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§ 0. Notations

Let S = [Q, d , P] be a probability space, i.e. Q a set (the set of ele-
mentary events), d a a-algebra of subsets of Q, and P a probabili ty measure
on d . We shall denote the elements of d, (called random events) by capital
let ters and we denote by P(-4) the probability of the event A £ d . Random
variables (i.e. functions defined on Ü and measurable wi th respect to d )
will be denoted by greek letters. We denote by M (I) the mean value and by
D2(s) the variance of the random variable f . We denote by P(A | B) the con-
ditional probability of the event A with respect to the event B. 

§ 1. Introduction

In the present paper we deal with the celebrated inequali ty of A. N.
K O L M O G O R O F F ( [ 1 ] ) according to which if £ v | 2 , . . . , £n are independent ran-
dom variables with mean value 0 and with finite variances df = D2(| f c)
(7 = 1,2, . . . , n) then putt ing

(1) = + ••• + Sk (7 = 1,2 n)

and

(2) Dl = d\ + d2+ . . . +dl=D2(£k) (7 = 1 , 2 , . . . , f t )

one has for any Я > 1 

(3) P(Max |
1 <>k<,n Я2

As well known, this inequality is extremely useful in proving the strong
law of large numbers, the law of the i terated logarithm and other related
theorems.

In § 2 we generalize this inequality by considering instead of (3) the
conditional probability of the inequality Max | £k \ + l.Dn with respect to

i áft^n
some condition A having positive probability. We prove the following

Theorem. If the random variables £,. are independent, have zero means, 
finite variances d\ and finite fourth moments f\ = M(ii£) (7 = 1, 2, . . . , ft),
then if Cft resp. Dk are defined by ( 1) resp. (2) and we put 

(4) П = П + • • • + f i n
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then one has for any Я > 1, and for any event A with P( + ) > 0 ,

(5)

1
/ i F n \

4

2 + 

Г
3+
А

Я21 P(A) 

I t is known that in the proof of Kolmogoroff 's inequali ty the supposition
of independence of the random variables | f c can be replaced by the weaker
supposition t h a t the conditional mean value of given . . . , | k _ x is identi-
cally equal to 0, that is t h a t the variables f k form a martingale (see [2]).
I t will be seen from the proof tha t the same supposition is sufficient for the
validity of our Theorem.

§ 2. Proof of the generalization of Kolmogoroff's inequality

In this § we shall prove the Theorem formulated in § 1.
Let + be an arbi t rary event, having positive probability P(A) > 0. Let

a denote the indicator of i.e. a r andom variable, which is equal to 1 on
the set + (i.e. if the event + takes place) and equal to 0 on the complemen-
tary set A = Q — A (i.e. if the event + does not take place). Let Bk

(k = 1, 2,. . ,,n) denote t he event tha t | [ is the f i rs t term of the sequence
I Cx I, I C2 I I £„ I which is not less than XDn, i.e. Bk takes place if
j ty j < W n , . . . , I £k_x I < W n and I С к I è ЯЛ„. Let ßk denote t he indi-
cator of Bk. Then clearly

(6) 0 £ jg ßk A 1, fu r the r ßk ßl = 0 if к < I
k= 1

and ßk depends only on £х, . . . , and thus is independent of èk+y, • • •,
Let f inally Cn denote the event Max | I ^ Я/)п. t h a t is Cn is the union of

I Sk<,n 
the sets By, ..., Bn. We have clearly

(7) M(£ 2 a.) è 2 M(Cn2 aßk) = 2 A а> + 2 2 М ( А & <С„ - 7 ) а) +
к=1 к=1 ft-1

+ 2 - М " « А ) 7 2 М ( а А - а ) + 2 2 2 W k ß k i j «)•
к= 1 к= 1 ft=1j=k+1

Now put

(8) rjkj = Çk ßk Çj ( l A k A n - l ; k + l A j A n ) .

Clearly we have, if 1 А к < j < h A n 

(9a) M (VkJr,kh) = M (dßkSjSh) = M L I » ) M » ) M(!„) = 0,

fur ther if к < l, к -f 1 A j, l + 1 A h then owing to ßk ßl = 0 one has

( 9 6 ) М ( М , ) = 0 .
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M ( 4 Ï j ) = m i ß k ) dj .

Further

(9c)

Thus the system

(10) .IKI

d j V m i ß k )

is orthonormal. I t follows by Bessel's inequality tha t

Vtj
Vkj

I n n 

(11) 2' 2 M ( % a ) j = > 2 djYmiißk)-M(ritj")
k=1j=k+1 1 Ik=lj=k+1

<

<
г

M(c ' 2 m i ß k ) . 2 d) •

Г n- 1
M (aß к. _

1 j = fc+l 

Taking into account that

(12) M ( C 2 ß k ) - M ( f i ^ ) = M ( ( C „ - C k ) 2 ^ ) + 2 M ( C , i 3 f t ( C „ - C f t ) )

and M ( Ç A — C/j) = 0, it follows that

(13) m i ß k ) ^ m 2 n ß k ) -

Thus

m i ß k ) \ 2 d) g n i -
k= 1 i=k+l k= 

Thus wc obtain finally, taking into account tha t M (a2) = P(A), tha t

(lu 2 m i ß k ) 2 d) gDi- 2 m i ß k ) ^ D 2
n m 2

n ) = D j

(15)

Thus

( 1 6 )

M (С2 a) ^ > ' M ( i i / 3 A . a ) - 2£»2 l ;P(d).
k= 1

On the other hand if ßk = 1, one has £2 S; X2 Dj 

2 W l ß k a ) > X 2 D 2 Y A \ a 2 ß i ] = X2D2P(ACn)

where Cn stands for the event Max | | ^ X Dn. We obtain from (15) and (16)
1 <,k<,n

(17) P(ACn)X
2D2gM(:2a) + 2D2]/P(A).

On the other hand,

M(C2 «) áí \ P ( A ) M(C4) •(18)

(19)

As clearly

М(Й) á F* + 3 D*
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we obtain from (17), (18) and (19)

(20) P{C n \A) = Р Я 1 С У < *
P (A) - +)[P(A)

+
F*\

3 + — 
D

4

' 'n I 
Thus (5) is proved.
Our theorem may e.g. be used to obtain an estimate for

P( Max \Ck\> tn)
I <.k<,vn

where vn is a random variable, which may depend on the variables Let
rn t ake on the values n + \.n + 2, ..., n + s with the corresponding proba-
bilities px, p2, . . ., ps. If A, denotes the event vn = n -f- / (I = 1,2 , . . . , s)
one has bv Theorem 1, in the case | | ^ 1 (k = 1, 2, . . . , n)

(21) P( Max I Ck I è tn) = 2 P( Max | Çk \>tn\ Aß P( A,) g

1 /= 1 1 Sfcán + Í 

4 " , Д Л 2

tn t~l tn 

Thus we obtain, pu t t ing tn = XDn+s the following
Corollary. If .. ., |n are independent random variables, with mean value 

zero and satisfying | |fc | ^ 1, further if vn is a random variable capable of the 
values n + 1, . . n -f- s and if l)\ denotes the variance of = |x + |2 +

A

-)-.... + we have for X < 2]/s

( 2 2 ) P( Max I I >XTJ n + s )
1^k<,vn /

(Received J u n e 18, 1901.)
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О НЕРАВЕНСТВЕ А. H. КОЛМОГОРОВА

A. R É N Y I

Резюме

Доказывается следующее обобщение известного неравнества А. Н.
Колмогорова. Пусть (к— 1 , 2 , . . . ) независимые случайные величины,
имеющие математическое ожидание 0, конечные дисперсии dk и четвертые
моменты f i Положим = -+ £г + . . . + йк, D

2 = d\ + d\ + ... + d
2
,
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= f\ -f ... + f f , . Пусть А произвольное событие с положительной
вероятностью Р( А) > 0. Тогда имеет место для всех Я > 1 

2 + 
P(max | f A . I ^ Â D n A ) g ,

l ^к<п

К Г

я21 P(/i)


