determined by parallel straight lines, giving intervals containing the 
least, the second, the third, the fourth, and the largest value, respectively, of 
the sample of size 5 at the same time with a given probability — e. g. 95% 
— under standard manufacturing circumstances. The determination of these 
intervals is very easy by what has been said above. In fact, if £* denotes 
the Лг-th sample value in order of magnitude (к =  1,2, 3, 4, 5), then, as we 
have seen, we can exactly determine the individual and joint distributions 
of the variables

g* == log F 1  л ( k =  1,2, 3,4, 5).

The practical application of this method in quality control is dealt with 
by the Department of Mathematical Statistics of the Institute for Applied

11 Cf. the work of L. i. B raginsky [26]; by means of the theory of order statistics, the 
calculations of B raginsky which are not quite exact can be put in a precise form ; in the 
practical application it is suitable to carry out the control charts on the basis of these 
precise calculations.
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Mathematics of the Hungarian Academy of Sciences; tables needed for the 
use of the method are also prepared.

We shall not continue the enumeration of theorems obtainable by means 
of this method, we only emphasize, that our method consists in deducing all 
these theorems, by means of (1.9), from the theory of limiting distribution of 
sums of mutually independent random variables.

§ 3. Formulation of some new theorems concerning the comparison 
of the distribution function of a population and 

that of a sample drawn from it

Hitherto we have only shown how our method makes it possible to 
prove certain well-known results of order statistics. Now we shall show the 
new results which can be obtained by means of the same method.

A. N. K o l m o g o r o v  [6b] proved a fundamental theorem giving a test 
for the hypothesis that a sample has been drawn from a population having 
a given distribution. By means of this test we can infer to the unknown distri
bution of the population from the distribution of sample values.12 Let us define

(3. 1) F„{x) =

0

n
1

if
if 1,

if jjj < X,
i. e. Fn(x) is the distribution function of the sample, in other words, the frequency 
ratio of the values less than x in the sample.

K o l m o g o r o v ’ s  t h e o r e m  i s  a s  f o l l o w s :

г- \ У' (—1 Vs e ±kV if у > 0(3.2) lim P (1 n sup |F,,(x) —F(x)| < y)== \ }
,,->x -«■ »<+• ( о if у ^ 0.

K o l m o g o r o v ’ s  theorem therefore gives the limiting distribution of the sup- 
remum of absolute value of the difference between the distribution function 
of the sample and that of the population. This limiting distribution does not 
depend on the distribution function F(x) of the population which is assumed, 
for the validity of theorem, to be continuous. K o l m o g o r o v ’ s  theorem con
siders the difference |F„(x)—F(x)| with the same weight, regardless to the 
value of F(x); so e. g. the difference jF„(x)— F ( x ) |= 0 0 1  has the same 
weight in a point л: with F(x) =  0-5 (where this difference is 2% of the 
value of F(x)) as a point x with F(x) =  0-01 (where this difference is 100%! 
of the value of F(x)). We can avoid this by considering the quotient
,F„(x) instead of |F„(x)—F(x)|, that is to say, by considering the

12 I. e. we can give confidence limits for the unknown distribution function.
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relative error of F„(x). In this way, the idea arises, naturally, to consider the 
limiting distribution of the supremum of the quotient ^ which
characterizes the relative deviation of distribution function of the population 
and that of the sample.

A theorem similar to that of Ko lm ogorov’s was proved by N. V. S mirnov 
concerning the one-sided deviation of the sample and population distribution 
functions. S mirnov’s theorem is as follows:

\ 1—e'2y2 if у > 0,
I 0 if у  <  0.

We shall consider also the analogous problem for relative deviations.
All these problems can be successfully solved by means of the above 

method. In the course of solving these problems a natural limitation is to be 
adopted: as F(x) takes on arbitrarily small values, it is not suitable to con-

F„(x)— F(x)

(3. 3) lim P (]/n sup (Fn(x)-
GO < C  X  < .  +  g o

F(x))< y)

takenF J x )_F(x)sider the supremum of —”v v • or respectively

in the whole interval — °o < x < -T °o , but to restrict ourselves to an interval 
x„ ^  x <  +  oo, where the abscissa xa is defined by the relation F(x„) =  a > 0; 
the value of a, however, can be an arbitrarily small positive value. In § 5 
we shall prove the following results:

T heorem  5.

F „ ( x ) - F (x) 
no F(x)(3.4) lim P I n sup

V a s  no < y\ =

T heorem  6.

(3. 5) lim P I j n sup
n - y  со V a F(x)

< U ~  j e - dt if у > 0,
0

0 if j i O .

Fn(x ) -F (x )
F(x) < У =

-T k=0
к e

(2A-+1)2 n -  1 -«  
8 a y*

if y>  0,2 k+ ]
( 0 if у =£ 0.

We may consider the limiting distribution of the supremum of 
F „ (x)-F (x)

F(x) , and of its absolute value taken in the interval x„ Xb>

respectively, where the abscissae xa and jo, are defined by the relations 
F(xa) =  a > 0 and F(xh) =  b < 1 (0 < a < b < 1). We then arrive at the 
following theorems.
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T heorem  7.

(3. 6) lim P I Mn
n -> X

F„(x)— F(x) I 
SUP -----  F (r \  <  Лa ^ F ( x ) ^ b  Г  ( X )  J

4  A ]foil-b) \ 
» ‘ h - a

1 f -T f e T dt
/

:r J e J
- 00 J

T heorem 8 .

lim P f/i sup
n  -> oo V a  ^  F  (r) ^  h

Fn(x) —F(x) 
F(x)

du (—oo < У  < +  о с ) .

<3. 7)

where

<У

\ 4
\ Л h—0

(2fe+l)̂  ла d -«) 
8 « ?/2

2Л:+ l El; if у > 0,

1 0  if у =£ 0;

E,

and

Qk
- b,ji 

2e -{y b)

T7= e -d u  + Qi.I 2 : t  J

(2fc+l) -5

a
т=-а У 0

(1
e -by2 sin«i/u.

These theorems provide tests for verifying the hypothesis that the sample 
•(£,, £„) has been drawn from a population of the distribution function
F(x). The character of these tests consists in that they give a band around 
F(x) in which, if the hypothesis is true, the sample distribution function E„(x) 
have to lie with a certain probability and the width of this band in all points 
x being proportional to F(x) This band, however, is not a symmetrical one. 
To overcome this difficulty, we apply the test twice, first to the sample 
(Si, 5n) having the population distribution function F(x) and then to
the sample (— —§2, . . . , —§„) having the population distribution function 
G(x) =  1—F(— x). In order to illustrate this, let us denote the distribution 
function of the sample (—11; — £,, . . . ,  —£„) by G„(x) and let A be the event 
that

Fn(x )-F (x )in supa?==F (m) j F(x) <У,

and В the event that

G„(x)— G(x)'n sup
a F {x ) G(x) < y, l. e. n sup

F  (x ' ) 1 - a

E„(x')— E (x') 
1 - F ( x ’) < y ;
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finally, let us denote the simultaneous occurrence of A and В by C. Taking 
into account that

P(C) =  Р(Л В) Р(Л) +  P (ß)—Р(Л +  В) 
and in case of occurrence / l - f ß  we have obviously at the same time

Уn sup \F„ (x) — F(x) I < у ;
о^Пт>^1

a n d  t h i s  l a s t  e v e n t ,  b y  K o l m o g o r o v ’ s  t h e o r e m ,  h a s  i n  t h e  l i m i t  t h e  p r o b a b i l i t y

(3.8) K ( y ) = É { -  l)ke - ^ \
к  =  - со

Therefore P (А + В ) ^ К ( у )  in the limit and in the same case
Р (С )^ Р (Л ) +  Р(£)-/Г(>-).

The probabilities Р(Л) and P(ß) are equal and their common value is 
given by (3. 5). Thus the probability of the event that the sample distribution 
function F„(x) lies in the intersection of bands defined by the above two 
conditions corresponding to the sample ( i , , a n d  (—£,,— —£„),

respectively, is not less than 2 l | j>
(2АЧ-1)2л 2cc 8̂

L(z) X  (—1У'62{k +  1) (г > 0) and K(y) is the function defined by (3.8).
Let us point out a most surprising corollary of Theorem 7. From the 

theorem (3. 3) of S m i r n o v ,  we get
(3.9) lim P ( sup (F„(x)— F(x))<0) = 0,n—>-ao -оо<ж<С+ос
i. e. the probability of the event that the sample distribution function does 
not exceed the population distribution function all along the interval 
— oo < x < +  oo, tends to 0 as n —► From Theorem 5 it follows that
(3.10) lim P ( sup (Fn(x)— F(jc))< 0 ) =  0,n->oo ,г’а ̂  cc < + oo
i. e. the same is true for the interval ^  jc < +  <*>. On the other hand, by 
Theorem 7,

11 CO

0 0
i. e. the probability of the event that the sample distribution function does 
not exceed the population distribution function all along the interval in which 
the value of F(x) lies between arbitrarily fixed values a and b (0 < a < b < 1), 
remains positive also in the limit. This result, obviously, is important also 
from the point of view of statistical practice.

(3.11a) limP( sup (F„ (x) — F(x)) < 0) 4J< I
»(l-O

h-a

e - d td u  > 0,

a
1— a — K (y) in the limit, where
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T h e  r e s u l t  t h a t  t h e  l i m i t  o n  t h e  l e f t  s i d e  o f  (3.11a) i s  p o s i t i v e ,  w a s  

a l s o  p r o v e d  b y  G i h m a n  [16]; m o r e o v e r ,  h e  o b t a i n e d  t h a t

1(3.11b) lim P ( sup (F„ (x) — F(x)) < 0) =  — arc sin a ( l— b)
b ( \ - a )  •

G i h m a n  mentioned further that the result (3. lib )  has been already known to 
G n e d e n k o .  The terms on the right sides of (3. 11a) and (3. lib ) are, of 
course, identical. This follows from the following consideration: the right side 
of (3.11a) is nothing else than two times the probability of the event that 
a random point normally distributed in the plane (x, у) and having the pro-

1 —  02+j/2)bability density function^— e 2 ' , lies in the infinite sector 0 < x < -t-° c ,

О < у < x

(3. 12)

ö ( l- ь )
-a , and this probability is equal to

2 arc tg a(l — 6)
b— a

2:c arc sin 0 (1 -6 )
6(1 — a) ’

Indeed, because of the circular symmetry of the normal distribution having
1 - — ( r- . -/-)the density function- — e 2 , the probability corresponding to the infi-

Z 'JX

nite sector of angle <p is У
2 ; r

Theorems 5—8 will be proved in § 5. First in § 4 we shall prove 
some auxiliary theorems which are of interest in themselves too.

§ 4. Some new limiting distribution theorems
Let a sequence be given consisting of the sets of random variables

1 , 2 t • * «1 Xn (0 1 j 2, . . .)►
Let us assume that the random variables have the expectation 0 and a 
finite variance, further, that the random variables having the same first index 
n (n  =  l , 2 , . . . )  are mutually independent and satisfy Lin d e b e r g ’s condition,, 
that is to say, introducing the notations

F,uh (x) =  P  (£„,* <x); Sn,i ■ 2 tn ,r; D-S„,yH=  V d -£„,,,к—1
we suppose

QO
Mí„, fc= I xdF„, k(x) 0,

-  CO

a n d

1 V"
lim — 2  I x-dF„, fc(x) =  0 if e> 0 .

«-> со Bn k—l I x I
( 4 . 1 )
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Concerning these sequences satisfying the above conditions we shall prove 
the following theorems.

T heorem 9.

(4. 2) lim P( max S„, & < xBn) =
n  — Qo 1 fc N ..

- S
0 if x ^ O .

—  je  * d t if x >0,
n

T heorem 10.

(4.3) lim P ( max S„, k\ < xB„)
n —> со =  Ny.

(2fe+l)2 it2
4 ^  e 8z*

— >  (— iy -----------
яг É o '  2АГ+1
0 if x ^  0

if x > 0,

T heorem 11.

(4. 4) lim P (—у Bn g  min 5„, k Ш max 5„, * < xB,) -
n  — go l ^ k ^ N n  1  ^ k ^ N n

( 2 k + l ) 2 n 2

2 (x + y f  s i n ( 2 / r + l ) ^ ---- 7—
_4_ у __________ ____y Х +  У if x > 0 and уш  0,
я г  fc= o 2  к ~Т 1

, 0 if either x ^  0 or у < 0.
Remark. In case у --- x, Theorem 11 reduces to Theorem 10.

T heorem 12. Let-Al^^OfS*,™ with 1 ^  Mn < N„ and

V  A ”  5hm -g- =  A
Bnn  - >  CO

(0=5 A < 1).

Then 
(4. 5) lim P ( max | S„, 1 < yB„) =

it -> со ДГИ </c ===“n - '• = '̂п 
(2 k + l ) - n 2 /-

4 “ e 8^i _L N1 /_iy. t______
= Ы ё ь К 4  2 k + \

• 0 if у ^  0

2
]/ 2 я  -

e -űhí +  o j  if y > 0 ,

where

Ok

y 2 (2fc+l) —

2Ae ^  f  '  TT ■ j 1 sin udit.le г
У 2 лгу J

Remark. In the special case of Mn=  1 (i. e. for A =  0), Theorem 12 is 
identical with Theorem 10.

For the special case in which all the considered random variables |„)ft 
have the same distribution, Theorems 9 and 10 were proved by P. E r d ő s  14

14 Acta Mathematica
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and M. Kac [22].12 In the proofs of the above more general theorems, we 
modify their proofs inasmuch as we apply an ordinary (one-dimensional) 
limiting distribution theorem instead of the multi-dimensional limit theorem 
used by them; this enables us to generalize their results. We shall use Theorems 
9—12 in § 5 to determine the limiting distribution of the random variables

sup
a ? É = F  ( x )  Ъ

FH(x) — F(x) 
F(x) and sup F„(x) — F(x)

F(x)
where F„(x) denotes again the distribution function of a sample of л mutually 
independent observations concerning the random variable £ having a conti
nuous distribution function F(x) and further 0 < a < b ^  1.

Let us turn to the proof of Theorem 9. Let us put
P„ (x) =  P  ( max Sn, к < xBn).

Let rii, r\n, . . .  be mutually independent random variables which are
normally distributed with mean 0 and variance 1, and let us introduce the 
random variables

=  ( * = 1 ,2 , . . . ) .
v=  1

First of all we shall prove that for any s > 0 and for any positive integer к 
we have

(4. 6) lim P„(x) ^  P(max (£„ Q  < (x— s) f k ) ---- ]-

and
(4. 7) lim P„(x) s  P(max (£lt £*) < x ]/*).

n  —со

For, let m, be the least positive integer satisfying

(y =  1 ,2 ,. . . ,  k). Obviously, 1 ^  m, ^  ^  ^  mk — Nn. Let us define now
the following variables:
( 4 .  8 )  1 *Sn ,  m 1 , T a .  j  —  S n ,  n i j  S n ,  my_| ( y  —  2 ,  3 , . . . ,  /г ) .

We can see easily that for any fixed у (у =  1,2, . . . ,* )  the Lindeberg con
dition holds for the sequence
(4.9) Miy_i+1 > b n ,  r h j _ i + 2 f  • • • j  b n ,  n i j (/1 =  1, 2, 3 ,...).

12 Their method was generalized by M. D. D onsker [20b]. See further the papers by 
A. W ald [27], [28], and K. L. C hung [29]. They consider the limiting distributions of the 
supremum of the first n partial sums under the conditions that the variables have the 
same distribution and that the variables have finite third moments, respectively. C hung 
gives for this latter special case an estimate for the remainder 1erm also. E rdős and Kac 
remarked that their theorems can be proved under more general conditions.
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Indeed, introducing the notation

and using the relation
B n ,  j  ~ D  - I и , j  

lim —  sup D-S„, k =  0
Bn l=k±=Nn

which trivially follows from (4. 1), we obtain that, for any ő > 0,

(4. 10) 1— Ö „9 1 4-d „■>■ В,, =  Bn, j == Bn, if ti n0 (r)')

holds. Thus for any s > 0 
_1 
В

1 m' f к 1 N» Г
Г - Z  I х x*dF“”-
" J  r = m , 1+1 Д  . 1 Ö  D «  Г=1 , J

M
^  \x\>bB

if n > n0(ö), and s' =  s

I X I >  c' B n

\ — ö£— . The Lindeberg condition is therefore actually

satisfied by the sequence (4. 9). Therefore, by the central limit theorem,

1<4.11) lim Р(Д„, j < xB„,j)
/2H fdt (y =  l, 2 , . . . ,  k).

But the random variables Д„, i , z/„>2, . . . ,  Д„,» are mutually independent and
B,,j _  1

hence 

<4. 12)

lim
»->“ Bn n ( J = h 2 , . . . , k ) ;

B„ f k

г ...г Д ЫЫ Н
- СО -  00  -  00

í. e. 

<4. 13) lim P
íl->  со

( H r ) ' .

Д», 14* Д», 2 4“ • • • 4~ Д ,.

í/f, . .. rf/*

Я»
< х; j  =  1,2, . . . Д

(К2;т)к J J " ' J И ' dtxdU.. .d tk;
(Tr)

where the integration is to be extended over the domain Tx defined by
Tc: {— °° < fi 4~ t2 4~ • • • 4" (/ < ; j  =  1, 2 , . . . ,  k).

Hence we obtain
<4. 14) lim P( max S„,mi< xBn) P( max ^j<x][k).

14*
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Let us put
Q„. ,. (*)= P( max S„, m. < xB n),

and let n n,r{x) denote the probability of the event that S„,r is the first of 
the sums Sn,j ( j  =  1, 2 , . . r) which is ^  xB n, i. e. let

П„,г(х)= P (S„,r ^ x B „ ;  max S„.j<xB„).1
Obviously,

У

\2 j H„.r(x) 1—A(*)=§ 1.

Let us suppose rrij-i < r si m introducing the notations
m \ ( x )  = P (5n, r =  xB„; max S„,j < xB },; |S„, ,n — S„,r\ Ш tB n)1 a 's r - i  J

and

we get evidently

/7f).(x) =  P ( S „ ,s^xB„\ max S„ ,j< xB n; |5„)П,,—Sn,r| <£#«)-

//„,,(x) //<“ (х) +  л 5 ( х ) .
Let us apply T c h e by sh e v ’s inequality:

П ^ г(x) =JT„,r(x)P(ISu, „ S n,r\ ШаВ„) - H , , , { x ) ^ r

and consider the relation (4. 10); thus we obtain that

П™ г{х)щПщг{х )Х-± £ - :,
therefore 

(4. 15) 1 - p n( x ) = 2  n n,r(x) :
r  1 f *  )■ I

On the other hand,

(4-16) ^  (x) si 1 — Q„,, (x -  f)
i=i

as from the relations
Б^гШхВ, ,  and \S„,mj—SH, ,-| < *Bn

it follows that 

Thus we have
Sn, wj > (x —t)B„.

1 — Pn(x) =i +  1 — Q«,k(x— e).
8  К

Further, on account of the trivial inequalities P„(x) ^  Q„,k(x) (k =  1 ,2 ,...) , 
we obtain

(4.17) Q n , h ( x - i ) - l_±d
s1 к ^  Pn(x) £  Q,,./,(x).
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Comparing the above relation (4. 17) with (4. 14), we have just the desired 
inequalities (4. 6 ) and (4. 7).

Let us consider now the special case in which the variables | n>ft assume 
only the values + 1  and —1 , and

P(2»,*= +  l) =  P(?n,,, =  - l )  =  y  (Ar= \ , 2 , . . . , N n =  n; n =  1 ,2 ,...). 
Then

(4.18) P,(x) I  £
£ -n<Cv<[.r]/r?i]

v = n  mod 2 [ x f n + l ] .

(except if x 1in  is an integer) and thus from the Moivre—Laplace theorem 
we conclude that

<4- 19) lim P„(x) =

Therefore, as it follows from (4. 6 ) that

/*
-d t (x > 0 ).

(4. 20) lim P(max (£,, ?2, . . . ,  £k) < x] к) ш Hm P„(x-\-e)
k-+°° 7^7

and from (4. 7) that
(4. 21) jim P(max (£: , £fc)<  *K^) ^  lim P„(x),

/,•->00 «“►<»
we have

(4. 22) lim P(max (£,, C2, .
f c - >  GO

Sí, ) < XI k) = - dt
0

(x > 0 ),

and, applying again the relations (4. 6 ) and (4. 7), we obtain (4. 2).
The basic idea of this proof can be summed up as follows: we have 

pointed out that in case of a special choice of the variables k, (4. 2) holds; 
from this, by (4 .6 ) and (4. 7), we have concluded that (4.2) is true also 
in case £„,* =  ??), where the variables r\n are normally distributed; hence, 
again by (4. 6 ) and (4. 7), it followed that (4. 2) holds also for any variables 
Sn, fe satisfying the conditions of the theorem.

The proof of Theorems 10 and 11 is based on the same idea and, 
with suitable modifications, agrees step by step with the proof of Theorem 9.

It is sufficient to prove only Theorem 11, because this, as we have 
seen, includes Theorem 10 as a special case. It is unnecessary to detail the 
first part of the proof, therefore we shall deal only with the second.

Let us have again

P ( i„ ,* = + l )  =  P&,.„ =  - l )  =  y  ( k =  1 , 2 , Nn =  n; n =  1 , 2 , . . . )

and let us suppose that the variables (k =  1, 2 , . . . ,  N„ =  n) are mutually
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independent. Then it follows by simple arguments, well-known in the theory 
of the random walk in the plane, that, if A =  [x//?] + 1 and В =  [y^j/2] +  l r 
then
(4.23) P (—y \'n  < S„,k< x]1'n; k =  1 , 2 , . . . ,  ti) =

Í  GO

^  ( V 2 v ( A + B ) + k -------V - 2 v ( A + B )  - 2 B - k  +  U -2 n ( A + B ) + k —  V - 2 r ( A + B ) + 2 A - k )  j

where

V 1

- В  к  <  A  I

Vk
if k ~ n {mod 2 )

I ' “. 0  in all other cases. 
As, by the Moivre—Laplace theorem,

lim
^ ( 3  2" _ ]  f 2 ^ J e 2dt’

n , V* n 1 n I

(x> 0 , у > 0 )..

by simple calculation we obtain
(4. 24) lim P (—y]/n < S„,k<x\i n; к =  1, 2 , . . . ,  rí)

П  -->■ GO (2fc+l )2л2
4 х е 2(*+у)‘ sin (2к +• 1 )^т

яг î f) 2  /г —}— 1

Similarly to the case of Theorem 9, it follows that the limit of the proba
bility on the left side of (4. 4) is the same also in the general case.

Theorem 12 can be derived from Theorem 11 as follows. Owing to the 
independence of Sn,uu and Sn,k — S,,,м„ (k> Mn), by the relation

P ( max I S',,. fc I < у Bn) =  P (— yB„ < (S„, м„ +  (5„, к—Sn, ,v„)) < yB„),
мп<к^уп

we obtain, by virtue of the theorem on total probability, that 
(4. 25) P( max 5„)fc| < yB n)

Un<kSXn
Sn.lU

=  I P(— (x +  y)Bn<S„,k — Sn.ii,,<(y— x)g„)</P( B n < x

Lind
S„, Дl

As, in accordance with our restrictions, Lindeberg’s condition is satisfied
^  (S„,m \ лby the sums Sn. uy =  x j  к. further, D| Bn

fore (uniformly in x in all finite intervals) we have

fSn.M,,

Bn
A, as n —> oo, there-

(4. 26) lim P Bn
< x I i  - f

l:r l  J

U2

e ~^du И1^2гт -

/2

dt.
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Furthermore, by Theorem 11, considering the relation
D {Sn,Nn-Sn,M n) =  \ W ^ Ä l ,

it follows that
(4.27) lim P(— (x +  y)B„<Sn,k— S„,mn< (y — x)B„; k =  1 , 2 , . . . ,  л) =

(2/c+l)2 n2(l-l2)
4 ^  e
V c H  2Ar+l sin(2 fr-f 1 ) ^ ^ 9  X , if y > 0  and |x| zy
0  if уШ 0  or y>  0  but \x\>y. 

Therefore, finally, we obtain 
(4. 28)

4 e
Tit^o 2 k +

lim P( max |S„,fc| <  yB„) —
n  —>■ go M n  <C k  —  N n  

( 2 к + 1 ) 2 П 2 ( 1 - Х 2)  + У  Я'2

i £ _ _ s i H 2 k  +  n „ Z = l d x .
8t/2

Vx I у

H '

Hence, by simple calculations, we obtain Theorem 12. In fact,
+ У

(4. 29) J = — sin (2 к 1)уг^ - X dx
,2:1 /.

= ( - l  Ye
(2к+1Т-п*№

8i/2

2 y

/  +X i i  (2fe+i)a \2 ^I ^  (2fc+i) a  \ 2
■“Ti*--- 2Í— *)

V--4 Л
У.2 ;t

í//

Now, since the integral of e 2 on any closed curve vanishes, therefore, if 
a > 0 and b is real, then

+a (t-ib)2 a-ib t 2 +a f2 -a  t2 a - i b  t2

" - -  ~ — r g"T
У2тг

-rff =
Г e  2 Г e  2

J .  ]/Zjt J  1/27-F 2
dt

J I 2rr
- a - i b

dt + Г Л 4
•' )/ 2 гт

űT

« t2
Г e, r = d f

f2yr

ci“ Ь
2e“Y
f 2 íл

e2 sin a r  dv.

Consequently,
+!/

sin (2 &+ 1)л  ^ A' í/y
J b r l 2y

( - \ f e
(2к+1)2Л*№

8^

V

_2
f 2

=- j  f i
71 J

(-2fc+l) —

dt 2e 2ЯЗ l  
; 2 :í >’

Я2 v2 

'll/2
\

e ä!/2 sin v rfy

This completes the proof of Theorem 12.
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§ 5. Proof of the tests analogous to those of Kolmogorov
and Smirnov

Let 5  be a random variable having the continuous distribution function 
F(x) and let Si, §2 » •••>!» denote the results of n independent observations 
for the value of S, i. e. let S1; S2 , b e  mutually independent random 
variables having the same continuous distribution function F(x). Let us denote 
the distribution function of this sample by F„(x).

We shall prove the theorems formulated in § 3 by means of the method 
exposed in § 1, using the theorems of § 4.

Let us put rik =  F(%k) and Ck =  log-----, further, rfi, F(il) and
7Ik

££ =  Rk(£i,£2, . . £„). In this case the variables r\k are uniformly distributed 
in the interval (0 , 1 ) and their sample distribution function is

Gn(x) =  Fn( F \x ) )
where y =  F*1(x) is the inverse function of x =  F(y). But it is easily seen that

(5. 1) sup F „(x )-F (x ) ) 
F(x) ) sup G„(x)-

therefore, instead of the variable on the left side of (5. 1), we may consider

the variable sup -—— identical with it. The variables r*k — as we

have seen — form a Markov chain. Further, we have seen that the variables 
dt+i =  (n— — &*) are mutually independent and exponentially distributed 
with mean 1 , i. e.

P (ők < x) =  1— e x (x>0).

We have also seen how the variables Ü* =  log ——  may be decomposed in-
íjA+1-fc

to sums of mutually independent random variables by means of the d/s:
d,7,-

Y __ •" .
é t  n + \ —j

Let us turn to the proof of Theorem 8 . First of all, it is easy to see that 
instead of the relation (3.4) it is enough to prove

(5. 2) lim P
n  GO

Yn sup
V a  Si G  n  (.г )

G„ (x) —x
X (У> 0).

For, if |Gre(x)—x| then from G„(x) Eí a +  ? it follows that ХШ G„(x)—
and thus

sup
a  <  x

G„(x) — x ^  sup G„ (x)—x 
xx
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, G„(x) — x у . , „ ,, , Gn{x)— x уl. e. from sup — —----- < it follows that sup — ----- ^  7
a^x X 1 /  fl Gn(x) â+e X

< ~=. But if 
n

A, A' and В are any events and A B czA 'B , then
P(A) =  P(A ß) +  P(4ß)=£ Р(5) +  Р (Л '£ )= |Р (5 ) +  Р(Л')-

Applying this inequality to the case when A is the event sup — ’-----< ~ ,
«Sj x у n

В is the event | G„(x)—x| ^  s, and, finally, A' denotes the event
Gn(x)— x у  , , .sup — —----- < ~ , we obtain

•&n (*)=«+* x  У n

n sup —— — -  < y ] ^  P(|G „(x)—x| >£) + P (]A/z sup Gn(x)— * < y
a  ̂ = x  X  J  \  a+e?==Gn (x )  X

It can be similarly shown that

р (у л  sup P nt y — -  < y | g  P(| G„(x)—x \> f) +  p( \rn sup — -< y]
\  a - e ^ G n (x) X

As
“■‘= ввй  x

lim P(|G „(x)—x| > f) — 0
П  - >  CD

it follows that if (5. 2) is satisfied then

(e > 0),

and

lim PI У n sup — — < у I ^

G„ (x)—x

I I
*2

e 2 dt

lim P )/ n sup
!/l

A A  I
' л  J

1 -a+t n
e -- dt.

Since s can be chosen arbitrarily small and the integral is a continuous 
function of its upper limit, it follows that

r n i l  r~ G„(x) — xlim P \]/ n sup — —------
*1

|_1 [ A  (
' Л  J

t-
e 2 dt.

Therefore, (3. 4) actually follows from (5.2) and thus, to prove Theorem 8 , 
it is enough to show that (5.2) holds.

Further, we shall need the following relation:
( к \

(5. 3) i/— G„(x)-—x if]/ n sup — —-----=  j n max : —1o^Gn{x) X an̂ lix==n \  J
This follows from the fact that G„ (x) is a constant lying between rtt and
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» , . , . , » r G„(x) — x Gn(x) тrjt+1 , and so in any interval rjk< x< rjk+i the supremum of — ---~ — 1
is equal to

G,.(?;* +  0)
V'c

1

Jc_
n
* 1.

Now, let us apply Theorem 9 to the sequence consisting of the following 
sequence of random variables:

dj— \
n  +  1 _ y  ( y = l , 2 , . . . ,  [ , i ( l - o ) ]  +  l ) ;

this sequence satisfies L in d e b e r q ’s condition (and, moreover, even L iapunov’s 
condition) if 0 <  a<  1. Then, by (1. 11), for any 2 > 0 , we obtain

(5.4) lim P max
n-> x V a n ^ k ^ n z  I

a  n  ^  /f =  n  f t

2̂
TV

<2
e 2 dt.

As in case of an and 0 < a < 1,

v ъ к 
from (5. 4) one concludes

f i ) and
U ; an^k^n ft

■ o Man

(5.5)
7 к \

max log < zV a  n  < к  ̂  n  T jk

\ - a
m1 an J

therefore, finally, introducing the notation y =  z 1 — a , we have

(5. 6)

Fä

lim Р \ . n max log I —̂ — 1 < у =
an<k^  n >]k

2
;t

J2
e ¥  dt.

In view of (5. 2) and (5. 3), Theorem 5 follows from (5. 6).
Let us now turn to the proof of Theorem 7. We may obtain the 

random variable

(5. 7) г  =  1 n max log — —
a n  —  к  —  Ъ п

l \  l I -.у—> — 1 — IIn  max
r

"y* Ő j- \
a n  < к ^ Ъ п  j t i  n + l —j

as the sum of to independent random variables тг and t2 where

(5. 8) 
and 

(5. 9)

V ő j - \

T o -

---  r 1 —  I 11 ^  n + 1 - Ъ п  f t  I A J

v— "V fh — l! n max 2 j —г ,
a n ^ n + l - k  <  Ъп j =1 /Í “T“ * У
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It is evident that in the limit xt is a normally distributed random variable 

with the standard deviation 1— b

we can see that

(5. 10)

^—; further, from the proof of Theorem 5

,1 /Z
\  b - a

lim P ( r2f  b < z) = - I  * * d t (*>0).

Considering further that r x and r 2 are independent, it follows from (5.8) 
and (5. 10) that

> -> y s
I(5.11) Н т Р (т < у )  = n

V  b z* bn2 z
\ - b

) £ i M  j e 2 dt du.

This completes the proof of Theorem 7.
In the same way we can also prove Theorem 6. Here the relation (5. 3) 

is replaced by

(5. 12) ]/ n sup
«5б ,и

from which it follows

(5. 13)

Gn(x)— x =  Уn max I
a n  ^ k ^ n

k_
n
V *

_/y
n

7 ] k - l

J/ n max

к

Л - i i  Уn sup G„(x)—x
a n ^ k  ^  n V k X

n max
a n  < fc < л - p - 1Vk

1

For, if rj*+1 < — , then
k_
n

V k + 1

О УП

k+ 1
n . n

-5 -----------1 <Vk+1 Vk+1

k +  1

Vk+1
— 1 if,

however, r^+i ^ — , then in case k ^ a n ,  ?;*+i Ш a and thus

k_
n 1 = 1

k_
n

k +  1 
n 1

I Vk+'1 I l̂ k+-1
Consequently, in either case

к
n

Vw

Vk+1 n Чк+1

к + 1

Ar+l
n

Vk+1 ■1 + an

n
Vk+l

-1
1

an (k is an}
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and since max
a  n  < k ^ n

max
a n  <  fe <  n

k + l к
n -1 max

an^k — n Л - 1
4*Ь м

( к к

Л - ibi .
п 1

V У bt+i 7
s  max

a n  ^ k  —  ‘

, we get

к
n
nl

_1
an

The limiting distribution of the variable

V n max

k_
n 
* "r\k

occurring here is identical with that of the variable
1 ” , 1

\ln max log —* 2 1 - -
a n  <  fc <  n | ' [ к  v = k  '

=  ]/r n max
a n  —  k ^ n

n + l - k  v  -Iv  ° j — 1
m  n + i —j

which can be determined by means of Theorem 10.
To prove Theorem 8, those steps have to be applied simultaneously 

which have been used in the proof of Theorems 6 and 7; in this proof we 
shall use Theorem 12 instead of Theorem 10.

The basic idea of the proof is as follows. The limiting distribution of 
the variable

I n sup
a ^ = = F  (pc) b

is identical with that of the variable

Fn(x) — F(x)

n max
a n  —  к  —  b n

F(x)

k_
n

and therefore it is identical also with that of the variable

3f2 = Y n max
a n  — к  ^  b n

к
г пlog *

Ьь
=  У п max

а п  ~  к  Ъп

ti+1 - к  í  -i
V  — 1
£ í  п +  1 j

Thus Theorem 12 is applicable, namely, since the values of the constants A, 
and Bn occurring in it, are as follows:

An- 1— b . / 1T---- b 0 —bn l n and BH = 1 —a 
an

l .. An hm
П —► GO Dfi

a ( l - b )  
b{\ —a) ’

therefore
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r  d  j
and thus introducing the notation S„ r =  'У. f 1— we have

where

lim P N n sup

P  n + \ —j

Fn(x)— F(x)
F(x)

=  lim P max |S„, r\ < у
ti —> со \ n + l - b n  ^  n-fl - a n

_ (27Н-1)2л2 1 - a

4 1  , e
> ( — ! ) -

<У

a

7 1 2 /r+ l

1 —a Bn

8 a y 2 (  2 Je 2í/u+í,fc
b

I

O k  ■-

1 — b by2 
e 2U-6)

]/2я:у

(2/c+l) -

J ‘ »2(1-6)
e '1Ьу* sin и du.

This completes the proof of Theorem 8.

§. 6. Remarks on the limiting distribution functions occurring
in Theorems 5—8

The values of the limiting distribution function occurring in Theorem 5 
may be read from the tables of the normal distribution function. The values 
of the limiting distribution function occurring in Theorem 6 can be computed

by substituting the values z - 1 — a

(6 . 1) L{z) =  ̂ - Z { ~  l)1
J T  k = 0

exp —

into the function

(2к+\утг2
8zi

2 k + \

At the end of this paper, we give the tablé of the function Z.|y 1 — a

(z > 0).

for cer

tain values of a. The curve of the distribution function L у 1 —a can for

certain values of a be seen on Fig. 1.
The values of the limiting distribution function occurring in Theorem 7 

can be approximatively computed in the following manner:

« l n
(6.2) F(у, a, b) — ~  j  j e ^ d v  d u = - ^ j j

и Ц -v2

e 2 du dv
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where 7 is an infinite triangular domain in the plane («, v) defined by the 
following inequalites:

(6. 3) 7 : — с» <  и < y 1 — b ’ 0 <  v a { \— b)
b— a

Introducing the polar coordinates r =  \u 1-\-v2, cp arc tg we obtain

{6.4) F(y,a, b) — ~  j j l —e 2d-“)«< , i a dtp
о

we have finally the following approximative expression:

<6. 7) F(y, a, b) 2_
ti

1 “ «a arc jtg 
e 2 d u ----------

o ( l - b )  
b — a

jT
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where

(6.8) R =  — exp ay-
20  —a) sin'-/* dß and a =  arc tg a ( \ — b)

If 1—b-=s is small, then R is, in most cases, negligible, except for extre
mely small values of y, since

bf-<6. 9) R ^  exp ay- exp
2 0 - b ) ) '2(1 —a) sin2«;

The values of the limiting distribution function occurring in Theorem 8 
can be approximatively computed in the following manner: it follows from 
the second mean value theorem of the integral calculus that

by2
2e 2<1-ь>

< 6. 10)

1

|(4 У 2 я: у

(2fc+l)

J (1 -Ъ) и 2
e 2 ьу2 sin и du

by2
2e 2d-b) 1 — b 

b
f2 n y

exp Í (2 A: +  1 )2 yr2 (1 — b )  

{  8 b f

In this way, using the notation (6. 1) the limiting distribution function 
occurring in Theorem 8 can be expressed in the following form

<6. 11) —  L \y71 ' 1 — a ][2тс Jje 2 du + z /

1- b
where, as is seen by way of a simple calculation.

<6- 12) A <

ftt/2
2 l e * w
n ^ 2 n y

1 +exp
log

rd{b—a) 
8a by2

1 —exp 7tr(b—a)
8 aby

«))
* J

whence it is readily seen that if b is very near to 1, A is negligible. Observe 
that the first factor of the main term depends only on a, the second only 
on b ; this fact simplifies the computation to a great extent; namely, because 
we can obtain the first factor from the table of L(z), the second from the 
table of the normal distribution function.

Institute for Applied M athematics 
o f  the H ungarian Academy of Sciences.

(Received 30 October 1953)
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К ТЕОРИИ ВАРИАЦИОННЫХ РЯДОВ
А. РЕНЬИ (Будапешт)

( Р е з ю м е )

Цель настоящей с т а т ь и и з л о же н и е  нового метода, с помощью которого можно 
простым и систематическим образом построить теорию вариационных рядов и доказать 
ряд новых теорем. Сущность метода состоит в том, что исследование предельных рас
пределений величин, зависящих от членов вариационного ряда сводится к исследовании 
распределении функций от сумм независимых случайных величин. Этот метод исходит 
из факта, который первым заметил А. Н. К о л м о г о р о в  в своей работе [6а], что 
члены вариационного ряда образуют цепь М а р к о в а .  Более того, как доказал 
S. Malmquist, если |;£ (к 1 , 2 , . . . ,  п)—расположенные в возрастающем порядке члени 
элементов iic(k — 1,2, . . . ,  rí) выборки объема п из статистической совокупности с 
непрерывной функцией распределение F(x) и =  FQ*) (к =  1, 2, . . . ,  rí), то величины 

« \к
I ( £ =  1 , 2 , . . . ,  л) являются вполне независимыми и в интервале (0,1) равномерно
Ц?к+1/
распределенными случайными величинами, и поэтому величини ti,- =  log образуют 
аддитивную цепь М а р к о в а .  Простое доказательство этого факта дано в § 1. § 2  
содержит изложение применения этого факта к простого доказательства некоторых 
известных теорем теорий вариационных рядов. В § 3 сформулированы следующие новые 
результаты, полученные с помощью нового метода.

Пусть Fn(x) означает эмпирическую функцию распределения выборки, т. е. положим 
£

х  <  |* ц  (к =  1, 2 , . . . ,  п — 1), F„(x) = 0  для х  <  |*  и Fn( x ) = IFn(x) =  — для £k

для í,’ х. Тогда имеем 
Т е о р е м а  5.

lim Р ( п supa^F(x):
F ii ( Х ) — F (X)  ( 

F(x) f У =

у У г т г
ш

"t.
e - d t  для у <  0,

для TáO.
Т е о р е м а  6.

lim РI р п sup
0 <  я S  /•■(., ) s  1

F „ (x )-F (x )
Fix) <У =

) ж »

(Ik+Wn'-a-")
( - 1/

8 I/ 2 а

2 к -у 1
-для т > 0 ,

для у <: 0.

Т е о р е м а  7.

lim
U -> 00

Р \\п sup
5 F (x ) ^  6 * J •-* J du

— CX) < y  <  4 -  ос .
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Теорем а 8.

lim P \ n sup
4i ->■ О V 0 <  rt -F (x ) ~ b <C.

F „(x)-F (x)
F(x)

-a)
l V ( — l)k -

8 y2 a
2 k -}-1 

для

-£*■

y-^0,

где

cc

J du -

* I/'2
2e

2  ( 1  — & )  41-

2  b  1/2e sin и du.

Эти теоремы, которые аналогичны известным теоремам Н. В. С м и р н о в а  и 
А. Н. К о л м о г о р о в а ,  дают критерии для гипотез относительно F(x), соотв. дают 
доверительные! границы для неизвестной функций F(x).

Доказательство этих теорем содержится в § 5, и опирается, кроме упомянутого 
метода, на некоторых новых предельных теорем, изложенных в § 4, относительно 
максимума частных сумм последовательностей независимых случайних величин. §  6 
содержит некоторые замечания относительно вычисления предельных функций рас
пределения, фигурирующие в теоремах 5—8. В конце стати дана таблица значений 
функций

.  QO (2*-+1)2 7 |2  -------------

w = i ~ 8 22 г«е 2 у у - А -71 к̂ О I 1 — «
для различных значений от у  и а.


