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ON QUADRATIC INEQUALITIES IN PROBABILITY THEORY

by

J. GALAMBOS and A. RÉNYI

Summary

I n  t h i s  p a p e r  q u a d r a t i c  i n e q u a l i t i e s  i n  t h e  p r o b a b i l i t i e s  o f  B o o l e a n  f u n c t i o n s  
o f  n v a r i a b l e  e v e n t s  a r e  c o n s i d e r e d .  F o r  a  s p e c i a l  c l a s s  o f  s u c h  i n e q u a l i t i e s  —  c a l l e d  
e x a c t  i n e q u a l i t i e s  —  a  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  i s  g i v e n ;  t h i s  g e n e r a l  
t h e o r e m  i s  a p p l i e d  t o  d e d u c e  c e r t a i n  s p e c i a l  i n e q u a l i t i e s .  G e n e r a l i z a t i o n  t o  i n -
e q u a l i t i e s  o f  d e g r e e  h i g h e r  t h a n  2  i s  a l s o  c o n s i d e r e d .

§ 0. Notations

L e t  S = (Q, si,  P )  d e n o t e  a  p r o b a b i l i t y  s p a c e ,  i . e .  l e t  Q b e  a n  a r b i t r a r y  n o n -
e m p t y  s e t ,  s i  a  c r - a l g e b r a 1  o f  s u b s e t s  o f  Q a n d  P  a  m e a s u r e  o n  s i  s u c h  t h a t  P ( i 2 )  =  1 .  
W e  c a l l  t h e  e l e m e n t s  o f  s i  e v e n t s  a n d  d e n o t e  t h e m  b y  c a p i t a l  l e t t e r s .  W e  d e n o t e  
b y  A + B  t h e  u n i o n  a n d  b y  AB  t h e  i n t e r s e c t i o n  o f  t h e  s e t s  A  a n d  B, a n d  b y  A  t h e  
c o m p l e m e n t  o f  t h e  s e t  A  w i t h  r e s p e c t  t o  Q. A s  u s u a l ,  Ä  i s  i n t e r p r e t e d  a s  t h e  e v e n t  
c o n s i s t i n g  i n  t h e  n o n - o c c u r r e n c e  o f  t h e  e v e n t  A,  w h i l e  A + B  a n d  AB  r e s p e c t i v e l y ,  
a r e  i n t e r p r e t e d  a s  t h e  e v e n t  t h a t  a t  l e a s t  o n e  o f  t h e  e v e n t s  A, В  o c c u r s ,  r e s p .  t h a t  
b o t h  t h e  e v e n t s  A, В  o c c u r .

L e t  P i , p 2 ,  ■ ■ ■ , P r  b e  a n y  s e t  o f  p o s i t i v e  n u m b e r s  s u c h  t h a t

2  P j= l
l= i

W e  s h a l l  d e n o t e  b y  Sr(p t , pr) t h a t  ( f i n i t e )  p r o b a b i l i t y  s p a c e  i n  w h i c h  
t h e  s e t  П c o n s i s t s  o f  r e l e m e n t s  a)lt w2, . . . ,  cor. s i  i s  t h e  s e t  o f  a l l  2 r  s u b s e t s  o f  Q, 
a n d  P  i s  d e f i n e d  b y

(0.1) P (A)= 2  Pj
ioj£ A

E s p e c i a l l y  S t ( l )  i s  t h e  t r i v i a l  p r o b a b i l i t y  s p a c e  w h i c h  c o n t a i n s  o n l y  t w o  e v e n t s  :  
t h e  “ c e r t a i n  e v e n t ”  Q a n d  t h e  “ i m p o s s i b l e  e v e n t ”  0  ( t h e  e m p t y  s e t ) .  F u r t h e r  S2(i,  i )  
i s  t h e  p r o b a b i l i t y  s p a c e  ( d e s c r i b i n g  e . g .  t h e  t h r o w  o f  a  f a i r  c o i n )  w h i c h  c o n t a i n s  
o n l y  f o u r  e v e n t s :  Q, 0 ,  a  =  { c u j }  a n d  ß = {co2) a n d  P ( a )  =  P(ß) = \  .

A  B o o l e a n  f u n c t i o n  F = F (A l , A 2, . . . ,  A„) o f  n v a r i a b l e  e v e n t s  A 1,...,A „  
i s  a  f u n c t i o n  o f  t h e s e  e v e n t s  w h i c h  c a n  b e  e x p r e s s e d  b y  m e a n s  o f  t h e  v a r i a b l e s

1 All results of this paper are valid also if s i  is only an algebra of subsets o f Q and P  a finitely 
additive nonnegative set function on s i  for which P ( ß ) = l .
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A l , . „ ,  A„ a n d  a  f i n i t e  n u m b e r  o f  B o o l e a n  o p e r a t i o n s ,  i . e .  t h e  o p e r a t i o n s  A + B , 
A B, A.  W e  i n t r o d u c e  t h e  n o t a t i o n

A l = A , A ~ 1 = Ä.

L e t  u s  d e n o t e  b y  Sk(m)  t h e  к-th  d i g i t  o f  t h e  b i n a r y  r e p r e s e n t a t i o n  o f  t h e  n o n - n e g a t i v e  
i n t e g e r  m, i . e .  w e  p u t

(0 . 2) m =  2  à к («0 2k
кто

L e t  u s  p u t  f u r t h e r
( 0 . 3 )  sk(m) =  2 < 5 * _ 1 ( m ) - l  (k =  1 , 2 , . . . ) .

C l e a r l y  Ek{m) =  ± 1 ,  a n d  i f  m  r u n s  o v e r  t h e  i n t e g e r s  0 ,  1 ,  . . . ,  2 я  — 1 ,  t h e  « - t u p l e  
{ g tim), ...,en(m)}  r u n s  o v e r  a l l  2 ”  p o s s i b l e  « - t u p l e s  o f  t h e  s i g n s  - f  1  a n d  — 1 .

L e t  u s  p u t
( 0 .  4 )  Bn{m) = A\i(m)A c2 2 < - m ) . . .  Afr(m) ( 0  S  m  á ? - l )

W e  c a l l  t h e  B„(m) t h e  b a s i c  B o o l e a n  f u n c t i o n s  o f  t h e  v a r i a b l e s  A lt  . . . ,  A„. C l e a r l y

( 0 . 5 )  Bn(m1)B„(/n2)= 0  i f  m1^ m 2

a n d

( 0 .6 )  2>'Z  В n(m ) =  Q
m = 0

I t  i s  w e l l  k n o w n  t h a t  e v e r y  B o o l e a n  f u n c t i o n  F(Alt  . . . ,  A„) c a n  b e  u n i q u e l y  r e p r e -
s e n t e d  i n  a  „ c a n o n i c a l  f o r m ”  a s  t h e  s u m  o f  c e r t a i n  b a s i c  f u n c t i o n s  Bn(m);  t h u s  t h e r e  
a r e  o n l y  2 2 "  d i f f e r e n t  B o o l e a n  f u n c t i o n s  o f  «  v a r i a b l e  e v e n t s .

§ 1. Introduction

S o m e  t i m e  a g o ,  t h e  s e c o n d  n a m e d  a u t h o r  h a s  p r o v e d  ( [ 1 ] ,  s e e  a l s o  [ 2 ] )  t h e  
f o l l o w i n g

T h e o r e m  1. Let F j  =  Fj(Al , A 2, . . . ,  A„) ( / = 1 , 2 ,  . . . ,  N )  be arbitrary Boolean 
functions o f the n variable events A , ,  . . . ,  An. The linear inequality

(1 .1 )  2 c j P (F j ) * 0
j =1

(where c x ,  . . . ,  cN are real constants) is valid in every probability space S i f  it is 
valid in the trivial probability space 5 / ( 1 ) .

T h i s  s i m p l e  t h e o r e m  i s  u s e f u l  b e c a u s e  i t  m a k e s  i t  p o s s i b l e  t o  r e d u c e  t h e  p r o o f  
o f  a n y  l i n e a r  i n e q u a l i t y  a m o n g  p r o b a b i l i t i e s  o f  B o o l e a n  f u n c t i o n s  t o  a  c o r r e s p o n d i n g  
c o m b i n a t o r i a l  i n e q u a l i t y .

T o  m a k e  t h i s  p a p e r  s e l f - c o n t a i n e d  w e  r e p r o d u c e  h e r e  t h e  p r o o f  o f  T h e o r e m  1 ,  
e s p e c i a l l y  a s  t h e  p r o o f  i s  v e r y  s h o r t .

P r o o f  o f  T h e o r e m  1 .  L e t  t h e  e x p r e s s i o n  o f  t h e  f u n c t i o n s  F y ,  . . . ,  FN i n  c a n o n i c a l  
f o r m  b e
( 1 . 2 )  F j = Z B M )  ( / = 1 , 2 ,  . . . , 7 V )

mZEj
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w h e r e  Ej  i s  s o m e  s u b s e t  o f  t h e  s e t  { 0 ,  1 ,  . . . .  2 "  —  1 } .  I t  f o l l o w s  f r o m  ( 0 .  5 )  t h a t

( 1 . 3 )  P ( ^ ) =  2  P ( 5 , N )
m£Ej

a n d  t h u s

( 1 - 4 )  2  CjP{Fj)=2n2  dmP(B„(mj)
3 =1 m=0

where
( 1 . 5 )  dm= Z  cj

m£ Ej

N o w  e v i d e n t l y  i f  Ak — Q i f  Ek( m )  - 1  a n d  Ak =  0  i f  ek(m) =  —  1 ,  t h e n  B„(m) =  Q 
a n d  7 ? „ ( / )  =  0  f o r  /  +  w ,  0 ^ / ^ 2 и —  1 ,  t h u s  f o r  t h i s  s p e c i a l  c h o i c e  o f  t h e  v a l u e s  
o f  t h e  v a r i a b l e s  A x, ...,A„  w e  h a v e

( 1 - 6 )  2 c jP (F j)  = dm
3=1

T h u s  i f  ( 1 . 1 )  h o l d s  o n  S j ( l )  w e  h a v e  dm S O  f o r  m =  0 ,  1 ,  . . 2 "  —  1  a n d  t h u s  
i t  f o l l o w s  f r o m  ( 1 . 4 )  t h a t  ( 1 . 1 )  h o l d s  f o r  e v e r y  c h o i c e  o f  t h e  v a l u e s  o f  t h e  e v e n t s  
A j ,  . . . ,  A„ i n  e v e r y  p r o b a b i l i t y  s p a c e  S .  T h u s  T h e o r e m  1  i s  p r o v e d .

I t  i s  e v i d e n t  t h a t  T h e o r e m  1  c a n  b e  u s e d  a l s o  t o  p r o v e  i d e n t i t i e s .  T o  p r o v e  t h a t  
a  r e l a t i o n

( 1 . 7 )  2 c jP (F j)  = 0
3 = 1

i s  v a l i d ,  a c c o r d i n g  t o  T h e o r e m  1  i t  i s  s u f f i c i e n t  t o  v e r i f y  t h a t  ( 1 .  7 )  h o l d s  i f  a l l  Ak 
a r e  e q u a l  e i t h e r  t o  Q o r  t o  0 .

A  t y p i c a l  e x a m p l e  o f  a n  i n e q u a l i t y  w h i c h  c a n  b e  o b t a i n e d  a s  a  s p e c i a l  c a s e  
o f  T h e o r e m  1  i s  t h e  f o l l o w i n g  i n e q u a l i t y ,  d u e  t o  G u m b e l  ( [ 3 ] ) :  P u t t i n g

( 1 . 8 )  <r^ =  2  P(Ah A h . . .A lk) ( * = 1 , 2 , . . . , « )
l^ l’l <12 < ... <l'k^n

o n e  h a s  f o r  l ^ k k ^ n

( 1 . 9 )  ( 7 1 - * + l ) ^ !  S  ( / c )  + ( * —  1 ) ° * П ) .

B y  m e a n s  o f  T h e o r e m  1  t h e  p r o o f  o f  ( 1 .  9 )  i s  r e d u c e d  t o  a  s i m p l e  i n e q u a l i t y  b e t w e e n  
b i n o m i a l  c o e f f i c i e n t s  ( s e e  [ 2 ] ,  p .  3 0 ) .

T h e  a i m  o f  t h i s  p a p e r  i s  t o  p r o v e  a  t h e o r e m  s i m i l a r  t o  T h e o r e m  1  f o r  quadratic 
( i n s t e a d  o f  l i n e a r )  i n e q u a l i t i e s .  T h i s  w i l l  b e  d o n e  i n  §  2 .  I n  §  3  w e  g i v e  s o m e  a p p l i c a -
t i o n s  o f  t h e  g e n e r a l  t h e o r e m  o f  §  2 .  I n  §  4  w e  d i s c u s s  t h e  p o s s i b i l i t y  o f  g e n e r a l i z i n g  
t h e  r e s u l t  o f  §  2  t o  p o l y n o m i a l  i n e q u a l i t i e s  o f  t h e  t h i r d  a n d  s t i l l  h i g h e r  d e g r e e s .

§ 2. A General Theorem on Quadratic Inequalities

In this § we consider quadratic inequalities of the form 

(2.1) 2  Í  с ,,зР (^ )Р (^ )^ 0
i = i 3=1
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w h e r e  t h e  ciyj a r e  r e a l  c o n s t a n t s ,  a n d  Ft , F2, . . . ,  FN a r e  B o o l e a n  f u n c t i o n s  o f  
t h e  v a r i a b l e  e v e n t s  A l ,...,A „ .

N o t e  t h a t  i t  i s  n o  r e s t r i c t i o n  t h a t  i n  ( 2 .  1 )  n o  l i n e a r  t e r m s  o c c u r ,  b e c a u s e  o n e  
o f  t h e  FI m a y  b e  e q u a l  t o  Q ( w h i c h  i s  a l s o  a  B o o l e a n  f u n c t i o n ,  n a m e l y  a  c o n s t a n t  

f u n c t i o n )  a n d  t h u s  i n e q u a l i t i e s  w h i c h  c o n t a i n  b o t h  q u a d r a t i c  a n d  l i n e a r  t e r m s  c a n  
b e  a l s o  w r i t t e n  i n  t h e  f o r m  ( 2 . 1 ) .

W e  s h a l l  c a l l  a n  i n e q u a l i t y  ( 2 . 1 )  exact,  i f  i n  ( 2 . 1 )  t h e  e q u a l i t y  s i g n  i s  v a l i d  
e v e r y  t i m e  w h e n  e a c h  Ak i s  e q u a l  e i t h e r  t o  £2 o r  t o  0 .  B y  o t h e r  w o r d s  ( 2 . 1 )  i s  e x a c t  

i f  e q u a l i t y  i s  v a l i d  i n  ( 2 . 1 )  w h e n  t h e  v a r i a b l e s  A t , . . . ,  An a r e  r e s t r i c t e d  t o  e v e n t s  
i n  t h e  t r i v i a l  p r o b a b i l i t y  s p a c e  S i ( l ) .

W e  s h a l l  p r o v e  n o w  t h e  f o l l o w i n g

T h e o r e m  2 .  Let  ( 2 . 1 )  be an exact inequality. In order that  ( 2 . 1 )  should be 
valid on every probability space S it is sufficient (and o f course also necessary) that 
it should be valid on the probability space S2(i, i).

P r o o f  o f  T h e o r e m  2 .  L e t  a g a i n  ( 1 .  2 )  b e  t h e  e x p r e s s i o n  o f  t h e  f u n c t i o n  
/ ^ • ( 1  S j ^ N )  i n  c a n o n i c a l  f o r m .  I n  v i e w  o f  ( 1 .  3 )  w e  g e t

( 2 .  2 )  z  2  ci . j W H F j ) = 2 l 2 2  drJ ( B n(r))P(Bn(s)),
i =  1 j  =  1 r  = о s  = о

w h e r e
( 2 . 3 )  dr s= Z  cu

r i E t  
s í  E j

N o w  l e t  u s  c h o o s e  Ak = Q i f  e f e ( r )  =  1  a n d  Ak =0  i f  ek(r)  — — 1  ( Ä r =  1 ,  2 ,  . . . ,  ri).
I t  f o l l o w s  t h a t  P ( Z ? „ ( r ) )  =  l  a n d  P ( ä „ ( j ) ) = 0  i f  sj±r\  t h u s  f o r  t h i s  s p e c i a l  

c h o i c e  o f  t h e  v a l u e s  o f  t h e  v a r i a b l e s  A lt  . . . ,  A„ w e  h a v e

( 2 . 4 )  Z  2  cijP (F i)P(FJ) = drr
i= 1 j= 1

A s  w e  h a v e  s u p p o s e d  t h a t  t h e  i n e q u a l i t y  ( 2 . 1 )  i s  e x a c t ,  i t  f o l l o w s  t h a t

( 2 . 5 )  dr r = 0  f o r  0 = à r ë 2 " - l .
P u t t i n g

( 2 . 6 )  Dr s = drs + dSir f o r  r ^ s  
w e  o b t a i n

( 2 . 7 )  1  2  cu P(FdP(.Fj)= Z D^P(Bn(r))P(Bn(s))
/=1 7=1 0 ^ r< s^ 2 n— 1

N o w  l e t  u s  c h o o s e  a n  a r b i t r a r y  p a i r  (r, s)  o f  i n t e g e r s ,  0 S r < í í 2 * - l ,  a n d  l e t  
u s  c h o o s e  t h e  v a l u e s  o f  t h e  e v e n t s  Ak a s  f o l l o w s :

(2. 8) Ak — Q if ф ) = ф )  = 1

Ak=ct if ek(r )  =  1 and ek(s) =  -  1

A k = ß if sk(r) =  — 1 and ek(s) =  + 1

A  =  0 if Ф ) = Ф )  =  - 1
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w h e r e  a  a n d  ß a r e  t h e  e v e n t s  а  =  { ш ! } ,  ß = {co2} o f  t h e  p r o b a b i l i t y  s p a c e  5 2 ( i ,  i ) .  
F o r  t h i s  s p e c i a l  c h o i c e  o f  t h e  v a l u e s  o f  t h e  v a r i a b l e s  Ak w e  h a v e  c l e a r l y

(2.9) Bn(r) = <x, Bn(s)=ß and B„(t) = 0 for t ^ r , t ^ s .

T h u s  w e  o b t a i n  f o r  t h i s  c h o i c e  o f  t h e  v a l u e s  o f  t h e  Ak

(2.10) p(5 „(r)) =  P ( 5 „ ( i ) )  =  i ,  Р(Дя(0 ) =  0  for t * r ,  t * s ,

and therefore

(2 .1 1 )  Í Í c U P ( W t )  =  i f l ri,
i= i j= i

T h u s  i f  ( 2 . 1 )  i s  v a l i d  o n  S2(i, i)> t h e n  w e  m u s t  h a v e  Z ) r > s s  0  f o r  a l l  p a i r s  
( r ,  5 )  a n d  t h u s  i n  v i e w  o f  ( 2 .  7 )  i t  f o l l o w s  t h a t  ( 2 . 1 )  i s  v a l i d  o n  e v e r y  p r o b a b i l i t y  
s p a c e  S  a n d  f o r  e v e r y  c h o i c e  o f  t h e  v a l u e  o f  t h e  v a r i a b l e s  Ak.

T h u s  T h e o r e m  2  i s  p r o v e d .
S i m i l a r l y  a s  T h e o r e m  1 ,  T h e o r e m  2  c a n  b e  u s e d  a l s o  t o  p r o v e  i d e n t i t i e s .  A s  a  

m a t t e r  o f  f a c t  w e  o b t a i n  f r o m  T h e o r e m  2  t h e  f o l l o w i n g

Co r o l l a r y . I f

( 2 . 1 2 )  2  2  cu P W P (F j)  = 0
i=l j= 1

holds on 5 \ ( 1 )  and on S2(i, f), then it holds identically on every probability space.

§ 3. Some Applications of the General Theorem of § 2

I n  t h i s  §  w e  c o n s i d e r  s o m e  e x a m p l e s  o f  q u a d r a t i c  i n e q u a l i t i e s  w h i c h  c a n  b e  
e a s i l y  p r o v e d  b y  m e a n s  o f  T h e o r e m  2 .

Ex a mpl e  1. Let us put <т£и) =  1 and

( 3 . 1 ) 2  P  (Ah Ah .. .A lk)
1^Í1<Í2< ... <ik^n

W e  s h a l l  p r o v e  t h a t  t h e  i n e q u a l i t y  

( 3 .  2 )  k a ^  S  <rp i (<rp - k +  1 )  ( * =  1 , 2 ,  . . . .  ri)
i s  v a l i d .

T o  p r o v e  ( 3 .  2 )  w e  f i r s t  r e m a r k  t h a t  i t  i s  a  q u a d r a t i c  i n e q u a l i t y  o f  t y p e  ( 2 . 1 ) .  
F u r t h e r  i t  i s  e a s y  t o  s e e  t h a t  ( 3 .  2 )  i s  a n  e x a c t  i n e q u a l i t y .  A s  a  m a t t e r  o f  f a c t  i f  /  
a m o n g  t h e  e v e n t s  А 1г A„ a r e  e q u a l  t o  Q a n d  t h e  o t h e r  n — l  t o  0 ,  t h e n  t h r e e  

c a s e s  a r e  p o s s i b l e :
a )  e i t h e r  I S k  — 2, i n  w h i c h  c a s e  o[f= i T ( f ü ? 1 = 0  a n d  t h u s  b o t h  s i d e s  o f  ( 3 . 2 )  

a r e  e q u a l  t o  0 ,
b )  o r  I = k — 1  i n  w h i c h  c a s e  o[n) =  0  a n d  a[n)— k  + \ =  0  a n d  t h u s  a g a i n  

b o t h  s i d e s  o f  ( 3 .  2 )  a r e  e q u a l  t o  0 ,

c )  o r  l ^ k ,  i n  w h i c h  c a s e  < T í " )  =  l y [ ) ’  - 1  =  ( l  ^  j )  a n < ^  с т (1 П )  = / •  A s  h o w e v e r
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w e  h a v e  e q u a l i t y  i n  ( 3 .  2 )  i n  t h i s  c a s e  t o o .  T h u s  ( 3 .  2 )  i s  e x a c t .  N o w  l e t  u s  c h e c k  
t h a t  ( 3 . 2 )  h o l d s  f o r  S 2(i,  i ) .  S u p p o s e  t h a t  a m o n g  t h e  e v e n t s  A lt lt a r e
e q u a l  t o  Q, l2 t o  a ,  / 3  t o  ß (li + l2 + l2^rí) a n d  t h e  r e m a i n i n g  n — lt — l2 — l3 t o  0 .  
I n  t h i s  c a s e

a n d  t h u s

( 3 .  3 )  k a ?  -  a P  1  - f c + l )  =  i ( / 2 - / 3 ) [ ( Í í í í ) - ( / / k í  Í 3 ) ]  &  О

T h u s  b y  T h e o r e m  2  ( 3 .  2 )  h o l d s  o n  e v e r y  p r o b a b i l i t y  s p a c e  S  f o r  a n y  c h o i c e  o f  t h e  
e v e n t s  A , ,  A„.

I t  i s  i n t e r e s t i n g  t o  c o m p a r e  ( 3 .  2 )  w i t h  G u m b e l ’ s  i n e q u a l i t y  ( 1 .  9 ) .  T h e  f a c t  
t h a t  ( 3 .  2 )  i s  e x a c t ,  w h i l e  i n  G u m b e l ’ s  i n e q u a l i t y  w e  h a v e  e q u a l i t y  ( a s  s e e n  f r o m  

t h e  p r o o f )  o n  ^ ( l )  o n l y  i f  l= n  o r  /  =  n — 1 ,  s h o w s  t h a t ,  ( 3 .  2 )  g i v e s  s o m e t i m e s  
a  b e t t e r  e s t i m a t e  t h a n  ( 1 . 9 ) .  A n o t h e r  s u c h  i n s t a n c e  i s  w h e n  t h e  e v e n t s  a l l  h a v e  
p r o b a b i l i t y  I ,  a n d  k  =  2 .  I n  t h i s  c a s e  ( 1 . 9 )  g i v e s  f o r  < r ( 2 " )  o n l y  t h e  t r i v i a l  l o w e r  
e s t i m a t e  0 ,  w h i l e  ( 3 .  2 )  g i v e s  t h e  n  o n - t r i v i a l  ( i n  f a c t ,  a s y m p t o t i c a l l y  b e s t  p o s s i b l e )

l o w e r  e s t i m a t e  o p  —
n(n — 2 )

T

( 3 . 4 )

F o r  k — 2 w e  o b t a i n  a s  a  s p e c i a l  c a s e  o f  ( 3 .  2 )  t h e  w e l l  k n o w n  i n e q u a l i t y

т!пЛ
о Р ш

m

I t  f o l l o w s  f r o m  ( 3 .  2 )  b y  i n d u c t i o n  t h a t

( 3 . 5 )  « Í *  * ( ! ’ ) •

I t  s h o u l d  b e  n o t e d  t h a t  o n e  c a n  d e d u c e  f r o m  ( 3 .  4 )  t h e  f o l l o w i n g  i n e q u a l i t y :

I f t h e n  o p
1 1 — p 2

s ^ + T ( l - r t + M 2 n _ 1 )

A s  a  m a t t e r  o f  f a c t ,  i t  f o l l o w s  f r o m  ( 3 .  4 )  a n d  t h e  i n e q u a l i t y  / 1  + x  ^  1  +  —  t h a t

o P  S

a n d  t h u s  t h a t

l +  V T + 8  o P  _  1 , 1 ч1/г
— 2— sy+2 e«p-p)il 1 +

1  —  p 2

( 2  n p -p )2

o P  Ш np +
1  - p  1  - p 2

- +
4p(2n  — 1 )

ReMARK. The exact maximum of o P  under condition o P s .  \ I p 2
_____M l  \p)

w a s
d e t e r m i n e d  i n  [ 4 ] .

E x a m p l e  2 .  L e t  u s  c o n s i d e r  t h e  q u a d r a t i c  r e l a t i o n  

( 3 . 6 )  \>2{A + B) + P2{AB) =  Р 2 ( Л )  +  Р 2 ( Я )  +  2 Р ( Л В ) Р ( Л Я )

I t  i s  e v i d e n t l y  v a l i d  o n  ^ ( l )  a n d  a l s o  o n  S2(j,  i ) ,  t h u s  i t  h o l d s  i d e n t i c a l l y .
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§ 4• Cubic Inequalities

Theorem 2 can be generalized for cubic inequalities

( 4 . 1 )  i  $  2
*1 = 1 «2=1 «3=1

w h e r e  F y ,  F N a r e  B o o l e a n  f u n c t i o n s  o f  t h e  v a r i a b l e  e v e n t s  A y , . . . ,  A „ .  T h e  
i n e q u a l i t y  ( 4 . 1 )  i s  c a l l e d  exact o f order 2  i f  f o r  e v e r y  p ( O ^ p ^  1 )  e q u a l i t y  s t a n d s  

i n  ( 4 . 1 ) ,  i f  A y ,  . . . ,  A „  a r e  a l l  e v e n t s  o f  S 2 ( p ,  1  — p ) .  ( C l e a r l y  a n  i n e q u a l i t y  w h i c h  
i s  e x a c t  o f  o r d e r  2  i s  e x a c t . )

W e  p r o v e  t h e  f o l l o w i n g

Th eo r em 3. Let  ( 4 . 1 )  be an inequality winch is exact o f order 2. I f  ( 4 . 1 )  holds 
on 5 3 ( | ,  ^ ) ,  it holds on every probability space.

Pr o o f . If (1. 2) is the canonical form of F} we have

( 4 . 2 )

where 
( 4 .  3 )

2  2  2 с и м м т > ) п р н ) т э =
«‘ I = 1 *2=1 *3=1

=  2  2  2  d (r \,>-2 , r 3)P(Bn(rl))p(Bn(r2))P(Bn(r3))
r 1 =  0 1*2 =  0 ГЗ =  0

d(rl , r 2,r 3)=  2  ciiil2'ifh =  1 , 2 , 3 )
r h 6 E ih(A= 1 , 2 , 3 )

C l e a r l y  ( 4 . 1 )  b e i n g  e x a c t  i m p l i e s  t h a t

d (r ,r ,r )  =  0  ( 0 s r S 2 n - l ) .
L e t  u s  p u t  f o r  r ^ s

D(r, s) = d{r, r, s) + d(r, s, r) + d(s, r, r).

N o w  f r o m  t h e  s u p p o s i t i o n  t h a t  i n  ( 4 . 1 )  e q u a l i t y  h o l d s  o n  S 2(p, q) (q =  1 —  p) 
i t  f o l l o w s  t h a t  f o r  a n y  p a i r  o f  n u m b e r s  r, s ( r ^ s )

( 4 .  4 )  D(r, s)p + D(s, r)q =  0 .

B y  s u p p o s i t i o n  ( 4 .  4 )  h o l d s  f o r  p  =  }  a n d  a l s o  f o r  s o m e  p  f o r  w h i c h  0  < p < ±  ;  
i t  f o l l o w s  t h a t

( 4 . 5 )  D (r,s)— 0  i f  s ^ r .

T h u s  w e  o b t a i n ,  p u t t i n g

D(ry, r2, r3) = d (ry ,r2, r3) + d(ry, r3, r2) + d(r2, r l 5  r 3 )  +

+  d{r2 , r3 , r ,)  +  d{r3 , ry, rf) +  cl(r3 , r2, rt)

2  2  2  ciui2,iiP(Fii)P(Fiz)P(Fh) =
*1=1 *2= 1 <3=1

=  2  F>(.ri ,r 2,r 3)P(Bn(ryj)P(Bn(r2))P(Bn(r3))
O^ri <Г2<Гз^2п— 1

t h a t  

( 4 .  6 )
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N o w  l e t  гх, г 2, г 3 b e  a n y  t h r e e  d i f f e r e n t  n u m b e r s ,  0 s / ' 1 < r 2 < r 3 s 2 " - l .  
L e t  u s  d e n o t e  t h e  a t o m s  o f  S3(\,  - J )  b y  ot1 ,  a.2 a n d  a 3 .  L e t  u s  p u t

Ak=  2  «i
EfcCri) = 1

I t  i s  e a s y  t o  s h o w  t h a t  f o r  t h i s  c h o i c e  o f  t h e  v a l u e s  o f  t h e  v a r i a b l e  e v e n t s  Ak 
w e  h a v e

( 4 . 7 )  Bn(r i) =  cti ( i = 1 , 2 , 3 ) .

A s  a  m a t t e r  o f  f a c t  Akk(r‘)^ocl ( / c  = 1 , 2 ,  . . . ,  ri) t h u s

( 4 . 8 )  Bn(r,)= f i  A ? ™ ^  a ,
k= 1

A s  h o w e v e r  t h e  e v e n t s  Вп(гк), Bn(r2), Bn(r3 )  a r e  d i s j o i n t ,  ( 4 .  8 )  i m p l i e s  ( 4 .  7 ) .
C l e a r l y  ( 4 .  7 )  i m p l i e s  t h a t  f o r  a n y  . s ' ,  d i f f e r e n t  f r o m  e a c h  o f  r 3 ,  r2, r3, o n e  

h a s  Bn(s) = ß. T h u s  f o r  t h e  a b o v e  c h o i c e  o f  t h e  v a l u e s  o f  t h e  v a r i a b l e s  A lf  . . . ,  A„ 
w e  h a v e

( 4 . 9 )  2  2  Z c i M P(Fh)P(FlJ P (F J  = ± D ( r 1,r 2,r 3)
•i = 1 ‘2 = 1 h  = 1 -4 '

A s  b y  s u p p o s i t i o n  ( 4 . 1 )  h o l d s  o n  S 3 ( J ,  £ ) ,  w e  o b t a i n  f r o m  ( 4 .  9 )

( 4 . 1 0 )  Д г 1 , с 2 , г 3 ) ё 0  f o r  O S T j  < r 2 < r 3 s 2 "  — 1 .

I n  v i e w  o f  ( 4 .  6 )  i t  f o l l o w s  t h a t  ( 4 . 1 )  h o l d s  f o r  e v e r y  p r o b a b i l i t y  s p a c e  S.
A s  a n  e x a m p l e  c o n s i d e r  t h e  f o l l o w i n g  c u b i c  i n e q u a l i t y

( 4 . 1 1 )  P(AB)P(BC)P(AC) P2(ABC)[P(AB) + P(AC) + P(BC)~2P(ABC)\

C l e a r l y  ( 4 . 1 1 )  i s  e x a c t  o f  o r d e r  t w o .  T h u s  w e  h a v e  t o  c h e c k  o n l y  t h a t  ( 4 . 1 1 )  
h o l d s  o n  S3 ( i ,  ( ,  j ) ,  w h i c h  i s  e a s i l y  d o n e .

T h e o r e m  3  c o u l d  b e  g e n e r a l i z e d  a l s o  f o r  p o l y n o m i a l  i n e q u a l i t i e s  o f  d e g r e e  
g r e a t e r  t h a n  3 .
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