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The functional equation ¢(x) = @(ax) ¢(bz) (a, b > 0, a* + b*> = 1) was
solved by E. Vincze [1]under the assumption that ¢(x) is a complex valued
function of the real variable x which can be differentiated twice at the origin.
This equation occurs in certain problems in probability theory and was there-
fore studied by a number of authors under the restriction that <p( x) is a positive
definite function.

In the present note we prove the following generalization of VINCzZE's
result:

Theorem. Let ¢(x) be a complex valued function of fhe real variable x and

let {a;} be a sequence of nonnegative real numbers such that \' ai=1and0<a;<l.
=
Suppose that there exist complex constants A and B such that
; ) — @(0) — Ax
(1) llmfpf(gf) (E(f_) Eieadroay -
x—0 x*
Assume further that o(x) satisfies for all real x the functional equation

(2) o) = ,12 ¢(a;2)

where the infinite product converges.* Then A = 0 and @(x) = eBX'.
Proof. It follows from (1) that ¢(x) is continuous at x = 0. It follows
further from the convergence of the infinite product (2) that hm pla;x) =1,

and as clearly lima;, = 0 we obtain ¢(0) = 1. Thus it foll()ws flom (1) that

R ]
jore
(3) p(z) =1 + Az 4 O(x?) for x—0.
Thus we have
N 3
N ALY apx+0(x®)
.'(1»."()———(? j=1 .
J{{ ¢(a,
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* As usually the convergence of an infinite product - 2, 18 understood in the sense

that only a finite number of factors may be equal to 0 and if zp # 0 for n = n, then
N
lim Iz

~n
N e n=n,

exists and is different from O.
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As the product (2) is convergent, it follows that the series 3 a; is convergent
=
too. Let us put

/8

(4) P a] == (/' .
J

We have evidently C > 1. It follows that ¢(x) = ¢ACx+0") and thus

p) —1 — Az A(C — 1)

x2 x

—

(5)

+ 0(1) for x— 0.

Clearly (5) is compatible with (1) only if 4 = 0. Condition (1) now reduces
to

(6) i ek SO
x—0 22

which yields

(7) lim 26 9®) _ p.
x—0 x‘“)

Clearly (6) implies that there exist positive numbers d and D such that

(8) ' | @(x) — 1| < Da? for |z| < d.
As for |z — 1| g_é we have |argz| < g |z — 1/, it follows that for
1
x| < A = min |d, —| we have
i ( V2 D)
" | arg p(a;x) | < 7.
i1
Thus we obtain from (2)
(9) log @(x) = i log @(a;x) for |z|< D.
j=1
We obtain from (9) by iteration for any natural number &
(10) log p(x) = > ... Jlog g(a, ... a,2).
j1=1 Jr=1
Since max a; = o < 1 we see that
(11) max aj, ... 0 < af.

In view of (11) and (7) for any & > 0 we can choose the value of k so large that

(12) |log @(aj, . .. aj,x) — Bx*a3, ... a}, | <¢ca? ...af,
for all o | < A. It follows from (10) and (12) that
(13) |log p(x) — Bx?| < &.

As & can be chosen arbitrarily small we obtain that p(z) = ¢B% for |» | < A.
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Let us put y(x) = @(x) e~ Bx'. Then clearly y(x) satisfies for all x the
equation

(14) p(x) = 1{ y(a;x)
Jj=
further y(x) =1 for |a| < A. Let «, denote the upper bound of those

positive numbers § for which yp(x) = 1 for |z | < p. We have already shown
that x, = /A > 0. Suppose that «, is finite; we shall prove that this leads to a

contradiction. Clearly y(4- ;) = 1 because max a; = o < 1. Let now # be
: . a;
an arbitrary real number such that 1 > 5 > ¢; then e R < 1 so that
7] a
1 a; | xO (2 Bl P . )
pl+ L= 1. It follows that |-+ —| = 1. This however . contradicts
7 ]

the definition of x,. Thus 2, = + oo and ¢(x) = ¢B* for all x.
We are indebted to P. Bartfai for a valuable remark, which we utilzed
in preparing the final version of this paper.
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OBOBLIEHUE OHON TEOPEMBI E. VINCZE
R. G. LAHA, E. LUKACS u A. RENYI
Pe3iome

JlokaspiBaeTcsi ciiejytouiee oboduienne Teopembl k. VINOzZE [1]:
Teopema. ITycmns ¢(x) — (PyHKyua ewjecmseHHOIL nepemMeHHol x ¢ KOMN-
ACKCHBIMU 3HAUEHUAMU U {a;} — NOCACO06AMEALHOCING HEOMPUYAIMEAbHbIX Hicen,

oaa komopeix X ai =1 u 0 < a, < 1. [Ipednoaazaem, wmo cywecmeymwm Komn-

j=1
AekcHole koHemanmet A u B makue, 4rno

el =) — e _ 5

lim
x—0 ;1'2

u umo ¢(x) yoosaemeopsem PyHKYUuoOHAALHOMY VPABHEHIIH)
@(x) = -11 pla;x),
J=

e0e OeckoneqHoe npouseederue cxooumces. B amom cayuae A =0 u ¢(x) = eBx.



