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In what follows P(A) denotes the probability of the event A, M(£) the 
mean value, and M(§|A) the conditional mean value, under the condition A, 
of the random variable S.

The inequality of A. N. Kolmogorov [1J in question states that if 
4u . is a sequence of mutually independent random variables 
with mean values M(£,,)= 0 and finite variances M(SQ DÍ ( k =  1 ,2 ,...) , 
we have, for any s > 0,

1 “
O ) P ( max ■ ■ ■ Tifcl =  *) =  — 2 i  Du.8 k= 1

This inequality is extremely useful in proving the strong law of large num­
bers and related theorems. In what follows the inequality (2) will be proved 
which contains (1) as a special case. The use of (2) instead of (1) makes 
it possible to simplify the proofs mentioned.

The inequality (2) has been found in 1953 by the first named author; 
the proof of the inequality given below is due to the second named author. 

The following theorem will be proved:

Theorem. is a sequence of mutually independent ran­
dom variables with mean values M (iA) =  0 and finite variances M(HA) DÍ 
(k —  1, 2 , . . . )  and ck (k— 1 ,2 , . . . )  is a non-increasing sequence of positive 
numbers, we have for any s > 0 and any positive integers n and m (n < m)

(2) P ( max Ck I £t +  £2 -Ь  • ■ ■ 4* £* I f) <  — Di 2  d D tl:=n+1

Proof. Let us put
m- 1

(3) C =  2 (  ( £ i~ F £ 2 - b T £/,-) (cl—cf+i)“Fc»i(§i-F■■■ T^»i) •k=n
It follows

n w
(4) M(£) =  ci 2  DÍ +  2  CÍDÍ.

к—Л 7с=м+1

Denoting by Ar (r =  n9 n + \ , m )  the event consisting in the simultaneous
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validity of the inequalities1
с*Il i Ч-------H ;s|< e  ( n ^ s < r )  and с,-1 Ч -------- =

the inequality (2) can be written in the form
w -

(5) 1 Р ( Л Г) ^ > ( 0 .
Г—П с

The inequality (5) is the consequence of (6a), (6b) and (6c) of which 
the first two are evident:

(6a) M (0i=  > ;М (£ |Д .)Р (Л Г),
r=n

m-1
(6b) M (» |A ) !é E , M((§i-f- •• ■ -f- w ) [A ,.)( c l—Ctii) j-c„,M((CiT  • • • ~bCm) \ A r),.

k—r

(6c) M((§, +  • ■ • +  %k)21 А,) Ш M((§, +  -  ■ +ЬУ-\АГ) ш i  ( г ш к ^ т ) :
cr

In verifying the inequality (6c), one has to use the fact that according 
to the definition of the event А,- the random variables (к > r) are mutually 
independent of each other also under the condition A,-, further that they 
are independent also under the condition Ar of the variables , £2,
It should be mentioned that the same fact is utilised in the proof of (1) due 
to Kolmogorov [1].

Remark 1. If we choose n 1 and c, = c 2=  • • • — cm =  1, we obtain

from (2) as a special case the inequality (1). If we choose ck =  ~r 
(k =  n, л -f  1 , . . m), we obtain the inequality

(?) •f max |Sl+
V»* =§&=§*» rC

+  I
Ш el  ^

1 ' E d I

n-
y  D l

Ä i  k2 ,
Remark 2. By means of passing to the limit /и — o, it is easy to 

deduce from (2) the following inequality:

(8) P(supcfc|gi4-------flfc| ^  «) ^  -Vicr.^Dfe +  E  CkDi).
itSfc 8~ V ь- l  k=n+l J

Especially, if cu — -^  (k 1 ,2 , . . . ) ,  we obtain the inequality

(9) ' j su
\n=

P | sup !§i +  £i4------ Мл-1 Dk mi p.1 1
*=i____ I у  Uk

\  n~ Г

1 If r n, only the second inequality is supposed.
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Remark 3. It follows from (9) immediately, that the strong law of large 
numbers holds for the sequence of mutually independent random variables 
§i , §2 if the | k’s have mean values 0, finite variances Dl M(£i) 
and<"» I#
converges ([2]).

As a matter of fact, it follows from (9) and (10) that for any t > 0

lim P sup
П —> CO V n ^ = h

( " )

and therefore we have 

(12) p (  lim
V.n~>co

Si ’ ■ §2 +  • • • + lii
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ОБОБЩЕНИЕ ОДНОГО НЕРАВЕНСТВА А. Н. КОЛМОГОРОВА 

Я. X а е к (Прага) и А. Р е н ь и (Будапешт)

(Резю ме)
В работе доказывается следующее неравенство:
Пусть Si,?2> •••>£») независимые случайные величины, математические ожидания 

которых равны нулю (М(!д.) =  0 ; к ------ \ , 2 , . . . ,т ) ,  а дисперсии конечни (DJ(gA) — DÍ;
к =  1, 2, . . . ,  т); пусть, далее, ск не возрастающая последовательность положитель­
ных чисел. Тогда если 1 и е >  0, имеем

(2) Р ( max ск I si -п == к =. ni
Если л — 1 и Ск = 1 ,  то в качестве частного случая получаем хорошо известное нера­
венство (1) А. Н. К о л м о г о р о в а .  Воспользовавшись неравенством (2), можно 
упростить доказательство усиленных законов больших чисел.


