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The functional equat ion <p(x) = (p(ax) <p(bx) (a, b > 0, a
2

+ b
2 = 1) was

solved by E . V I N C Z E [1] under the assumption that tp(x) is A complex valued
function of the real variable x which can be differentiated twice at t he origin.
This equat ion occurs in certain problems in probability theory and was there-
fore studied by a number of authors under the restriction t h a t <p(x) is a positive
definite funct ion.

In t he present note we prove t h e following generalization of V I N C Z E ' S

result:

Theorem. Let (p(x) be a complex valued function of the real variable x and 

let [afj be a sequence of nonnegative real numbers such that 2' aj = 1 and 0 < ax < 1. 

Suppose that there exist complex constants A and В such that 

( i ) =

x-»0 X
2

Assume f urther that cp(x) satisfies for all real x the functional equation 

(2) <p(x) = f f <p(ajx)
i = i

where the infinite product converges
2

Then A — 0 and cp(x) = e
Bx

\
Proof. I t follows f r o m (1) tha t <p(x) is continuous a t x = 0. I t follows

fur ther f r o m the convergence of the inf in i te product (2) tha t lim g>(aj x) = 1,

and as clearly l ima , = 0 we obtain <p(0) = 1. Thus i t follows from (1) that

(3) ' <p(x) = 1 + Ax + 0(x
2
) for x —> 0 . 

Thus we have
N

Я

, , , , A( Г a,)x+0(x')
11 <P(ajx) = e >=•1 • 

i = i

1 T h e Catholic Univers i ty of America. T h e research of these authors was suppor ted
by the Na t iona l Science Founda t ion th rough grant NSF-GP-96.

2 As usually the convergence of an in f in i t e product П zn is understood in the sense
/1=1

tha t only a f ini te number of factors m a y be equal to 0 and if z„ # 0 for n > n0 then
N

lim П zn exists and is d i f fe ren t from 0.
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As the p roduc t (2) is convergent , it follows t h a t the series 2 a • is convergent
7 = 1 

t oo . Let us p u t

(4) y a j = С .
7 = 1 

We have e v i d e n t l y С > 1. I t follows t h a t <p(x) = e
ACx

+°^ and thus

(5) ф ) - 1 - А х = А{С-1) + 0(1) for

x2 x 

Clearly (5) is compat ib le w i t h (I) only if A = 0. Condition (1) now reduces
t o

( 6 ) l i m ^ — 1 = в
X-*0 X2

which yields

( 7 ) l i m l ° g ? ( * ) = ^ 

X-*0 X2

Clearly (6) impl ies t h a t there exis t positive n u m b e r s d and D such tha t

(8) I <p(x) - 11 < Dx
2 for \x\£d. 

1 л
As for I z — 1 I < — we h a v e I arg z I < — I z — 1 I, i t follows tha t for

2 3 

x I + Д = m i n I d, - , i = I we h a v e
y 2D

I a r g (p(a,jX) I < л .

7 = 1 

T h u s we ob t a in f r o m (2)

(9) log cp(x) — у log (p(UjX) for | x | + Z>.
7 = 1 

W e obtain f r o m (9) by i t e ra t ion for any n a t u r a l number к

(10) log<p(x) = 2 • •• 2 l o g • • • a ß x ) •
7i = l 7i=l

Since max ay = a < 1 we see t h a t

(11) m a x ah ... ah + a
k

.

I n view of (11) a n d (7) for a n y e > 0 we can choose the value of к so large t h a t

(12) I log cp(aji ... ahx) - Bx
2
a

2
h ., . ajk | + ea? . . . ajk

fo r all I x I + Д . I t follows f r o m (10) and (12) t h a t

(13) j log cp(x) - Bx
21 + e .

As £ can be chosen arbi trar i ly small we ob t a in t h a t <p(x) = e
Bx

' for | ,r j + Д .
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L e t us p u t y(x) = <p(x) e~Bx'. Then clearly y(x) satisfies for all x t he
equa t ion

(14) y(x) = f j y(djX) 

f u r t h e r y(x) = 1 for I x | ^ Д . L e t xn denote t h e upper b o u n d of those
posi t ive numbers ß for which y(x) = 1 for | x | ß. We have a l r eady shown
t h a t x0 Д > 0. Suppose t h a t x0 is f in i t e ; we shall p rove t h a t th i s leads to a 
cont radic t ion . Clearly y( + x0) = 1 because max o ; = « < 1- L e t now rj he

an a r b i t r a r y real n u m b e r such t h a t 1 > rj > a; t h e n — < A «g i s o t h a t
p a

= 1. This however contradic tsy | ± — x 0 | = l . I t follows t h a t y
V 7]

t he def in i t ion of x0. T h u s x0 = + ° ° and y(x) = eBx' for all x. 

W e are indeb ted to P. B á r t f a i f o r a valuable remark , which we utilzed
in p repa r ing the f i n a l version of t h i s paper .

(Received Augus t 28, 1963; in revised f o r m March 9, 1964)
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ОБОБЩЕНИЕ ОДНОЙ ТЕОРЕМЫ E. VINCZE

R . G. LAHA, E . L U K A C S и A. R É N Y I

Резюме

Доказывается следующее обобщение теоремы E . V I N C Z E [ 1 ] :

Теорема. Пусть у(х) — функция вещественной переменной х с комп-

лексными значениями и {+•} — последовательность неотрицательных чисел, 

для которых 2 а) =\ и 0 < ах < 1. Предполагаем, что существуют комп-
1=1

лексные константы А и В такие, что 

ш Ф ) - < р ( 0 ) - А х = В )

х->0 X
2

и что <р(х) удовлетворяет функциональному уравнению 

<р(х) = U <p(ajx),
7 = 1 

где бесконечное произведение сходится. В этом случае А = 0 и q (x) = еВхг


