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494 MEASURES IN DENUMERABLE SPACES [May
with the sup norm. This space will be denoted by Q. It is easily seen that Q%
is isometrically isomorphic to that closed subspace of Qf; whose elements are
continuous at plus and minus infinity. Since R¥ is a generalized interval one
may readily show:

THEOREM 4. A continuous linear transformation X on a normed linear space
V into Q% is compact if and only if Mx is uniformly quasi-continuous. Furthermore
every such transformation is uniformly approximatable by transformations of finite
range.

5. With obvious and quite small modifications the results of Sections 3 and 4
may be applied to those subspaces of the uniformly quasi-continuous functions
whose elements are left continuous, right continuous or continuous, respectively.

In conclusion, the authors wish to thank Professor J. L. Cornette for a help-
ful discussion of some of the results of this paper.
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MEASURES IN DENUMERABLE SPACES

H. HANISCH, City College of New York, W. M. HIRSCH, Courant Institute,
New York City, and A. RENYI, Hungarian Academy of Sciences.

1. Introduction. The purpose of this paper is essentially didactic: to call
attention to and make explicit certain properties of measures on denumerable
spaces (i.e., spaces with a denumerable number of points) that justify the con-
ventional treatment of such spaces in probability texts. After our results were
obtained we discovered that the main one could be derived easily from some
theorems of Boolean algebra. Since our theorems have not, to our knowledge,
been previously pointed out, and since our proofs are in a measure-theoretic
setting that requires no knowledge of Boolean algebra, we have been motivated
to contribute this note.

By aring ® of subsets of a space 2 is meant a nonempty class of subsets that
is closed under finite union and difference. If ® is closed under countable union,
it is called a o-ring. The terms algebra and c-algebra refer, respectively, to rings
and o-rings containing the space Q. The sets in a ring ® are called ®-measurable.
We use the term measure to mean an extended real-valued, nonnegative,
countably-additive set function defined on a ring.
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1969] MEASURES IN DENUMERABLE SPACES 495

The power set, ®(Q), is the g-algebra of all subsets of Q. A measure y is called
continuous if each singleton set 4 is measurable, and u(4)=0 for all single-
tons. The trivial measure is the measure on ®(Q) that vanishes identically.
The symbol “Z” denotes the empty set.

Our results fill a small gap in the literature on measure theory concerning
the possibility of extending a measure from a given g-ring to the power set.

Let 91 denote the family of all measures on all o-rings of an arbitrary space ©,
and let 9T denote the family of all measures on ®(Q). It may happen that each
measure in 9 is the restriction of at least one measure in 91, or loosely speaking,
that the class of all measures on all ¢-rings is no richer than the class of all mea-
sures on the power set. In this case we shall say that Q, or more precisely the
cardinal number of @, has the full extension property; it is clear that either
all sets of the same cardinality have the full extension property or none do. It
is evident also that if a cardinal N fails to have the full extension property, so
does every cardinal N* with N*> N. (This is also true if “o-ring” is replaced
by “o-algebra” in the formulation of the notion of full extension property.)

Ulam [7] has shown that the only real-valued continuous measure on the
power set of a space whose cardinality is less than the first weakly inaccessible
cardinal is the trivial one. (A cardinal number N, is called weakly inaccessible
if (a) Ry> Ny, (b) @ is a limit ordinal, (c) N, is not the sum of fewer than
N, numbers each of which is less than 8,.) Hence, in particular, if the cardinal-
ity of Q is Ny, ®(Q) cannot carry a nontrivial continuous measure. On the other
hand, an example in Sect. 2 demonstrates the existence of a space Q of cardinality
N; which has a g-algebra ¥ of subsets containing all singletons and a nontrivial con-
tinuous probability measure g on . By Ulam’s Theorem u cannot be extended
to ®(R2), so that N; and hence all greater cardinals fail to have the full extension
property. Intuitively it seems clear that if card @< N,, all measures on sub-
o-rings of ®(Q) should be compatible with the assignments of masses to points,
and thus that R, should have the full extension property. We shall show that
this is so in Section 3. The connection between our results and Boolean algebra
is described in Section 4. The implications for probability theory are discussed
in Section 5.

2. An example of a nonextendible measure. Let a be any ordinal greater
than zero, and let ©, denote the set of all ordinal numbers less than «. Let a*
denote the smallest ordinal « such that Q, is uncountable. Then the cardinal
number of Q.*is N;.

We shall call a set 4CQ.* a cosection if there exists a number BEQ,* such
that > implies & A. It is not difficult to verify from well-known properties
of Q.+ ([2], p. 29) that the class of sets & consisting of all cosections and their
complements is a g-algebra. Moreover, the function

wF— [07 1]

defined by setting
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496 MEASURES IN DENUMERABLE SPACES [May

1, if A4 is a cosection
W) =40 .

0, if A°is a cosection
is a probability measure which, by Ulam'’s Theorem, cannot be extended to
®(Qa*). We therefore have the following result:

THEOREM 2.1, If card Q2= N, Q does not have the full extension property.

3. Structure of o-rings and measures in a countable space. As is shown in
Theorem 3.1, every o-ring of subsets of a countable space has a particularly
simple structure, an important feature of which is implied by the following
lemma:

LEMMA 3.1. Let Q be a space containing a countable number of points. If § s
a nonempty class of subsets of Q closed under countable union or countable inter-
section, then § is closed, respectively, under arbitrary union or intersection.

Proof. We give the proof only for the case of intersections; the proof for
unions is similar.

Suppose that & is closed under countable intersection. Let €CF be an arbi-
trary class of sets and put

D=nA.

Aee
Consider the complementary set De. If D¢ is empty, then € is the class whose
only member is 2, so that DES.

If D¢ is not empty, to each w& D¢ there corresponds a set Af such that
wEAS and A,£¢C. Let

E = Ao;

weD’

plainly EDD. Since D¢ is countable and 4,E @, we have E&S. Noting that

WwED'BwE Ady=>wEE,

that is, DDE, we conclude that D = EES.
Now let ® denote a o-ring of subsets of a countable space Q. We define a
binary relation “~” on @ by setting

0w~

if and only if every set in ® that contains ' also contains w. It is clear from the
definition that this relation is reflexive and transitive; it follows from the prop-
erties of ® that the relation is also symmetric. For suppose that w~w’ but

o .

Then there exists a set A € ® such that wEA4 and o'& A. Setting Qg =Uzea E,
it follows from Lemma 3.1 that Qg € ®. Hence
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1969] MEASURES IN DENUMERABLE SPACES 497

Qa — 4 € @,
QIEQQ—A,

and w € Q& — 4, which contradicts the relation w~w’.
Thus “~” is an equivalence relation on Q. Plainly w~w’ if and only if
wENuecser A. Hence we have proved:

LemMA 3.2. The equivalence class, ['], of o’ is given by [0'] = Nuwesea 4.

It follows from Lemmas 3.1 and 3.2 that the class of sets { [o']: o' EQa} is
a measurable partition of Qg, i.e., one in which each set is in ®.

An atom of a ring ® of sets is a nonempty, ®-measurable set 4 whose only
®-measurable subsets are 4 and &. The theorem below shows that a ¢-ring in a
countable space is generated by its atoms.

THEOREM 3.1. If Q is countable and ® is an arbitrary c-ring of subsets of Q,
there exists a countable, measurable partition of Qa into atoms. The atoms are just
the equivalence classes [w], wEQg, and each ®-measurable set A is the union of the
atoms contained in A.

Proof. Suppose there is a point w&Qg and a set BE® such that B is a non-
empty, proper subset of [w]. Then there are equivalent points «'EB and
" € [w] — B, which contradicts the definition of equivalence.

Thus the sets [w], w&Qa, are atoms which form a measurable partition of
Qa; plainly there are no other atoms. To complete the proof we note that BE®
implies

B=BN2%=BN U [o]= U BN = U [v],
wEQR wENR [wlcB
since BN [w] = [w] if [w]CB and is empty otherwise.

Let § and §* be o-algebras of subsets of spaces 2 and 2%, respectively. We
shall say that & and §* are isomorphic if there exists a 1:1 mapping ¢ of § onto
F* that preserves countable unions and complements, i.e.,

G i] = U i/
(@) ¢(4—1 4 ) .'81 ¢(4)
(b) o(4°) = (¢(4))".

It follows easily from (a) and (b) that ¢ also preserves countable intersections,
differences, and set inclusion. We can now state the following corollary to
Theorem 3.1:

CoroLLARY. If Q is countable, any o-algebra F of subsets of Q is isomorphic to
the o-algebra §* of all subsets of the set Q* of all atoms of 5.

Proof. We should like to emphasize that each point w*EQ* is a subset of Q.
Thus if 4 is a subset of @ and A* is a subset of Q*, w* can bear the relation of
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498 MEASURES IN DENUMERABLE SPACES [May
inclusion to 4 and the relation of membership to 4* With this in mind, we
define a mapping

¢: F— F*

by setting, for AEF, ¢(4) = {w* c Q*: o* C A}.
The mapping ¢ is “onto” since, if A *EF*, then the set 4 defined by

A=( u w*)EEF
w*EA*

o(A4) = A4*.
Moreover, ¢ is 1:1; for if 4 EF, BESF, A B, there exists a point w in one of the
sets that is not in the other, say w4, wE B. Then [w]C4 and [w] CB¢, so that
#(4) =$(B).
To show that ¢ preserves countable unions, it suffices to note that for any
sequence 41, 4y, - « - of F-measurable sets,

(49 = {[o]: w € 44}

has the property

and

¢(1G A.-) - {[w]: we.Gl Ai} — U {[o]: o € 45 = U ¢(49).

= =1 =1

=1
Similarly the relation

o(4°) = {[w]: 0 € A} = {[o]: w€EQ} — {lo]: 0 € A}
= ¢(Q) — ¢(4) = O* — ¢(4) = (¢(4))°
shows that ¢ preserves complements. Thus § and F* are isomorphic.

It follows easily from Theorem 3.1 that N, has the full extension property.
For completeness the argument is given below.

THEOREM 3.2. Let Q be a countable set, ® a o-ring of subsets, and p an arbitrary
measure on Q. There exists a measure u* on the class of all subsets of Q whose restric-
ton to R is p.

Proof. For each equivalence class [w], wEQg, let pru: [w]—Ry be any func-
tion such that

22 tuae) = u(lw]).

a€ [w]

Assume that Qa=Q. Let p: 2> R, be the mapping whose restriction to [w]
is pro) for all w&EQ. For each set A CQ define

p*(4) = 20 p().

wEA
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1969] MEASURES IN DENUMERABLE SPACES 499

Clearly p*: ®(2)—>R; is a measure and p*([w]) =u([w]), wEQ. More generally,
for BE® we have from Theorem 3.1,

W(B) =u*< U [w]) = 3 el = X a(le]) = u®).

[wlecB [wlcB [w]lecB

If Qe #Q, we define p on Qa as before and define it arbitrarily on Q—Qg.

4. Related theorems of Boolean algebra. Let @ be a Boolean algebra and
let m be an infinite cardinal. @ is said to be m-complete if for every indexed
family {At}ter, where card T=m and 4;E @, the join Uier 4, exists in Q.
This is equivalent to the condition that for every m-indexed family {4,}er,
the meet Nser 4, exists in @. If @ is an m-complete Boolean algebra for every
m, then @ is said to be a complete Boolean algebra. (For the definitions of
Boolean algebra, infinite joins, and infinite meets, see [4].) A Boolean algebra @
is said to satisfy the m-chain condition provided that every set of disjoint ele-
ments in @ has cardinality <. (Since an algebra of sets may be viewed as a
Boolean algebra, the terminology introduced in this section may also be applied
to algebras of sets.)

In this terminology, Lemma 3.1 of the previous section has an obvious
corollary,

CoroLLARY TO LEMMA 3.1. 4 o-algebra of subsets of a countable space is a
complete Boolean algebra.

It is interesting to note that this corollary is a special case of a much more
general theorem of Boolean algebra due to Tarski.

TrEOREM (Tarski). Every m-complete Boolean algebra @ satisfying the m-chain
condition is a complete Boolean algebra.

For a detailed proof of this theorem the reader is referred to [4, 5]. The
proof rests on the inductively proved fact that if the join U;er 4 exists for any
m-indexed set {4} cr of disjoint elements of a Boolean algebra @, then @ is
m-complete. Under the hypothesis of Tarski’s Theorem it is evident that the
join of any indexed set of disjoint elements exists.

Since a g-algebra of subsets of a countable space is not only N,-complete but
also satisfies the N,-chain condition, the corollary to Lemma 3.1 is a special
case of Tarski’s Theorem.

Our Theorem 3.1 also has a more general Boolean algebra counterpart. An
element 450 of a Boolean algebra @ is said to be an afom of @ if for every
BE& @ the inclusion

BC4

implies that either B=0 or B=A4. A Boolean algebra is called atomic if for every
element A0 there exists an atom BCA. The following theorem, due to
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500 MEASURES IN DENUMERABLE SPACES [May

Lindenbaum and Tarski [4, 6], relates completeness to atomicity:

TrEOREM (Lindenbaum and Tarski). 4 complete Boolean algebra @ is iso-
morphic to a complete algebra of sets if and only if Q is atomic. In this case Q is
isomorphic to the algebra of all subsets of the set of all atoms of G.

Two Boolean algebras are called ssomorphic if there exists a 1:1 mapping
of one onto the other that preserves binary join and complement.

Since, as we have seen, a og-algebra of subsets of a countable space is com-
plete, it follows from the Theorem of Lindenbaum and Tarski that it is atomic.
It is evident that the atoms of a Boolean algebra are disjoint. Hence, there are
only countably many atoms in a o-algebra of subsets of a countable space €.
Clearly the union of these atoms is 2, so that they form a countable, measurable
partition of the space.

5. Implications for probability theory. In the Kolmogorov formulation of
the axioms of probability, the mathematical description of a random experiment
& consists of a triple (R, &, P), where  is a set, § is a ¢-algebra of subsets of Q,
and P:5—[0, 1] is a probability measure. In applications of the Kolmogorov
model each point in Q is interpreted as a possible “primary” or “indecomposable”
outcome of §, and each set 4 EF is interpreted as the event that “the outcome
of & is one of the points in 4.” Thus the intuitive notion of event is formalized
as a set and, moreover, it is postulated that the only events of § to which prob-
abilities are associated are the sets in §. These probabilities are given, of course,
by the measure P.

In this approach any g-algebra of subsets of Q is admissible as an event class;
in particular, for example, it is not required that the singleton sets themselves
be events, despite the fact that each point is intuitively thought of as a possible
outcome. Keeping this intuitive interpretation of the points of € in mind, it
is natural for the student of probability to wonder why an arbitrary subset of
© should not be regarded as a possible event to which a probability is attached.
Indeed, from the point of view of the scientist or engineer interested in applica-
tions, the definition of an event as a member of a distinguished o-algebra of
subsets may seem decidedly unnatural. Certainly the problem of justifying it is
faced by every teacher of probability.

One argument, which we shall not elaborate here, rests on a distinction be-
tween events and observable events [3]. This argument gives an intuitive
interpretation of the fact that probability is not defined for all events, only for
observable events. However, a purely mathematical argument can also be given,
based on the theorems proved in the previous section. Although in every appli-
cation of probability the governing probability measure must satisfy the axioms
of probability, i.e., be=0, countably additive, and have P(Q) =1, each applica-
tion typically involves its own additional set of conditions, conditions dictated
by a combination of empirical and theoretical considerations peculiar to the
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1969] MEASURES IN DENUMERABLE SPACES 501

particular application; these additional restrictions may, in a certain sense,
clash with the general probability axioms.

Consider, for example, the idealized experiment of making an infinite se-
quence of tosses of a coin. Suppose that each toss is made independently of the
others and that the tosses are made under identical conditions, A possible out-
come of this experiment is an infinite sequence of heads and tails such as

H7T7T)T:H)T7H7H)"')

where H stands for head and T for tail. The sample space  for this experiment
may be taken to be the collection of all infinite sequences of H’s and T’s. Let
p, 0<p <1, denote the probability of head in a single toss. The set of all se-
quences having exactly ¥ H's among the first # coordinates corresponds to the
event that exactly k heads occurred among the first » tosses, and elementary
probabilistic considerations lead to the conclusion that to this set of sequences
we should associate the probability (;)p*(1—p)**, It can be shown that this
assignment of probabilities leads to a unique probability measure on the ring of
all subsets of @ determined by conditions on a finite number of coordinates. (A
set A is said to be determined by conditions on a finite number of coordinates
if there exists an integer # such that for each point w in {2 the first # coordinates
of w determine whether or not wis in 4.) It is evident that the singleton sets do
not belong to the ring of sets to which we have thus far attached probabilities.
Suppose now that we try to extend the probability measure we have defined to
some o-algebra of subsets of  containing all the singletons. Consider the single-
ton set whose only member is the point (H, H, H, - - - ). For every integer n,
this event is contained in the event “n heads in the first # tosses.” Since prob-
ability is monotonic, it follows that the probability of the singleton is, for every
n, less than or equal to p*. This implies that the probability of the singleton is
zero. A similar argument leads to the conclusion that each singleton set must
have probability zero. Thus, if we could extend the probability measure we
originally defined to some g-algebra containing all of the singleton sets, the ex-
tended probability measure would have to be continuous. Since the cardinality
of the space under consideration is that of the continuum, it follows from Ulam’s
Theorem [7], under the continuum hypothesis, that ®(2) cannot carry a non-
trivial continuous measure. (This was also shown independently by Banach and
Kuratowski [1].) Yet physical considerations dictate that each singleton in Q
must have probability zero. Hence, if the probability model is to be faithful to
the physical situation, it is impossible in the present example to define an event
to be an arbitrary subset of . (At least this isso if the continuum hypothesis is
adopted as an axiom of set theory. Even if it is not, if the question of whether
or not ®(Q) can carry a nontrivial continuous measure is decidable from the
other axioms of set theory, it must be decided in the negative, since this is the
conclusion when the continuum hypothesis is used.) It is, of course, possible to
define a continuous measure on the o-algebra generated by the ring with which
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502 MEASURES IN DENUMERABLE SPACES [May

we started, which is done in the usual treatment of this problem in probability
theory. By restricting the notion of event to such a ¢-algebra, we obtain a model
that fits the physical situation at the price of seeming artificiality in the defini-
tion of event. This example illustrates the fact that the class of probability
measures on arbitrary o-algebras in a space whose cardinality is that of the
continuum is more useful than measures obtained by restriction from the power
set. Hence, the decisive advantage of Kolmogorov’s definition of event is that it
leads to a larger and more useful class of probability spaces than would result
from defining an event to be an arbitrary subset of a sample space.

The treatment of countable spaces in probability is in striking contrast to
that of uncountable spaces. In the former case it is assumed invariably that the
event class is the power set of the sample space. There appears to be no justifica-
tion for this in the literature other than the fact that the procedure of assigning
probabilities to all singletons leads in a simple way to a measure on the power
set. Yet how can we be sure that we shall not encounter an experiment in which
the sample space is countable and the conditions associated with the experi-
ment are incompatible with all measures arising from point masses? The assur-
ance is given by Theorem 3.2 which shows that the class of all measures on all
g-algebras of subsets of a countable space is no richer than the class of measures
on the power set, i.e., the class arising from point masses.

Another way of viewing the situation in the countable case is suggested by
the corollary to Theorem 4.1, which shows that no theory in which events are
defined as elements of an arbitrary g-algebra can be more general than one in
which events are defined as members of the power set; for each s-algebra & of
subsets of a countable space is isomorphic to the power set ® of some space, so
that a mathematical model involving ¥ can be replaced by one involving ®. In
the countable case, therefore, the definition of an event as an arbitrary subset
of the sample space is not only natural but correct.

The work of the second author was supported by the Office of Naval Research, Contract
Nonr-285(38). Reproduction in whole or in part is permitted for any purpose of the United States
Government.
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