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In what follows P(A) denotes the probability of the event A, M(E) the
mean value, and M(8|A) the conditional mean value, under the condition A,
of the random variable S

The inequality of A N. Kolmogorov [1] in question states that if
4u . is a sequence of mutually independent random variables
with mean values M(£,,)= 0 and finite variances M(SQ DI (k= 1,2,..),
we have, for any s>0,

1«
0) P( max mmTifcl = *) = gﬁzllDu.

This inequality is extremely useful in proving the strong law of large num-
bers and related theorems. In what follows the inequality (2) will be proved
which contains (1) as a special case. The use of (2) instead of (1) makes
it possible to simplify the proofs mentioned.
The inequality (2) has been found in 1953 by the first named author;
the proof of the inequality given below is due to the second named author.
The following theorem will be proved:

Theorem. is a sequence of mutually independent ran-
dom variables with mean values M (iA= 0 and finite variances M(HA DI
(k—1,2,...) and ck (k—1,2,...) is a non-increasing sequence of positive
numbers, we have for any s> 0 and any positive integersnand m (n < m)

2 P + - cmm4* £* f < — D
(2) (| Max Ckiet+ £2-b -mma* £ | ) I I:gmlth
Proof. Let us put
m1

3) C= %:(n (Ei~F£2-bT4H,) (cl—cfH)“Fc»i(8i-FmmT »i) o
It follows

n . W o
@) M(E)=ci2 DI+ 2 CIDI.

K—J1 7c=m+1

Denoting by Ar (r=n9n + \, m ) the event consisting in the simultaneous
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validity of the inequalitiesl
c*ll i Y- H;s|l<e (n”~s<r) and c-1Y-——-- =
the inequality (2) can be written in the form

®) LP(AN~> (0.

The inequality (5) is the consequence of (6a), (6b) and (6¢) of which
the first two are evident:

(62) M(0i= > M(£]4.)P (1D,

ml
(6b) M(»|A) 16E , M((Si-f- = mf-w) [a,)(cI—Clii) j-c. . M((CIT +=+~bCm) 1an).

(6¢) M((8, + -m+ 9%)21A) LLIM((§, + - m+bY-\AI) W iCr (rwk™rT):

In verifying the inequality (6¢c), one has to use the fact that according
to the definition of the event A- the random variables (k >r1) are mutually
independent of each other also under the condition A-, further that they
are independent also under the condition Ar of the variables |, £2,

It should be mentioned that the same fact is utilised in the proof of (1) due
to Kolmogorov [1].

Remark 1. If we choose n 1 and c¢,=c2= eee—cm= 1, we obtain

from (2) as a special case the inequality (1). If we choose ck= ~r

(k= n,n-f1 ,..m), we obtain the inequality
'E dl
l[ + | y DI
max |Sl+ A N
) \B+=88=8§*» | c L el n- A i k2,

Remark 2. By means of passing to the limit /u— o, it is easy to
deduce from (2) the following inequality:

(8) P(sypcfdgid-—-—fifc| A  ~ -Vier~\Dfe + E_ CkDi).

Especially, if cu— -~ (k 1,2,...), we obtain the inequality

o Dk i pl1
o plisup 'S+ Eid-— ML wi DKM B
) |{n: \ n I

11f r n, only the second inequality is supposed.
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Remark 3. It follows from (9) immediately, that the strong law of large
numbers holds for the sequence of mutually independent random variables
8i, 82 if the |K's have mean values 0, finite variances DI  M(£i)

% |#

converges ([2]).
As a matter of fact, it follows from (9) and (10) that for any t >0

) lim P sup

and therefore we have

(12) p( lim 3~ 2+ eeotlii
=0
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OBOBLWEHVME O4HOINO HEPABEHCTBA A H. KOJIMOIOPOBA
A Xaek (Mpara) n A. Pe Hbu (ByganewT)

(Pestome)

B pa6oTe foKasblBaeTCA Crefytolllee HepaBeHCTBO:
MycTb Si,?2>ese>£») He3aBUCKMMble Cy4vaiiHble BeMYMHBI, MaTeMaTUUecKue O0XugaHUs
KOTOpbIX paBHbl Hymto (M('a)= 0; k—\,2,...,T ), a gucnepcunm KoHeuHun (DJI(A — DI;

K= 12,..., T); NycTb, fajiee, CK He BO3pacTalolass MNocneioBaTeNIbHOCTb MOMOXMNTENb-
HbIX yucen. Torga ecim 1 ne>0, nmeem
) P(__max .cklsi-

n=K=n

Ecim n— 1 mn k=1, TO B KayecTBe 4aCTHOro c/iyyasi MosiydaemM XOpOLLO W3BECTHOE Hepa-
BeHCTBO (1) A H. KonmoropoBa. Bocnonb3oBaBlWMCb HepaBeHCTBOM (2), MOXHO
YyNpoCTUThL [0KAa3aTeNbCTBO YCUIEHHbIX 3aKOHOB 6O/bLUMX YMCEN.



