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§ 1. Probabilistic interpretation of methods of summation

Let A = (ank) be an infinite matrix wi th nonnegative elements, wi th
row-sums equal to 1 and such t h a t the elements of each column tend to 0, i. e.

(1.1) ank> 0 («,4 = 0 , 1 , 2 , . . . )

(1.2) 2 a n x = 1 (« = 0 , 1 , . . . )
k = 0

and

(1.3) lim ank = 0 (4 = 0.1, . . . ) •
Л - . + 1X>

As well known (see [1]), the summation method which consists in form-
ing from a given sequence sk (4 = 0,1,. . .) the transformed sequence
tn = A sn defined by

(1.4) tn= yanksk (л = 0. 1. . ..) 

k=0

and considering the limit of tn (if it exists), is permanent, i. e. if lim sn = s
Л—» + Œ

then lim tn = s too. »Such a method can be interpreted probabilistically as

follows: let vn (« = 0,1, - . •) be a sequence of random variables, taking on
only nonnegative integral values, with the corresponding probabilities

(1.5) P(vn = 4) = ank («, 4 = 0 , 1 , . . . ) .

(Here and in what follows we denote by P ( . . . ) the probabil i ty of the event
in the brackets.) The conditions (1.1) and (1.2) clearly express only t h a t the
sequence ank (4 = 0,1,. . . ) is for each value of « the probabili ty distribution
of such a random variable. Condition (1.3) expresses t h a t vn tends in proba-
bility to + oo (which we denote by vn =>• -f- oo); as a m a t t e r of fact b y (1.5)
and (1.3) we have

(1.6) lim P(vn > N ) 1
Л—» + АЗ
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for all positive values of N, which is equivalent with vn => + oo. Now (1.4)
can be interpreted as follows: tn is the mean value of the random variable
s„u that is

(1.7) Z„= M (£•„„).

(Here and in what follows M ( . . . ) denotes the mean value of the random vari-
able in the brackets.) Thus the summation procedure defined by the matr ix
A = (ank) satisfying (1.1) — (1.2) — (1.3), can be interpreted as follows:
we consider the mean value of the random term s„n of the sequence sk and
consider the limit of this mean value if n —> -f- oo.

§ 2. Hausdorff-methods

For HAUSDORFF-Summation methods, still more can be said. The summa-
tion corresponding to the matr ix A is called a HAUSDORFF-method of summa-
tion if

(2-1) a n k = j xk(l — x)n~kdF(x)

where F(x) is a probability distribution function in t he interval [0, 1]; the
process is as wrell known (see [1]) permanent if F(x) is continuous in t he point
x = 0.

In case of a Hausdorff-method the random variables vn introduced by
(1.5) can be characterized as follows: vn = ß(n, £), where ! is a random
variable which has the distribution funct ion F(x), and ß(n, x) is a random
variable for each fixed value of x (0 < x < 1) which has a binomial distribution
of order n with parameter x, i. e.

(2.2) P{ß(n,x)=k) = l ^ j ж к ( 1 - ж ) " - к (к = 0,1, . . . ,n).

Thus, we f i rs t choose a value of the random variable f ; if this value is x we
draw with replacement n balls from an u rn containing red and white balls in
the proportion ж to 1 — x, and if the number of red balls among the balls
chosen is k, we put vn = k. Thus we have

(2.3) tn=

This interpretat ion enables us to prove a number of known facts abou t
HAUSDORFF-Summation methods in a surprisingly simple manner. For ins-
tance let us consider two HAUSDORFF-methods corresponding to the matrices
A = (ank) and В = (bnk) where ank is defined by (2.1) and bnk by

i

(2.4) bnk = J- жк(1 — x)"~kdG(x)

о

where G(x) is an other distribution funct ion in [0, 1]. L e t us now perform
the two transformations tn = A sn and vn = Btn after another, i. e. consider
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vn = ВA sn. I t is well known t h a t the resulting method is again one of t h e
Hausdorff type. This can he shown as follows: If у is a random variable having
G(x) for its distribution function, and independent of we have by (2.4)

(2-5) vn= M(M(ew„i4)iÉ))).

Now the double mean value can be replaced according to a known theorem of
probability theory (see [2]) by a simple one, i. e.

(2-6) vn = M(s^(n>^>£)).

Thus we have t o proceed as follows: first observe the values of the random
variables £ and у which are independent and have the distribution functions
F(x) and G(a;); if these values are £ = x and у = у. then take a t random (with
replacement) n balls from an urn which contains red and white balls in t h e
proportion у to 1 — y. If among the balls there are к red ones, take at random
(with replacement) к balls form an urn composed of red and white balls in t h e
proportion a; to 1 —ж; if among the balls chosen there are I red ones, p u t
vn = I. Now by a well known theorem of probability, the distribution of vn

is the same as if we would have used only one u rn which is composed of red a n d
white balls in t h e proportion xy to I — x y a n d choose at random (with rep-
lacement) n balls.

This fact can be expressed by saying t h a t the mixture of binomial distri-
butions with t he same parameter x and of di f ferent orders, with weights form-
ing also a binomial distribution with parameter у and order n, is itself a bino-
mial distribution of order n and parameter xy. This can be proved e. g. b y
the symbolical calculus of distributions (see [3], p. 129—133) as follows:

(2.7) 2 I ? I № - У)"~к(хЕI + (1 - *))* = (ХУЕI + (1 - xy))n

fc=о

where Ex denotes the distribution attr ibuting the probability 1 to the value 1.
Thus it follows t h a t

(2-8 ) vn = M ( s M ) .

Thus vn = С sn where С is the HAUSDOBFF-matrix with the elements

( 2 . 9 ) сп*=П I x\l-x)n~kdH(x)

where H(x) is t he distribution function of t he random variable £ y, t h a t is

(2.10) H(x) = ( F I^J dG(u) = J G dF(u).

Clearly the continuity of ei ther F(x) or G(x) in ж = 0 implies the same for
H(x).
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§ 3. Henriksson-methods

If we replace in the definition of the HAUSDORFF-method the binomial

distribution xk(l — x)n k by t h e Poisson-distribution
• e~'x

/
{)-x)kj

I h\ )
where Я > 0 ,we obtain an otlier impor tan t class of summation methods:
Henriksson's class of methods of summation. The definition of this class of
summation methods given below is slightly different from tha t given by
H E N R I K S S O N ( s e e [ 5 ] ) .

Let F(x) be a distribution func t ion in the interval [0, + oo); there
corresponds to every F(x) a method of summation which is defined as follows:
we put

(3 .1) ak{X) = J e~'-x dF(x) (к = 0 . 1, ... ) 

о

form the transformed values

(3.2) <(Я)= ^ a k ß ) s k

fc= о
and consider the limit

(3.3) lim t(X) = s .
л-»+ »

If the l imit (3.3) exists we shall say t h a t the sequence {s„} is summable to 
s by the Henriksson-method of summation corresponding to the distribution func-
tion F(x). If у(Я) denotes a random variable having Poisson-distribution with
mean value A, then clearly

(3.4) t(X) = M(sy№))

where | is a random variable having the distribution function F(x). I t is easy
to see t h a t the Henriksson method corresponding to the distribution function
F(x) is permanent if and only if F(x) is continuous for x = 0.

The class of Henriksson methods includes of course Borel's methods,
which is obtained if F(x) is the distribution function of the constant 1 in whieli
case

со 2 fa я
(3.5) t { k ) =

k=0 " • 

The class of Henriksson's summation methods includes fur ther Abel's method,
which is obtained if F(x) is an exponential distribution function, F(x) = 1 —e~x

for x ^ 0 in which case, put t ing u= Á— we have
1 + Я

(3.6) t(X) = (1 - u) j?sku
k.

k=0

If Я -»- + oo then clearly u-> 1 — 0, t h u s t(X) -> s means nothing else than
the Abel-summability of sn to s. 



SUMMATION METHODS AND PROBABILITY T H E O R Y 3 9 3

If we choose for F(x) t h e gamma-distribution of o rde r r 

(r — 1) ! ' 

X

Г tr~1e~'
( 3 . 7 ) F(x) = dt (r > 0 )

we obtain put t ing again U = -

о

x

( 3 . 8 ) t(X) = (1 - u)r У
r - 1 

r 1
k=0 1 ' 1

U
k
 sk

which is a generalization of the Abel-method and m a y be called t h e Abel-
method of order r(r = 1 corresponds to t h e ordinary Abel-method of summa-
tion).

0 . H E N R I K S S O N def ined his class of summation methods in a different
way, by pu t t ing

о . « ) +(;.) = 2
k=0 /l '

where he supposed that q(z) is a power series

(3.10) g(z) = 
i i = 0 

Clearly, pu t t ing
со

(3.11) q(—z)= }' e~zxdF(x) f o r 2 ^ 0
ô

we have
)k q(k), X) 

(3.12) Y ; = ЧФ) •

Thus the of summations-methods def ined by (3.9) is essentially t he same as
the class defined by (3.2). Our t r ea tmen t is somewhat more general t h e n that
of H E N R I K S S O N , as we do no t suppose t h a t q(z) is regular in the p o i n t 2 = 0 ,

only t h a t it is of the fo rm (3.11) where F(x) is a distribution funct ion , i .e .
t h a t q(—z) is the Laplace-transform of a distribution funct ion in t h e interval
(0, + oo). By other words we suppose t h a t q(—z) is completely monotonie
for 2 0 and Ç(0) = 1 as b y A well known theorem of H A U S D O R F F (see e. g.

со

[6], p. 89, Theorem 3.5.) it follows t h a t q(—z) = e~zx dF(x) where F(x) 
o

is a distribution function, fu r the r t h a t l im q(—z) = 0, which implies t h a t F(x) 
Z—*-f. CO

is continuous a t x — 0. On the other h a n d Henriksson did not suppose that
the coefficients qn in (3.10) are non-negative.

I t has been already remarked b y H E N R I K S S O N (see [5]) t h a t if one per-
forms on {.s'„} a Hausdorff - t ransformat ion and a f t e r this a Henriksson-
t ransformat ion, this is equivalent to a single Henriksson-transformation. As
a mat te r of fact if £ has t he distribution function F(x) (d g x g 1) a n d г/ the

1 3 A M a t e m a t i k a i K u t a t ó I n t é z e t Közleményei IV /3—4.
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distribution funct ion G(y) (0 ^ у < -{- oo) a n d I and у are independent t h e n
put t ing tn = M ( s ^ ß and v(k) — М(Ь(Д,;)) one has

( 3 1 3 ) « ( Я ) M ( M ( S № I I ) ) ) = M ( ^ U ) ) .

Now as weii known from probabi l i ty theory , the mixture of binomial distr i-
butions by Poissonian weights is again a Poisson distr ibution. This can be
shown by t he symbolical calculus as follows:

m n

( 3 . 1 4 ) / ^ ' " - E '>'{}> E X + (L — P ) Y = U'P< E I - I > .

n n !n -0
Thus we have

(3-15) M ( * № ) i í ) ) = M ( V x i g .

Thus put t ing

( 3 . 1 6 ) bk(?.) - I e-;xdH(x)

where

( 3 . 1 7 ) H(z)= Г G dF(x) = F dG(x)

we have

( 3 . 1 8 ) v(À) = V Ьк(Х) s t : .

í?o

T h u s v(}.) is ob ta ined by using the Henriksson-transformation corresponding
t o the distribution function H(x) given by ( 3 . 1 7 ) .

§ 4. Limit-distribution methods of summation

It is a n a t u r a l idea to t r y to characterize the , , sum" of a divergent
series by a distribution instead of by a number . This can be done in d i f ferent
ways. For ins tance if {s,.} is a sequence of real numbers, let us p u t

( 4 . 1 ) S(y) = Jim ' te']
n + 1 

•' k<V

provided tha t t h e limit on t h e right of (4.1) exists. If S(y) is a distribution
funct ion and convergence in (4.1) takes place for all points of continuity y
of S(y), we ca l l S(y) the (C, 1)-limiting distribution of the sequence {,?„}. T h e

relat ion (4.1) c a n be put also in the following form:

( 4 . 2 ) S(y) = lim ' te H (y — .sд.)
n - f 1 ,г~о

where H(x) is t h e Heaviside func t ion

H(x) =
I 1 for x > 0

x) = ' 
0 for x < 0 . 
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Clearly if (4.1) exists for any real y, and f(x) is an a rb i t ra ry step-function, we
have

(4.3) lim - 1 — y f ( s k ) = f f(y)dS(y) .

Formula (4.3) shows the real meaning of the l imit distribution function
S(y), fur ther shows the way of its na tura l generalization. If A is an arbitrary
linear method of summation, we may consider the l imit (if it exists)

(4.4) S(y) = A- lim H (y — sn)
Л—» + Œ

and if S(y) is a probability distribution function, call it the A-limiting distribu-
t ion function of the sequence {s„}. (4.4) implies t h a t for any step function /
we have

(4.5) A - lim f(sn) = ( f(y)dS(y).
n—• +« —oo

Of course (4.3) holds also for any Riemann-integrable function f(x) for which
+ 00

^ f(x) d S(x) exists, as for such a funct ion and for any e > 0 two step functions

fi(x) and f2(x) can be found so tha t

Ш й f(x) < Ш and (f2(x) — fx(x)) d S(x) < e .

Concerning (4.5) the same holds if A is a linear method having a matr ix with
nonnegative elements.

Conversely, if the limit in (4.3) resp. (4.5) exists for f(x) = eixl for all
real t and i f i t is a continuous function of t for t = 0, then by the well known
theorem on characteristic functions (4.2) resp. (4.4) holds.

+ с» N-f- oo
If (4.2) holds a n d ( xd S(x) is finite, we may consider s = j x d S(x) 

— oo — со

as the generalized limit of the sequence {,»•„}. If moreover sn is bounded,
1 " 

then clearly lim V s,. = | xdS(x). If s„ is unbounded, this is evi-
Л - + » n + 1 ^ o

dent ly not true, as S(y) remains unchanged if sn is arbi trari ly changed for a 
sequence of values of n which have 0 density, while by such an operation
the (С, l)-summability can be clearly destroyed.

Note that S(y) is the distribution function of a constant s. i. e.
I U for y < s

(•4.6) S(y) = J -
( 1 lor y > s

if and only if sn is almost convergent (see [7]. Vol. II. p. 181), i. e. the sequence
of positive integers can be split into two disjoint sequences mk and lk (lc =
1 , 2 , . . . ) such tha t lim smk = s and the sequence l k has zero density, i .e .

lim V 1 = 0. Thus the existence of a limiting distribution of a sequence
N^+œ V
may be considered as the generalization of a lmost convergence, not of
the ordinary convergence.

1 3 *
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§ 5. Oil the sequence of generalized partial sums of a sequence

03
In a recent paper [3J I considered the following problem. Let 2 a

k he
a series, and denote by an the sum " 0

(5.1) An = akl +акг+ ... + akr

provided that

(5.2) n = 2® + 2k'+ . . . -f 2kr (kx > k2 > . . . > kr )

is t h e representation of n in the b i n a r y number system.
The sequence { an} contains clearly all f inite sums formed from the

t e rms of the series E ak, arranged in lexicographic order. I t has been shown in
| 3] t h a t the sequence { an} has a (C, l)-limiting distribution in the sense of
§ 4. if and only if bo th E ak and E a% are convergent. I t has been proved in [3]
also t h a t the sequence { an} is (C, 2)-summable if and only if the series
E ak is convergent.

I conjectured tha t the same holds for Abel-summability, i. e. we have

со

(5.3) lim (1 — ж) yAnx" = s 
x - i - o Г о

if a n d only if the series E ak is convergent and

(5.4) J V ak = 2 s.
а о 

T h a t (5.4) implies (5.3) is easily shown. However I did not succeed up to now

to prove that (5.3) implies (5.4). This would follow from the following equi-

valent statement:

>f

(5.5) hm У a,. — - =s

со

then the series 2 ' ak's convergent and its sum is 2 s.
fc=0

This ,,high-indices"-type conjecture (5.5) is up to now not proved. It is
easy t o prove however (5.5) if some additional Tauberian condition is supposed,
e. g. if we suppose

(5.6) lim a k — 0.
к —»-fa>

As a mat te r of fact , if (5.6) holds t h e n (5.5) follows from the „high-indices"
theorem (see [1], Theorem 114.).

As a matter of fact, if (5.5) a n d (5.6) hold, we have

A- -0 1 ' к О А (I
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and thus , if Max | ak [ = B n , then
k^n

(5.7) 2 f + 5 - 2 j ^ - ^ + ' 
i k=0 1 "г k=0 i 

Now let x -*• 1 — 0 a n d n - > + oo b u t so t h a t x2" —>- 1. Then the right-
hand side of (5.7) tends t o 0. Thus it follows from (5.5) t h a t

со

(5.8) lim >'a, ,x2* = 2 s

CO

a n d by the high-indices theorem it follows tha t "V ak is convergent wi th the
sum 2 s. k=o 

(Received October 26, 1959.)
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Remark added on March 21, 1960.

The following reference should be mentionod: D. I). K O S A M B I in his
paper "Classical Tauber ian theorems" (Journal of the Indian Society of
Agricultural Statistics 10 (1958) 141—149) makes use of the same proba-
bilistic interpretat ion of methods of summation as given in § 1.

SZUMMÁCIÓS ELJÁRÁSOK VALÓSZÍNÜSÉGSZÁMÍTÁSI

INTERPRETÁCIÓJA

R É N Y I A .

Legyen A = (ank) (n, к = 0 , 1 , . . . ) egy végtelen mátr ix , amelyre teljesül-
nek a következő feltételek:

(1.1) a n k ^ 0 ( n , i = 0 , 1, . . . ) ,

(1.2) (« = 0 , 1 , . . . ) .
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és

(1.3) lim ank = X) (4 = 0 , 1 , . . . ) ,
П-*+ oo

legyen sn a szummálandó sorozat és
со

(1-4) tn = 2anksk
k=0

a transzformált sorozat, amelynek konvergenciája esetén az, sn sorozatot az. A 
mát r ix által definiált szummációs eljárással szummálhatónak nevezzük.
A { t n } sorozat elemei a következőképpen interpretálhatók : legyen vn egy
nemnegatív egész értékű valószínűségi változó, amely а к értéket ank való-
színűséggel veszi fel, mely esetben az (1.3) feltétel azt fejezi ki, hogy vn szto-
chasztikusan -f oo-liez tar t . lia n-*-+ oo. tn felfogható, min t sVn várható
értéke. Ez, az interpretáció különösen а НлusDORFF-féle és 11ENRiKSSON-féle
szummációs eljárások esetében hasznos, és lehetővé teszi ismert összefüggések
egyszerű bizonyítását oly módon, hogy azokat jólismert binomális, ill. Poisson-
eloszlások keverésére vonatkozó tételekre vezethetjük vissza. A 4. §. egy diver-
gens sorozat határeloszlásával foglalkozik, és az ennek segítségével értelmezhető
szummációs eljárásokkal. Az 5. §. a szerző egy sor összes véges rész-összegei-
nek sorozataira vonatkozó sejtésével foglalkozik, amely a következő alakra
hozható: ha

lim ^'а, - = s
x - l 0 ' l - f X 2

létezik, akkor a E a k sor konvergens, és összege 2 s . Ezt az áll í tást a szerző-
nek ezideig csak a lim ak = 0 kiegészítő feltevés mellett s ikerül t bebizonyí-
tan ia .

МЕТОДЫ СУММИРОВАНИЯ И ИХ ТЕ0РЕТИК0 ВЕРОЯТНОСТНАЯ

ИНТЕРПРЕТАЦИЯ

A . R É N Y I

Резюме

Пусть А = (апк) бесконечная матрица, для элементов которой имеют
место следующие соотношение

(1.1) а п к > 0 (» ,4 = 0 , 1 , . . . ) ,

(1.2) ^ а п к = : \ (71 = 0 , 1 , . . . ) ,
к — 0 

(1.3) lim а п к = 0 . 

Пусть 8п — последовательность числа, которую хотим суммировать
и посмотрим последовательность

(!-4) к = 2 апк8к.

MAGYAR
<fN*ÁRY0S г
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Если tn сходится к пределу s, то мы скажем, что последовательность
s n суммируемый к s с методом суммирования определённым матрицой А.

Эту методу можно истолковать на языке теории вероятностей сле-
дующим образом : пусть vn неотрицательная целочисленная случайная
величина которая принимает значение к с вероятностей апк. Тогда tri равно
математическому ожидании от s„n. Это истолкование особенно полезно при
рассмотрении методов суммирования типа H A U S D O R F F И H E N R I K S S O N И

делает возможным сводить доказательство нескольких теорем об этих мето-
дов суммирования на хорошо известных элементарных фактов относительно
смесы биномиальных и Пуассонских распределении вероятностей. § 4 зани-
мается методами суммирования определенных с помощью предельных рас-
пределении расходящихся последовательностей.

В § 5 формулируется недоказанная гипотеза о том что если имеет

место

(5.5) lim V f l t
x*

1 J + * 2

то ряд У ак сходится и имеет сумму 2 s; доказывается, что это верно если

кроме (5.5) предполагается что а с т р е м и т с я к нулю.

МТ\ Könyvtára

P ,LIKAL(JHA 4 9 C G . . . . . .


