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Let a < a < . . . be any sequence of i n t e g e r s . A s s u m e 

tha t the infinite s equence of n u m b e r s u s a t i s f i e s the following 

condi t ion: To e v e r y e > 0 t h e r e i s an n = n (e ) such tha t 
o o 

for a l l n > n and a l l k 
o 

( 1 ) | l l ~ U | < £ . 

n+a i n 
k 

O b r e a n u a s k e d ( P r o b l e m P . 35 Can. Math. Bul l . ) under what 
condi t ions on the sequence a < a < . . . does (1) imply tha t 

the sequence u i s conve rgen t . N. G. de B r u i j n and P . E r d S s 

p roved tha t a n e c e s s a r y and sufficient condi t ion for (1) to imply 
the c o n v e r g e n c e of u i s that the sequence { a } be infinite 

n n 
and tha t the g r e a t e s t c o m m o n d i v i s o r of the a should be 1. 

The condi t ion (1) i s v e r y s t r o n g and is ' ' n ea r ly equivalent 1 1 

to Cauchy 1 s c r i t e r i o n for c o n v e r g e n c e . We d i s c u s s v a r i o u s 
cond i t ions which a r e w e a k e r than (1). 

A s s u m e f i r s t tha t the sequence u s a t i s f i e s 
n 

(2) l im l im l u - u I = 0 . 
' n+a n 

n -+• oo r r 

Condi t ion (2) m e a n s tha t to e v e r y E > 0 t h e r e e x i s t s n = n (e ) 
o o 

such tha t for n > n we have lu - u I < e excep t for 
o n+a n 

r 
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f ini tely m a n y r (the n u m b e r of e x c e p t i o n a l r m a y of c o u r s e 
depend on n) . Denot ing the s e q u e n c e a < a < . . . by A 

we sha l l p r o v e 

T H E O R E M 1 (2) i m p l i e s the c o n v e r g e n c e of { u } if 
n 

and only if A s a t i s f i e s the fol lowing two cond i t i ons : 

(I) to e v e r y i n t e g e r d > 1 t h e r e a r e inf ini te ly m a n y k wi th 
a ± 0 (mod d), 

k 

(II) a - a d o e s not t end to infinity a s k -*- <x> . 
k+1 k 

F i r s t we p r o v e tha t (I) and (II) a r e n e c e s s a r y . T h i s i s 
c l e a r for (I) s ince if (I) i s not s a t i s f i ed for a c e r t a i n d > 1 
then the s equence u wi th 

n 

u = 0 if n = 0 (mod d) and u = 1 o t h e r w i s e , 
n n 

c l e a r l y s a t i s f i e s (2) and does not c o n v e r g e . 

Next we show tha t (II) is n e c e s s a r y . Suppose A d o e s not 
sa t i s fy (II), i. e. an - a, -* oo a s k -* oo . Pu t 

k+1 k 

n = a. + a + . . . + a + 
1 2 r 

w h e r e a. i s the g r e a t e s t a not exceed ing n , a. the 

g r e a t e s t a not exceed ing n - a. , or a. i s the g r e a t e s t a 
1 r 

not exceed ing n - (a + . . . + a ) , and 0 < I < a ( thus 
1 r - 1 

if a = 1 , I i s a l w a y s 0 ). Pu t 
1 

(3) u = 0 if i = 1 and u = 1 if i i 1 > 
n r n r ' 

e . g . if (i > i ) n = a + a then u = 0 , whi le if n = a + a 
o l 1 n i 2 

then u = 1 . Thus u is inf ini tely often 0 and inf ini te ly 
n n 
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often 1 and hence does not c o n v e r g e . On the o the r hand it i s 
e a s y to see tha t the sequence (3) s a t i s f i e s (2) s ince f rom 
a - a -* oo we obtain tha t a - a > n for k > k (n) and 

k+1 k k+i k o 
hence for t h e s e k we have f r o m (3) u - u = 0 , so tha t 

n+an n 
k 

(2) i s sa t i s f i ed . T h i s shows that our condi t ions a r e n e c e s s a r y . 

Next we show tha t ou r condi t ions a r e suff icient , in o the r 
w o r d s we sha l l show tha t if A s a t i s f i e s (I) and (II) and the 
infinite s e q u e n c e { u } s a t i s f i e s (2), then { u } c o n v e r g e s . 

n n 

Since (II) i s sa t i s f i ed , t h e r e i s a T for which 

(4) a - a = T 
k+1 k 

h a s inf ini tely m a n y so lu t i ons . F i r s t we show tha t for e v e r y i 

(5) I im (u. , JWT, - u. ) = 0 . v v i+(i +1)T i+i T7 

i -+• oo 

Let e > 0 be g iven; to p rove (5) we sha l l show tha t for 
a l l £ > I (e ) 

o 

( 6 ) | u i + ( i + l ) T - U i + i T i < £ • 

F r o m (2) it fol lows tha t for sufficiently l a r g e fixed £ {£ = ! (e )) 
and e v e r y r > r (e , i ) 

o 

(7) In - u I < e/2 and V ' ! i+i T+a i+i T ' 
r 

'U i+( i+l)T+a " U i+ ( i+ l )T ' <Z/Z 

Since (4) h a s infini tely m a n y so lu t ions t h e r e i s a k (in fact 
infini tely m a n y such k) for which a - a = T, k > r (e , i ). 

Thus f r o m (7) 
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(8) u - u. I < e/2 and 
V ' ' i+£ T+a i A i+£ T ' 

k+1 

lu - u I < e/2 . 
1 i + U + D T + a , i + U + l J T 1 

k 

(6) fol lows f r o m (8) by s u b t r a c t i o n ( s ince i+(j£ + l ) T + a = 
ri 

i+l T+a ). (6) i m p l i e s tha t for e v e r y s and i 
k+1 

(9) l i m (u , v - u. ) = 0 . 
V ' i + ( I + s ) T i+£ T ' 

£ -> 00 

F r o m (9) we sha l l now deduce tha t for e v e r y fixed i 

(10) l i m u 
. i+£ T 
I -*• oo 

e x i s t s . If (10) did not e x i s t t h e r e would e x i s t an inf ini te s equence 
of i n t e g e r s £ , \ s a t i s fy ing 

j J 

(11) £. = \ . = i ( m o d T) , ^ < L < . . . , t < \ . 
J J 1 2 J J 

and 

(12) | u - u x | > c 

j j 

for a c e r t a i n pos i t i ve abso lu t e cons t an t c. F r o m (2) we obta in 
tha t for suff ic ient ly l a r g e j and r 

(13) lu - u I < c / 4 and lu - u I < c / 4 . 1 £ +a P • ' \ +a \ ' 
J r j j r J 

F r o m the f i r s t p a r t of (11) we have £ - X. = sT , and so f rom 
j j 

(9) we have for suff icient ly l a r g e r 

(14) |u - u ' | < c / 4 ( ê . + a = i + ! T of (9)); 
t . + a \ +a l r 

J r j r J 

(13) and (14) imply ju - u | < 3 c / 4 which c o n t r a d i c t s (12), 

J J 
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and hence (10) is proved. 

If the limit in (10) does not depend on i then { u } 
— n 

converges and our theorem is proved. Assume thus that for 
two values i ^ i (mod T) 

(15) lim u. m m = a , lim u. A m =ûf . Û < ^ . v i +1 T 1 ' i^+l T 2 1 2 

2 
Choose e < (a -or )/2T and let i be so large that for all 

2 1 
n > i T and all r except possibly for finitely many exceptions 

(16) lu - u I < E , 1 n+a n 
r 

and choose t so large that for every I > i , i > i 
o o 1 o 

(17) ju. . - u. Ê I > K - a.)/2 • 1 i +! T i +1 T ' 2 1 
1 2 1 

Denote by j , . . . , j those residue classes (mod T) for which 

the congruence a = j (mod T) has infinitely many solutions, 
n s 

By (I), (j , j , • • • , j , T) = 1 and therefore the congruence 
1 2 r 

(18) S X j = i - i (mod T), 0 < X < T 
s s 2 1 ' — s 

s =1 

is solvable (in fact every residue class (mod T) can be 
represented in the form (18). We can find arbitrarily large 
a! s satisfying (a = j (mod T) has infinitely many solutions) 

a = i (mod T) 1 < s < r 
m s — — 

s 

Put 

y r 2 
(19) v = i + I T + S X a =i+i T + -S b. , y = S X < T (by (18)) 

A S m ' A J A S 

S = 1 S J = 1 S = l 
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where X of the b ! s are equal to a . From (19) and (18) 
s m 

s 
we have 

(20) v = i + i T , Jt > I . 
2 1 1 — 

We evidently have by (19), (as in the proof of Problem 35) 

(21) lu. - u . m I < I u. „ m , - u . „ I v ' ' v i +1 T ' - ' i + i T+b i i + 4 T ' 
1 1 1 1 

+ 'U i +1 T+b +b " Ui +i T+b » + • ' • 
1 1 2 1 1 

1 r r~1 i 
+ | U i +i T+ S b " Ui +i T+ S b. ' 

1 3 = 1 j j= l J 

Now since each b is an a , we have from (16) and (17) that for 

sufficiently large I and sufficiently large b1 s each summand 

at the right side of (21) is less than e . Thus from (20), (21) 

and the definition of e we obtain by the last inequality of (19) 

(22) lu , - u m | <ye = e 2 X. < e T < (a - a )/ 2 . 
1 i + J T T i + i T 1 y . A j V 2 1 ' 

2 1 1 j =1 

(22) contradicts (17) and this contradiction proves the convergence 

of { u } and hence the proof of our theorem is complete. 
n 

We also considered the following modification of (2): 

(23) lim lim u - u = 0 . 
' n-fa n 

n r r 

We proved 

THEOREM 2 (23) implies the convergence of { u } if 
n 

and only if for every infinite sequence of integers b < b < . . . 

there is a t such that the sequence 

272 



(24) { a + b . } l < r < o o , 1 < i < t 
r l — — — 

con ta in s a l l but a finite n u m b e r of the i n t e g e r s 1 , 2 , . . 

We s u p p r e s s the proof of T h e o r e m 2. It i s e a s y to see 
tha t (24) i s equ iva len t to the following condi t ion which is p e r h a p s 
m o r e m a n a g e a b l e : Let b < b < . . . be any infinite sequence of 

i n t e g e r s ; then a l l but a finite n u m b e r of the n a t u r a l n u m b e r s 
a r e of the f o r m (a +b ) w h e r e i and j a r e n a t u r a l n u m b e r s . 

1 J 

A s s u m e tha t we modify (2) a s fol lows: To e v e r y e > 0 
t h e r e e x i s t s an n such that for n > n we have ju - u j < e 

o o n+a, n 
k 

excep t for at m o s t t v a l u e s of k w h e r e t depends only on 
£ £ 

£ and not on n . We do not know what is the n e c e s s a r y and 
sufficient condi t ion on the sequence { a ) tha t t h i s should 

k 
imply tha t { u } c o n v e r g e s , 

n 
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