ON KOLMOGOROFF’S INEQUALITY

by
A. RENYI

§ 0. Notations

Let 8 = [Q, 4, P] be a probability space, i.e. 2 a set (the set of ele-
mentary events), £ a o-algebra of subsets of Q, and P a probability measure
on 4. We shall denote the elements of £ (called random events) by capital
letters and we denote by P(A4) the probability of the event 4 € ¢4 Random
variables (i.e. functions defined on 2 and measurable with respect to #)
will be denoted by greek letters. We denote by M(£) the mean value and by
D?(§) the variance of the random variable §&. We denote by P(4 | B) the con-
ditional probability of the event 4 with respect to the event B.

§ 1. Introduction

In the present paper we deal with the celebrated inequality of A. N.
Koryocororr ([1]) according to which if &, &,. .., &, are independent ran-
dom variables with mean value 0 and with finite variances d = D2(§),)
(k= 1,2, ....n) then putting

(1) Ty A e A £ (k=1,2,....n)
and
(2) Di=d}+d3+ ... + dz = D2*{,) (k=1,2,...,1)
one has for any 1 > 1
(3) P(Max || 2 AD,) < — .

1<k=n A2

As well known, this inequality is extremely useful in proving the strong
law of large numbers, the law of the iterated logarithm and other related
theorems.

In § 2 we generalize this inequality by considering instead of (3) the

conditional probability of the inequality Max |, | = 4D, with respect to
1<k<n
some condition 4 having positive probability. We prove the following

Theorem. If the random wvariables &, are independent, have zero means,

finite variances di and finite fourth moments fi = M(&) (k=1,2, ..., n),
then if 2, resp. D, are defined by (1) resp. (2) and we put
() Fi=fi+ ...+ 18
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then one has for any 7 > 1, and for any event A with P(A)>0,

[ F 4
2+‘/3+(ﬁ)
P(Max || = AD,| 4) <— W

ISk<n yeall P(?i;)

—_
Ut
~—

It is known that in the proof of Kolmogoroff’s inequality the supposition
of independence of the random variables &, can be replaced by the weaker
supposition that the conditional mean value of &, given &, ..., &, _, is identi-
cally equal to 0, that is that the variables {, form a martingale (see [2]).
It will be seen from the proof that the same supposition is sufficient for the
validity of our Theorem.

§ 2. Proof of the generalization of Kolmogoroff’s inequality

In this § we shall prove the Theorem formulated in § 1.
Let A be an arbitrary event, having positive probability P(4) > 0. Let
o. denote the indicator of 4, i.e. a random variable, which is equal to 1 on

the set 4 (i.e. if the event A takes place) and equal to 0 on the complemen-
tary set 4 = 2 — A (i.e. if the event A does not take place). Let B,
(k=1, 2,....n) denote the event that |{,| is the first term of the sequence
[ &l 18 s .-y |1 &, | which is not less than AD,, i.e. B, takes place if
| &1 < AD,, ..., |61 | < AD, and |, | = AD,. Let B, denote the indi-
cator of B,. Then clearly

n
v

(6) 0 M. 21, further 8,8, =0if k < 1

=1
and g, depends only on &, ..., &, and thus is independent of &, ..., §,.
Let finally C,, denote the event Max |, | = AD,. that is (', is the union of

1<k=n

the sets By, ..., B,. We have clearly

n n
(7) M(C2a)= SM(C2ap) = SMEGPLa)+ 2

k=1 k=1

~

1

M(;k /jl (;n - :Ic) U‘) +

iV

1 n
: _: M, By §ja)-
Tt

+1

~

+ SM((E, — C? aBr) 2z SM(EEBra)+ 2
k=1

k=1 k

v

[~
Now put

(8) Mej = i Pr & (Ifk<sn—1;k+1<59<5n).
Clearly we have, if 1 <k <j<h <n

(9a) M(m,- Nen) = M(CR By, §;&p) = M3 0,) M(&;) M(§,) =0,
furtherif £ < I,k +1 < j, 1+ 1 < h then owing to 3, 5, = 0 one has

(9h) M('}/;/ '//’1) = 4.
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Further
(9¢) M(E) = MG B di .
Thus the system
3 Nkj
(10) Nii = J
T IM(E B
is orthonormal. It follows by Bessel’s inequality that
! n n ‘ } n n
(11) = 2 M) = 224 MG Mfa) | =
| k=1 j=k+1 | k=1 j=k+1 !
we [(n—1 - n
= l’ M(a?) - l > M@y > d? -
/ | k=1 Jj=k+1

Taking into account that
(1‘-)') M(:rz‘l /jl) - M(‘:f/jl.) = M((:n @ :lc)z /j)l\-) -+ 2 M(:lr ﬂ/\'(cn - :/{))
and M(L, (L, — ;) = 0, it follows that

(13) M(:z/;l) — Sn /u/)
Thus
n—I1 n \ n—1
(14) S MB)| S & |=D: 2 M8 < D2M(L2)=D4.
1

k= j=k+1 k=1

Thus we obtain finally, taking into account that M (a?) = P(4), that

n
(15) M(Za)= SM(Epa) — 2 DEVP(4).
k=1
On the other hand if g, = 1, one has (3 = 22 D2.
Thus
(16) yM(g Bra) = A2 a [2 )) = 2D2P(AC,)
K- k=1

where €, stands for the event Max | {, | = 2 .D,. We obtain from (15) and (16)

1<k=n

(17) P(AC,) 2 D% < M(3a)+ 2 DE|P(4).
On the other hand,

(18) M(2a) < [P(A)M(D) .

As clearly
(19) M) = Fa+ 3D
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we obtain from (17), (18) and (19)

P(AC,) 1 [ 3
2( PC )= = 9 /3 it L &
(20 Cal 4y =52 S | +I, s

Thus (5) is proved.
Our theorem may e.g. be used to obtain an estimate for

P( Max |Z,|=t,)

1 ik?; Yn

where », is a random variable. which may depend on the variables §,. Let

v, take on the values n 4 1.7n 4 2, ..., n + s with the corresponding proba-
bilities py, Py, ..., Ps. If A, denotes the event v, =n 41 (I=1,2, ...,5)
one has by Theorem 1, in the case | §, | <1 (k=1,2,...,n)
N
(21) P(Max (| =1t,) = ZP(Max|(,|>1,]|4)P(4) =<
1<k=<wv, =1 1<ksn+1
S ; 4 D}
= — FVP(4) Diy = - ",HH |/
5 =1 In

Thus we obtain, putting ¢, = 4D, . the following
Corollary. If &, ..., &, are independent random variables, with mean value
zero and satisfying | & | < 1. further if v, is a random variable capable of the
values n + 1, ..., n + s and if D} denotes the variance of (, = & + &, +
4

4+ oo + &, we have for ) < 2|s

(22) P(Max|(,| > 24D, < B

1<k, /.

(&)
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0O HEPABEHCTBE A. H. KOJIMOIOPOBA
A. RENYI

Pe3ome

JlokasbiBaeTcsi cieyiouee 00001eHre U3BeCTHOro HepaBHecTBa A. H.
Kosmoroposa. Ilyers &, (k=1,2,...) nesaBucuMBIe cJyuaiiibie BeJUUYUHBI,
UMerone maremaTuyeckoe oyunanue O, KoHedHble aucrepcuut d, U 4YeTBEpPTHIe
momentol fi. Tlonmowum C, =& + &+ ... + &, Di=dit+ d3+ ...+ d2

| ‘ny



ON KOLMOGOROFEF'S INEQUALITY 415

Ff =+ ...+ fh Tyctb 4 npousBosibHOe CcOObITHE €  TOJIOXKUTENBHOI
BepositHocTblo P(A) > 0. Torpa umeet mecto s Bcex 4 > 1

P max | > A I)I‘l A) & — ——
ggk;;n“ et i 22YP(A)



