SOME REMARKS ON THE THEORY OF TREES
by
ALFrEp RENYI

Introduction

Let T, denote the number of trees of order =, i. e. of trees with » labelled
vertices Py, P,, .. ., P,. It has been proved by A. CayLEY [1] that

(1) /P (n=1,2,... ).

Other proofs of (1) have been given by O. DzioBEK [2] and (. PéLva [3].
The most elegant and simple proof is that given by PRUFER [4]. The number
T, can be interpreted as the number of railway-nets connecting n given cities
so that it should be possible to go from any city to any other along the net,
and there are no superfluous connections. (The number of connections, i. e.
the number of edges of a tree of order n is clearly n —1). A. CaAYLEY has
treated also a more general problem. Let 7', , denote the number of graphs
with n + & — 1 labelled vertices P, P, ,. . ., P,+,_, which consist of k disjoint

trees as subgraphs and are such that the points P, P,, ..., P, belong to
different subgraphs. CAvLEY gives the following formula for 7', ,
(2) ; n KEeal k(n + k— 1

Clearly T, = T,, and thus (1) is a special case of (2).

The number 7, « can be interpreted as follows : If there are n 4+ & — 1
cities, among which £ cities are lying on the bank of the same river (or sea),
then 7', is the number of such minimal railway nets connecting some of the
cities, that it is possible to go from any city to any other, by trav elling by
(ulway along the net and eventually travelling by ship from one of the cities
lying at the river to an other such city. Thus the railway-nets in question
will consist of £ subnets, such that every city lying at the bank of the river
belongs to an other subnet, and if the cities A and B belong to the same
subnet, one can go by railway from 4 to B, but if A and B belong to different
subnets, one can travel from A4 to B by going first by train to the harbour-
city belonging to the same subnet as 4, then by ship to the harbour-city
belonging to the same net as B and finally by train to B.

CAYLEY gave (2) without proof and in the literature on (1) we did not
find a proof of (2). In § 1 of the present paper we shall give a proof of (2),
which is based on the same idea which has been used, e. g. by DzioBex in
proving (1).! Our chief aim is however not this, but the solution of some other

1T. Garrar kindly called my attention to the fact that (2) can be proved also
by a modification of the method of PRUFER.
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related questions. In § 1 we shall determine the number & (n) of all graphs
with n labelled vertices consisting of £ disjoint trees. We shall prove that

L 1V (ky( n—1 ;
3 G.(n) = — = n—k=i . (k+7)! .
(3) (n) 7"!,-220( 2] [7. (k+7._1 (k +9)

Clearly we obtain from (3)

Thus (3) can also be considered as a generalization of (1). We obtain further
by substituting £ = 2 and k¥ = 3 into (3)

(4) Gs(n) = ;n"“* (n —1) (n + 6)
and
(5) G:(n) = ;n”“* (n—1)(n —2)(n®+ 13 n + 60).

Similarly we can express (7;(n) for other small values of k. It is easy to prove
by means of (3) that for a fixed value of & and for » — 4 o we have
.nfl—'Z
6 G(n) ~ ——m——,
(6) iy
The formula (3) solves a problem left open in the paper of J. DENES [5],
who proved that

i'j—‘Z aj
T ( 7!
(7 G (n) = n! E' [l -
a;!
” j=1 ‘j
2 =k
j=1
_ﬁ‘ja;:"
71=1

and asked whether the expression for ¢, (n) could be brought to a simpler

form. (7) is a consequence of (1) and of the fact, that the partitioning of »
points into a; sets having each one element, a, sets having each 2 elements,

.., a; sets of j elements each ..., etc., where

Bt

/\.‘ a/j =k

|

=1

and

n

>ja;j=mn

can be dene in
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essentially different ways. (Here two partitions are considered identical if
there exists a one-to-one correspondence of the subsets of the two partitions
so that corresponding subsets contain the same elements.)

In § 2 we consider an other problem, namely the determination of the
number 7'(n, r) of trees with n vertices which have exactly r end points. (A
point belonging to a tree is called an end-point of the tree if only one edge
of the tree contains the given point.) We shall prove that

) Tin,r) =" &p-y

12
r!

where €} denote the Stirling-numbers of the second kind defined by the identity

N
(9) N = GF -2(r—1)...(x—m+1) .

m=1
By means of (8) we prove that if », denotes the number of end-points of a
randomly chosen tree with n vertices, then the mean value of », is asymptoti-
cally n/e for n — + oo, further that the distribution of the random variable

n
L S ;,

| RO

= Vite=""9

Ve—2)7

is tending for n — - oo to the normal distribution with mean 0 and variance 1.
! = v
The author expresses his thanks to VEra T. S6s and T. Gannar for
their valuable remarks.

§ 1. On the number of graphs consisting of trees

Our proof of (2) will be based on the identity

n! . ; : .
(1'1) An kit 2 = n —— _7.{‘—1 ¢ jé"’_l R jﬂkil = kn"k ]J (72 — h)
, I.- Jat et . 9! h=1

i%lei:n
where for £ = 1 the empty product means 1.
The identity (1.1) contains as a special case for £ = 2 the well-known
identity i

n=1
(1.2) A= ( } Pl el S =9 nn— 1)

which has been proved e. g. in [2] and [5].
To prove (1.1) we shall need the identity

k-1
a - kn"=k JJ (n —h)
h=1

Surtafe, &
(1.3) (,-21 - )_2 -

n=k
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where for £ = 1 the empty product is to be replaced by 1. We shall prove
(1.3) by induction on k. We shall start from the fact that

(1.4) y= >

is the Biirmann—Lagrange series for the inverse function y = y(z) of the
function

(1.5) o= Ye~¥
(see e. g. [6]). Now we obtain from (1.5)
k=1
(1.6) bty — oty —
x

and integrating both sides of (1.6) from 0 to a we get

k
T ol Bl g 2 s LR Qk~1___kJ
? v

Now (1.3) is trivial for £ = 1 and if it holds for £ — 1 instead of %, then by
(1.7) it follows that it holds for £ too. Thus (1.3) is proved for any k. (1.3) could
be proved also directly by using a well-known generalized form of the Biir-
mann—Lagrange-series (see [6]).

Now evidently

40 _( it}
L s s i )

n=1

and thus (1.3) and (1.8) imply (1.1).

Formula (1) follows easily by induction from (1.2), as was shown in [2].
For the sake of completeness we reproduce the proof.

Let us select for any ¢ = 1, 2, ..., » — 1 an arbitrary subset having
7 elements, of the set of vertices Py, ..., P, ; take an arbitrary tree connect-
ing these points, and an arbitrary tree connecting the remaining » — ¢ points.
If an arbitrary point of the first tree is connected with an arbitrary point of
the second tree (which can be done in #(n — ¢) different ways) we obtain a
tree of order n. Evidently if these operations are effected in every possible

way, every tree with vertices P,, ..., P, is obtained 2(n — 1) timek. Thus
we have
n-—1 n
(1.9 2 —1)T, = [.’]i(n—i)T-T; !
) e 2 . ¥y

Thus if T'; = ¢*~2 holds for ¢ =1, 2, ..., n — 1, it holds by virtue of (1.2)
for ¢ = n too. As clearly 7', =1 =112, (1) follows by induction for all n.
As regards (2) it can be deduced from (1) by means of (1.1) as follows :
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We have evidently

(m—1)!
(110) Tn,k —_— 2 7' '7' '——'F le+1 = Tj2+1 AL Tjk+1
1- 2- .« o k-
and thus
1~ . (n+k_1)' B =St Bl —1. 1
(1.11) 1] t§— DT = k 2 kl!}lvzl...hk!kl A B 1.
i 3 hi=ntk—1

=1

and therefore by (1.1)

(n+k—1)(n.+k—2)...n-Tn,,{:k(n—i—k——1)”‘1kl—[1(n+k—l—h)
h=1

which, after dividing both sides by (n + &k —1)(n + &k —2)...n, gives
evidently (2).

Now we pass to the proof of (3).

We start instead of (7), from the simpler formula

n! ! : N

T _ — F et e e Sl [ S Jp—2
(1.12) (",k(n) v E ?]'72'7h' 71 7 _._71\1\
2 ji=n

1=1

(1.12) follows from (1) and the remark that all graphs formed with the vertices
Py, ..., P, and consisting of £ trees can be obtained by forming all possible
partitions into & subsets of the points P,, .. ., P, (two partitions being taken
as identical if any two points belonging to the same subset in the first parti-
tion belong also to the same subset of the second partition) and by forming
for each subset, independently of each other, all possible trees connecting
the points of the subset with each other.
It follows from (1.12) [or from (7)] that

(1.13) E Gym)a" _ Y*

Lk !
s G (1 k!

where Y is defined by the power series

. 0 jj_2xj
(1.14) Y = A5 5

Now we have clearly

X

(1.15) y Jy-it—)dt
0
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where y is the power series defined by (1.4) ; thus in view of (1.7) (for k = 2)
we . obtain

2
(1.16) ey L )

It follows that

3 o Gulm) " b et
(1.17) 21% (?/‘_] :J.:Zo"k'?(j”—?.

n—=

yk+i

As by (1.8) we have

co

(1.18) yiri = Ap et T

|
= n.:

it follows, taking (1.1) into account, that
k+

(1.19)  Gyn) = ;' H__-] (k + §) nn—r—i 1[ BT

Thus (3) is proved.
Let us calculate the coefficient of the two highest power of n on the
right of (1.19). Putting

k+j
Guln) = 3 G-
h=1

we obtain by some calculation

Q3 =0 and G, = —

Thus we have for anyv fixed k _

(1.20) e i) - .
| nete pn—%  9k-1.(k _ 1)

Of course Gy(n) = T, = n" 2. Other trivial special cases of (1.19) are

Goin)=1,
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Let us put

(1.22) H(n) = _\:' Gi(n) .

Clearly H(n) is the number of graphs of order n» which are the unions of trees,
i. e. of all graphs which do not contain circles (closed pathes). From (1.17)
we obtain easily, putting H(0) = 1,

— H(n) 2" V-5
(1.23 s o G B L
) _2 n!
n=0
As
u* N
e 2= NH(@)y
=0
where
1 xl dr 2
H(w)=—re ——(e ?)

is the r-th Hermite polynomial, we obtain

(1.24) ﬂﬁ?{__ 4 2 H(—1)y

n_

and thus, taking again (1.1) into account, we obtain
n r1
(1.25) Hn)= DS H(—1)rnn ] (n—h) .
r=1 h=1

As regards the asymptotic behaviour of H(n) it follows from (1.20)
easily that

(1.26) hm ~— = e.

n—+ e pt—2

§' 2. On the number of end-points of a random tree

Let us consider a tree whose vertices are the points P,, ..., P,. The
point P; is called an end-point of the tree, if there is only one edge of the tree
connecting P; with some other point ;. The number of end-points of a tree of
order n may have the value 2, 3, ..., »n— 1. Let T(n, k) denote the number
of trees with the (labelled) vertices Py, ..., P, which have exactly £ end-
points (k = 2, 3, ..., n— 1). We shall prove first the formula (8).

Our proof utilizes the method by which PrUFER [4] proved formula (1).
PrUFER’s method consists in that he establishes a one-to-one correspondence
between all trees with vertices Py, ..., P, and all (n — 2)-tuples of integers
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(81, 83, + - -» 8n_g) Where each s; can take the values 1, 2, . . ., n. This corres-
pondence is obtained as follows: let us remove from the tree the endpoint
P, with the least index, and let s, denote the index of the (unique) point
which is connected by an edge with P;. Repeating the same operation with
the remaining tree of order » — 1 we obtain s,, s,, etc. until only a single
edge remains. PRUFER has shown that the sequence (sq, sy, . . ., 8, ,) determi-
nes the tree uniquely. Now clearly to the trees with exactly % endpoints there
correspond sequences (s;, Ss, - . ., 8,_9) in Which exactly n — % of the num-
bers 1, 2, . .., n occur at least once. As the failing numbers can be chosen in

':)different ways, and the number of (n — 2)-tuples formed from n —%

symbols which contain each of these n — %k symbols at least once is equal to
(n—k)! 1K (see e. g. [T]), it follows that

Wl
{2.1) T(n.l\‘)—_—l' 2 e

According to the well-known recursion formula Sf =k S} _; + Sk}
(see e. g. [T], p. 169) it follows from (2.1) that
<

(2.2) i Tnk)=kTn—1k +(n—~kTn—1,k—1).

Conversely (2.1) can be deduced from (2.2). The recursion formula (2.2) can
be proved by a direct combinatorial argument, as has been remarked by
VeEra T. Sos.

Let us calculate now the mean value and variance of the number of
endpoints of a random tree of order n ; here and in what follows if we speak
about a random tree of order » we mean by this that we select at random a
tree of order n with given vertices Py, ..., P, so that all »" 2 possible trees
are equiprobable. With this definition the number », of endpoints of a random
tree is a random variable. Let us denote by M{»,} resp. D*,} the mean value
resp. the variance of »,. Now according to the definition of Stirling’s numbers
of the second kind [see (9)] from (2.1) we have

x
it n — k)
¢ Sk s =2
(2.3) 2 P, B) el g2,
k=2
n—k

The formula (2.3) can be considered as the (factorial) generating function of
the sequence T'(n, k). Substituting now # = n — 1 into (2.3) we obtain

n—1
N kET(n, k) = n(n — 1)"2
k=2

and thus

172
(2.4) M{r}=n|1l——
n
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Therefore we have

(2.5) {inp, ti nf

This can be expressed by saying that a random tree of order n has in the
average approximately n/e endpoints.

To calculate the variance of », let us substitute 2 = n — 2 into (2.2).
We obtain

> Kk — 1) 7(n, k)= n(n — 1) (n — 21-2

k=2

(2.6)
and thus

(2.7)

It follows that

9 n—2 1)\7—2 1 2n—-4
(2.8) D2 {»,} = n(n —1) [1 — +mn [1 — —] — n? (1 — —) 2
n n n

This implies

(2.9) lim D ot .
noto q e2

Thus the variance of », is asymptotically equal to n(e — 2)/e2.
Now we shall prove that », is in the limit normally distributed ; more
exactly we shall prove

Voo 73

. : 1 s
2.10 lim P l~- PG Sty 3 L i Byt VY (U i
(2-10) J Vsz

n—+ < ]. Vo e
< Jn(e — 2)
where P{...} denotes the probability of the event in the brackets.

To prove (2.10), by a well-known theorem of probability theory, it suf-
fices to show that the characteristic function of

n
g

i Vrle—2)

tends to the characteristic function of the normal distribution, that is for
every real ¢ we have

it(ek—n) f2

n—lT _k Tty i

(2.11) R e b o R
n—to foy M2

6 A Matematikai Kutaté Intézet Kozleményei TV./1.
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Now (2.11) can be obtained as follows: Let us substitute into (2.2)
x = n — it}/n. We obtain

2.12) n— ‘Tn k) [1 ( zt/nl_ (1___)“‘2_

= w2 g

If
|
g | < nf
\ e |
where 1/2 < f < 1, we have
i L it)n I ) - n| e —1
(2.13)  log ll—— Ul PSET el L_._)_I_ et B0
) JQ n—j) b 1/n e 2 (L

By the inequality of Chebysheff
T(n, k R
(2.14) > .8 gl ]

| - n/” 2 nzy —1
lk— i~ nB

1

and according to Stirling’s formula for complex arguinent the tactor

i it)n
1— 2=
,!k/ 1 ( ]

remains bounded; thus it follows that

(2.15) ,,]in;l@ I(1 — %) ? pitVn __ e'j(?z;l) n—1 %l(r:?jv) e;%’(k-.:]\ s
Now we have 5
(2.16) lim ‘1——/% n_zgitln_—_— eg.
n—+ o n
Thus it follows that : » o
(2.17)" i zn T(n. k) (”’ e ’:)"
Nt el pn-2

Substituting —/:_I instead of ¢, (2.11) and therefore (2.10) follows.
je — 2

(Received 30 October, 1958.)

Added in proof 5 May, 1959.

In a recent paper [8] L. E. CLARKE gave a new proof of CAYLEY’s
formula (1). CLARKE proves first that if C,, denotes the number of trees
with » labelled vertices Py, P,, ..., P, such that exactly £ edges end at
the vertex P,, then we have

) — 2
(218) C”’,‘. - [z 1) (n L l)n k—1 (L 3= 1,2, PR e 1)
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CLARKE proves (2.18) by giving a recursion formula for C,,, and deduces
(1) from (2.18) by remarking that

n—1
(219) ]7,] = Z Cn,k'
k=1

It should be mentioned that (2.18) is a simple consequence of CAYLEY's
formula (2). As a matter of fact, the £ vertices which are connected with

P, can be chosen in ways among the vertices P, P,, ..., P, ; and

after this choice has been made, there remain still 7',_, , possible choices
to form the tree in question. Thus we have

n— 1
(220) On,k s 7 ] Tn—l{,k
‘and therefore by (2) '
n — 1) g

(2.21) O, =" 1’ kn — 1y—k=2 = "7 %) (p — 1yp-k-1,

’ v ]b‘ = ].
in accordance with (2.18).
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MEGJEGYZESEK A ,,FAK” ELMELETEHEZ
RENYI A.
Kivonat
,Fa’” alatt CAYLEY [1] nyoman kornélkiili osszefiiggd grafot értiink.

CAYLEY bebizonyitotta, hogy az n (szadmozott) szogponttal bird kiilonbozd
l % S
fak szdma

(1) = nhré

mig azon n -+ k— 1 (szamozott) stlyponttal birdé grifok szima, amelyek &
idegen fabol dllnak oly médon, hogy £ kijelolt pont kiilonboz6 fakhoz tartozik,

o Tn,k =k(n + k — 1)n-2 |

6*
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Az (1) képletre CayrLeyn kiviil O. DzioBek [2], PoLya GYORGY [3] és mésok
adtak mas bizonyitdsokat. (1) legegyszeribb és legeleginsabb bizonyitisa
PrUFERtO] szdrmazik [4]. Az 1. §-ban rdmutat a szerzd, hogy a (2) osszefiiggés
(amely Cavrneynél bizonyitas nélkiil szerepel) egyszertien bebizonyithato
Dz1oBEK maddszerével.

Jelolje G (n) azon n (szimozott) szogpontu kiillonbozd grafok szimit,
amelyek £ idegen fabdl allnak, (elejtve a Cayrey dltal tett megszoritist, hogy
k adott pont kiilonbo6zé fakhoz tartozzék). Az 1 §-ban bebizonyitja a szerzs,

hogy
%% l (_ 1 ]J LR
k+j—'% 2

A (3) képlet segitségével G (n) értékére, ha Ik rogzitve van és n — + oo
aszimptotikus képlet adhaté meg.

A 2. §. azzal a kérdéssel foglalkozik, hogy hiny olyan n szigponti fa
van, amelynek pontosan r végpontja van. Ezt a szimot 7'(n, r)-rel jelolve
PrOFER moédszerével kimutathatd, hogy

(3) G (n) = *];' .
L=

(k+ ) !

1k(k

\

!
(8) T(n,r) =" &

n—2 3
r!
ahol ©J masodfaji Stirling-szimokat jeloli, vagyis a S szamok az
N
(9) 2N = C{ax—1)... (& —m+1)
m =1

Osszefiiggés altal vannak definidlva.

A (8) explicit képlet segitségével a szerzG kimutatja, hogy egy taldlomra
vilasztott n (szdmozott) szogpontu fa végpontjainak szadma hatérértékben
normalis eloszlist n/e varhaté értékkel és /(e — 2)n/e szérdssal, ha n — + oo.

{

3AMEUYAHUSA K TEOPUH » JEPEBBEB«
A. RENYI

Pe3iome

Crnenyst CAYLEY [l] cBsasauHbli rpad, He cojepyKaluii OKpY)KHOCTel
HasbiBaeTcsl «lepeBoMy. CAYLEY JI0Ka3ajl, uTO YHCJIO JIePEBbEB, HMEILIUX 7
(HyMepHPOBAHHBIX) YTJIOBBIX TOUYEK, PaBHO

(1) qwn:?7“’172

B TO Bpemsi, KaK uucio rpagoB ¢ n + k—1 (HymepupOBaHHBIMU) TOUKAMU
COCTOSIIMX 13 k& JiepeBLeB TaK, UTo k YKa3aHHBIX TOUEK NPUHA/UIE)KAT PasInYHBIM
JlepeBbsIM, PABHO

(2) Top=Fkn+k—1)""2 .

st dopmysiet (1) Kpome CAYLEY JIpyrue JoKasaTesbeTBa jaau Taroke 0. Dzio-
pEK [2] u G. Pérya [3]. Camoe npocToe M dileraHTHoe A0Kas3aTeascTso (1)
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npuHauIeKUT PRUFER-y [4]. B 1. §-e aBTOp NOKasbiBaeT, 4TO COOTHOLIeHue (2)
(xotopoe y CAYLEY IpuBe/ieHO 0e3 JIOKa3aTelbCTBa) TaAK/Ke MO)KeT OBbIThL JI0Ka-
3aH0, MeT010M DZIOBEK-a.

O0o3Hauum uepes G (n) YUCIO TeX Pa3juyHbIX rpadoB ¢ n (HyMepupoBaH-
HBIMU) YIJIOBBIMH TOUKaMH, KOTOpbIe COCTOSIT M3 Lk jiepeBbeB (OTKa3aBLINCH
or yciaoBusgs CAYLEY, COTJIaCHO KOTOPOMY k& J@HHBIX TOYeK NPUHAJUIEKAT
pasjaMYHBIM JiepeBbsiM). B 1. §-e aBrop jl0KasbiBaer, uTo

3) i) o Je+nr| ® 0|
; : _Lv;o";) e k+y’—1}

C nomowpto Gopmyibt (3) st 3Hayenus G(n) npu GUKCHPOBaAHHOM k U
n-—> oo MOKeT ObITh JlaHa aCUMITOTHYeCKas: (GopmyJia.

§ 2. 3aHUMAETCA CJEAYIOLMUM BONPOCOM @ CKOJIBKO CYLIECTBYeT TaKux
JIePEeBLEB € 7 YIIJIOBBIMU TOUKAMHU, KOTOPbIE UMEIOT TOUHO 7 KOHEUHBIX ToueK. 0603-
Hauasi 9T0 uncio uepes 7'(n, r), Mmeto0M PRUFER-a MOYKHO JI0Ka3aThb, 4TO

AT ,1] nn—kAj
2

|
(8) T,, =~

nsr L =2
r!

rie ©% o60sHayaT yucaa Stirling-a BToporo poja, T. e. onpeessiioTest COOTHO-
LeHneM

N
(9) N = 2 CRax—1)...(xz—m + 1)

M=

C nomoupio sABHOH Gopmyiisl (8) aBTOp J0Ka3bIBAeT, YTO UUCI0 KOHEUHBIX
TOUEK cayyaiHo BbIOpaHHOIO jiepeBa ¢ 7 (HYMepUMPOBAHHBIMU) YIJIOBBIMU TOY-
KaMu B Ipejielie UMeeT HOPMaJibHoe paclpejiesieHue ¢ MaTeMaTHUeCKUM O)KU/a-

. (e—2)n
HUEM Tfe W JUACTIepCHed ~——"—eClid 1 — oo,
eu



