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ABSTRACT. Using Koszmider’s strongly unbounded functions, we show
the following consistency result:

Suppose that , A are infinite cardinals such that k7T < A\, k<" = &

and 2" = kT, and 7 is an ordinal with ™ <7 < k™" and cf(n) = x™.

Then, in some cardinal-preserving generic extension there is a super-
atomic Boolean algebra B such that ht(B) = n + 1, wda(B) = « for
every a < 1 and wd,(B) = A (i.e. there is a locally compact scattered
space with cardinal sequence (x), ~(A)).

Especially, (w),,, ~(ws) and (w1),, ~(wa) can be cardinal sequences
of superatomic Boolean algebras.

1. INTRODUCTION

A Boolean algebra B is superatomic iff every homomorphic image of B
is atomic. Under Stone duality, homomorphic images of a Boolean algebra
A correspond to closed subspaces of its Stone space S(A), and atoms of A
correspond to isolated points of S(A). Thus B is superatomic iff its dual
space S(B) is scattered, i.e. every non-empty (closed) subspace has some
isolate point.

For every Boolean algebra A, let Z(A) be the ideal generated by the
atoms of A. Define, by induction on «, the a* Cantor-Bendizson ideal
Ja(A), and the o Cantor-Bendizson derivative A1) of A as follows. If
Ja(A) has been defined, put A = A/7,(A) and let 7, : A — A® be
the canonical map. Define J5(A) = {04}, Jas1(A) = 7, [Z(A(®)], and for
a limit J,(A) = U{Jw(A) : & < a}. It is easy to see that the sequence
of the ideals J,(A) is increasing. And it is a well-known fact that a non-
trivial Boolean algebra A is superatomic iff there is an ordinal « such that
A = TJ,(A) (see [4, Proposition 17.8]).

Assume that B is a superatomic Boolean algebra. The height of B, ht(B),
is the least ordinal ¢ such that B = J5(B). This ordinal ¢ is always a
successor ordinal. Then, we define the reduced height of B, ht~(B), as the
least ordinal 0 such that B = J5.1(B). It is well-known that if ht~(B) = 4,
then J541(B) \ J5(B) is a finite set. For each o < ht™(B) let wd,(B) =
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|Ta+1(B) \ Ja(B)|, the number of atoms in B/ J,(B). The cardinal sequence
of B, CS(B), is the sequence (wdy(B) : a < ht™(B)).
Let us turn now our attention from Boolean algebras to topological spaces

for a moment. Given a scattered space X, define, by induction on «, the a?
Cantor-Bendizson derivative X of X as follows: X = X, X = ﬂ,@<a X7

for limit o, and X! = X9\ I[(X%), where I(Y) denotes the set of isolated
points of a space Y. The set I,(X) = X%\ X! is the at* Cantor-Bendizson
level of X. The reduced height of X, ht~(X), is the least ordinal § such that
X? is finite (and so X! = )). For a < ht~(X) let wdy(X) = |I,(X)].
The cardinal sequence of X, CS(X), is defined as (wd,(X) : a < ht™ (X)).

It is well-known that if B is a superatomic Boolean algebra, then the
dual space of B(® is (S(B))(®) (see [4, Construction 17.7]). So ht~(B) =
ht=(S(B)), and wd,(B) = wdy(S(B)) for each o < ht™(B), that is, B and
S(B) have the same cardinal sequences.

In this paper we consider the following problem: given a sequence s of
infinite cardinals, construct a superatomic Boolean algebra having s as its
cardinal sequence.

For basic facts and results on superatomic Boolean algebras and cardinal
sequences we refer the reader to [4] and [8]. We shall use the notation (x),,
to denote the constant k-valued sequence of length a. Let us denote the
concatenation of two sequences f and g by f g. If n is an ordinal we
denote by C(n) the family of all cardinal sequences of superatomic Boolean
algebras whose reduced height is 7.

If k, A are infinite cardinals and 7 is an ordinal, we say that a superatomic
Boolean algebra B is a (k, 7, A)-Boolean algebra iff CS(B) = (), ~(A), Le. if
ht(B) =n+ 1, wdo(B) = & for each o < 7 and wd,(B) = A. An (w,w;,ws)-
Boolean algebra is called a wvery thin-thick Boolean algebra. And, for an
infinite cardinal &, a (k,x", s T)-Boolean algebra is called a x-very thin-
thick Boolean algebra.

By using the combinatorial notion of the new A property (NDP) of a
function, it was proved by Roitman that the existence of an (w,wi,ws)-
Boolean algebra is consistent with ZFC (see [7] and [8]). It is worth to
mention that [7] was the first paper in which such a special function was
used to guarantee the chain condition of a certain poset. Roitman’s result
was generalized in [3], where for every infinite regular cardinal k, it was
proved that the existence of a (k,x™,xT+)-Boolean algebra is consistent
with ZFC. Then, our aim here is to prove the following stronger result.

Theorem 1. Assume that k, \ are infinite cardinals such that kT < ),
K<F = Kk and 2% = k*. Then for each ordinal n with k¥ < n < r™T
and cf(n) = kT, in some cardinal-preserving generic extension there is a
(K, m, A)-Boolean algebra, i.e. (k), ~(A) € C(n+1).

Corollary 2. The existence of an (w,w1,ws)-Boolean algebra is consistent
with ZFC. An (w1, w2, wy)-Boolean algebra may also exist.
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In order to prove Theorem 1, we shall use the main result of [5]. Assume
that x, A are infinite cardinals such that x is regular and x < A. We say
that a function F : [\]? — s% is a kT-strongly unbounded function on X iff
for every ordinal § < k', every cardinal v < k and every family A C [A\]¥ of
pairwise disjoint sets with |A| = k™, there are different a,b € A such that
F{a,} > 0 for every a € a and 8 € b. The following result was proved in
[5].

Koszmider’s Theorem . If k, \ are infinite cardinals such that kT < ),
K<F = k and 2F = kT, then there is a k-closed and cardinal-preserving
partial order that forces the existence of a k- strongly unbounded function
on .

So, in order to prove Theorem 1 it is enough to show the following result.

Theorem 3. Assume that k,\ are infinite cardinals with kT < X\ and
K<F = K, and n is an ordinal with k* < n < k™" and cf(n) = kT. As-
sume that there is a k™ - strongly unbounded function on \. Then, there
is a cardinal-preserving partial order that forces the existence of a (k,m, \)-
Boolean algebra.

In [3], [6], [7] and in many other papers, the authors proved the exis-
tence of certain superatomic Boolean algebras in such a way that instead of
constructing the algebras directly, they actually produced certain “graded
posets” which guaranteed the existence of the wanted superatomic Boolean
algebras. From these constructions, Bagaria, [1], extracted the following
notion and proved the Lemma 5 below which was implicitly used in many
earlier papers.

Definition 4 ([1]). Given a sequence s = (k, : @ < J) of infinite cardinals,

we say that a poset (T, <) is an s-poset iff the following conditions are

satisfied:

(1) T =U{Tw : « < 8} where T,, = {a} x K, for each a < 9.

(2) For each s € T, and t € Tg, if s <t then a < .

(3) For every {s,t} € [T]2 there is a finite subset i{s, ¢} of T" such that for
each v € T

(u=sAu=t)iff u < v for some v € i{s,t}.
(4) For a < B < 0, if t € T then the set {s € T}, : s < t} is infinite.

Lemma 5 ([1, Lemma 1]). If there is an s-poset then there is a superatomic
Boolean algebra with cardinal sequence s.

Actually, if 7 = (T, <) is an s-poset, we write Ur(x) ={y € T : y < x}
for x € T, and we denote by X7 the topological space on T" whose subbase
is the family

{Ur(z), T\ Ur(x): 2 €T}, (1)
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then X7 is a locally compact, Hausdorff, scattered space whose cardinal
sequence is s, and so the clopen algebra of the one-point compactification of
X7 is the required superatomic Boolean algebra with cardinal sequence s.

So, to prove Theorem 3 it will be enough to show that (k), ~(\)-posets
may exist for kK, and A as above.

n

The organization of this paper is as follows. In Section 2, we shall prove
Theorem 3 for the special case in which k = w and A > w3, generalizing in
this way the result proved by Roitman in [7]. In Section 3, we shall define
the combinatorial notions that make the proof of Theorem 3 work. And in
Section 4, we shall present the proof of Theorem 3.

2. GENERALIZATION OF ROITMAN’S THEOREM
In this section, our aim is to prove the following result.

Theorem 6. Let A be a cardinal with X\ > ws. Assume that there is an
wy-strongly unbounded function on A. Then, in some cardinal-preserving
generic extension for each ordinal n with w; <N < we and cf(n) = wy there
is an (w,n, \)-Boolean algebra.

The theorem above is a bit stronger than Theorem 3 for k = w, because
the generic extension does not depend on 7. However, as we will see, its
proof is much simpler than the proof of the general case.

By Lemma b5, it is enough to construct a c.c.c. poset P such that in V7
for each 1 < wy with cf(n) = wy there is an (w), ~(A)-poset.

For n = w; it is straightforward to obtain a suitable P: all we need is
to plug Kosmider’s strongly unbounded function into the original argument
of Roitman. For w; < n < wsy this simple approach does not work, but we
can use the “stepping-up” method of Er-rhaimini and Veli¢kovic from [2].
Using this method, it will be enough to construct a single (w),, ~(A)-poset
(with some extra properties) to obtain (w) ~(A)-posets for each n < we with
cf(n) = wr.

To start with, we adapt the notion of a skeleton introduced in [2] to the
cardinal sequences we are considering.

n

Definition 7. Assume that 7 = (T, <) is an s-poset such that s is a cardinal
sequence of the form (x), ~(A) where x, A are infinite cardinals with £ < A
and p is a non-zero ordinal. Let ¢ be the infimum function associated with
7. Then for v < p we say that T, the yth-level of T, is a bone level iff the
following holds:

(1) i{s,t} = 0 for every s,t € T, with s # t.

(2) If v € Ty41 and y < « then thereis a z € T, with y < z < «.

We say that 7 is a u-skeleton iff T, is a bone level of T for each v < p.

The next statement can be proved by a straightforward modification of
the proof of [2, Theorem 2.8].
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Theorem 8. Let k, A be infinite cardinals. If there is a (k) 4+ —(\)-poset
which is a Kk -skeleton, then for each n < kT with cf(n) = kT there is a

(K), ~(A)-poset.
So, to get Theorem 6 it is enough to prove the following result.

Theorem 9. Let A be a cardinal with A > ws. Assume that there is an w1 -
strongly unbounded function on X. Then, in some c.c.c. generic extension

there is an (W), ~(A)-poset which is an w;-skeleton.

Let F : [\]> — wi be an wi- strongly unbounded function on \. In order
to prove Theorem 9, we shall define a c.c.c. forcing notion P = (P, <)
that adjoins an s-poset 7 = (T, <) which is an w-skeleton, where s is the
cardinal sequence (w),, (M)

So, the underlying set of the required s-poset is the set T'= | J{T, : a <
w1} where T, = {a} X w for a <wy and T,,, = {wi1} x A\. f s = (a,v) € T,
we write 7(s) = o and £(s) =

Then, we define the poset P = (P, <) as follows. We say that p =
X, = z) € P iff the following conditions hold:
P1) X is a finite subset of T.
P2) < is a partial order on X such that s < ¢t implies 7(s) < m(t).
P3) i:[X]? — [X]<“ is an infimum function, that is, a function such that
for every {s,t} € [X]? we have:

Ve € X([x 2 s Ax <t]iff v < v for some v € i{s,t}).

(P4) If s,t € X NT,, and v € i{s,t}, then w(v) € F{{(s),&(t)}.

(P5) If s,t € X with 7(s) = w(t) < wy, then i{s,t} = 0.

(P6) If s,t € X, s <t and 7(t) = a + 1, then there is a u € X such that
s=u=<tand 7(u) = a.

Now, we define < as follows: (X', </ i') < (X,=<,q) iff X C X/, =<'
N(X x X) and i C 7.

We will need condition (P4) in order to show that P is c.c.c.

Lemma 10. Assume that p = (X,=<,i) € P,t € X, a < 7(t) and n < w.
Then, there is a p’ = (X', =',i') € P with p' < p and there is an s € X'\ X
with w(s) = a and £(s) > n such that, for every x € X, s <"z iff t <"z
Proof. Let L = {a} U{{ :a < {<nm(t)ANTj <w+j =m(t)}. Let
a = qg,...,a be the increasing enumeration of L. Since X is finite, we can
pick an s; € Ty, \ X with {(s;) > n for j < £ Let X' = X U {s; : j < (}
and let
<'=<U{(s5,9) 17 <Lt 2yt U{(sg,s8) 15 <k < L}

Now, we put ¢{z,y} = i{z,y} if z,y € X, i'{s;,y} = {s;} if t < g,
i'"{55,5k} = Smin(jk), and i'{s;,y} = 0 otherwise. Clearly, (X', =',7) is
as required. O
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Lemma 11. If P preserves cardinals, then P adjoins an (w)_~—(\)-poset

which is an wi-skeleton.

w1

Proof. Let G be a P-generic filter. We put p = (X, =,,14,) for p € G. By
Lemma 10 and standard density arguments, we have

T=J{X, e g}, 2)
and taking
<=Ut=preg), (3)

the poset (T, <) is an (w),,, ~(\)-poset. Especially, Lemma 10 ensures that
(T, =) satisfies (4) in Definition 4. Properties (P5) and (P6) guarantee that
(T, <) is an wj-skeleton. O

Now, we prove the key lemma for showing that P adjoins the required
poset.

Lemma 12. P is c.c.c.

Proof. Assume that R = (r, : v <wy) C P with r, # r, for v < p < wy.
For v < wy, write r, = (X,,=,,i,) and put L, = wn[X,]. By the A-
System Lemma, we may suppose that the set {X, : v < w;} forms a A-
system with root X*. By thinning out R again if necessary, we may assume
that {L, : v < w1} forms a A-system with root L* in such a way that
X, NTy, = X, NT, for every « € L* \ {w1} and v < p < wy. Without
loss of generality, we may assume that wy € L*. Since 8\ « is a countable
set for o, 5 € L* with o < f < w1, we may suppose that L* \ {w;} is an
initial segment of L, for every v < wy. Of course, this may require a further
thinning out of R. Now, we put Z, = X, N1, for v < w;. Without loss
of generality, we may assume that the domains of the forcing conditions
of R have the same size and that there is a natural number n > 0 with
|Z,\ X*| = |Z,\ X*| = n for v < p < wy. We consider in T, the well-
order induced by A. Then, by thinning out R again if necessary, we may
assume that for every {v,u} € [w1]? there is an order-preserving bijection
h=hy,:L,— L, with h | L* = L* that lifts to an isomorphism of X,
with X, satisfying the following:
(A) For every a € L, \ {w1}, h(a,§) = (h(),§).
(B) h is the identity on X*.
(C) For every i < n, if z is the i"*-element in Z,\ X* and y is the i**-element
in Z, \ X*, then h(z) = y.

(D) For every z,y € X,,, v <, y iff h(z) <, h(y).
(E) For every {z,y} € [X,]%, hlis{z,y}] = i {h(z), h(y)}.

Now, we deduce from condition (P4) and the fact that R is uncountable
that if {z,y} € [X*]? then i,{z,y} C X* for every v < w;. So if {z,y} €
[X*)2, then i, {z,y} = i, {z,y} for v < p < wy.
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Let § = max(L* \ {w1}). Since F' is an wi-strongly unbounded function
on A, there are ordinals v, u with v < p < wy such that if we put a = {£ €
A (w,§) € Z,\X*andd ={€ € X: (w1,€) € Z,\ X"}, then F{£,&'} > ¢
for every £ € a and every £ € a’. Our purpose is to prove that r, and r, are
compatible in P. We put p =, and ¢ = r,. And we write p = (X, =,,1p)
and ¢ = (Xy, =¢,14). Then, we define the extension r = (X, <,,14,) of p and
q as follows. We put X, = X, U X,. We define <X,==, U =,. Note that <,
is a partial order on X, because L*\ {w } is an initial segment of 7[X,] and
7[X,] . Now, we define the infimum function i,. Assume that {z,y} € [X,]*.
We put i, {z,y} = ip{x,y} if 2,y € X, and i,{z,y} = i, {z,y} if z,y € X|,.
Suppose that z € X\ X, and y € X\ X,. Note that x, y are not comparable
in (X, =<,) and there is no v € (X, U X,) \ X* such that u <, z,y. Then,
we define i.{z,y} = {u € X* : u <, z,y}. It is easy to check that r € P,
and so r < p,q. O

After finishing the proof of Theorem 3 for Kk = w, try to prove it for k = w;.
So, assume that 2* = wy, wy < A, and there is an we-strongly unbounded
function on A. We want to find (w1), ~(A)-posets for each ordinal n < w3
with cf(n) = wa in some cardinal-preserving generic extension. Since the
“stepping-up” method of Er-rhaimini and Velickovic worked for k = w, it is
natural to try to apply Theorem 8 for the case kK = wi. That is, we can try
to find a cardinal-preserving generic extension that contains an (w1),,, ~(A)-
poset which is an wo-skeleton. For this, first we should consider the forcing
construction given in [3, Section 4] to add an (w1) ,, ~(ws)-poset, and then
try to extend this construction to add the required ws-skeleton. However,
the construction from [3] is o-complete and requires that CH holds in the
ground model. Then, the following results show that the forcing construction
of an (w1),,, ~(A)-poset which is an wo-skeleton is quite hopeless, at least by
using the standard forcing from [3].

If X is the topological space associated with a skeleton and x € X, we
denote by t(x, X) the tightness of x in X.

Proposition 13. Assume that T = (T,<) is a p-skeleton, « < p and
x € Int1(X7). Then, t(z,X7) = w.

Proof. Assume that A C T and x € A’. We can assume that a < z for each
a € A.
Let

U={uely(X7):u<zANJa, € Aay, Xu}. (4)

Since y < x iff y < u for some v < & with u € I,(X7), the set U is infinite.

Pick V € [U]*, and put B = {a, : v € V}. We claim that z € B
Indeed, if y < z then there is a u € I,(X7) such that y < u < z. So
{b € B:b=<y}| <1. Hence y ¢ B'. However, B has an accumulation point
because B C Ur(x) and Uz (x) is compact in X7. So, B should converge to
x. ]
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Corollary 14. If T is a p-skeleton, then p < |Io(X7)|“. Especially, under
CH an (w1),,, " (A)-poset can not be an wa-skeleton.

Thus, we are unable to use Theorem 8 to prove Theorem 3 even for k = w;.
Instead of this stepping-up method, in the next two sections we will construct
(w1),, ~(A)-posets directly using the method of orbits from [6]. This method
was used to construct by forcing <w1)n—posets for wp < < ws. It is not
difficult to get an (wi) w,"POset by means of countable “approximations” of
the required poset. However, for ws < 1 < w3 we need the notion of orbit
and a much more involved forcing to obtain (w1),-posets (see [6]).

3. COMBINATORIAL NOTIONS

In this section, we define the combinatorial notions that will be used in
the proof of Theorem 3.

If a, B are ordinals with a < ( let
[a,8) ={v:a <~y <p} (5)

We say that I is an ordinal interval iff there are ordinals o and g with a < 8
and I = [, 3). Then, we write [~ =« and I = 3.

Assume that I = [« §) is an ordinal interval. If 3 is a limit ordinal, let
E(I) = {el : v < cf(B)} be a cofinal closed subset of I having order type
cf (B) with a = ¢}, and then put

E(I) = {le,elp1) 1 v < cf (B)}. (6)
If 3= +1 is a successor ordinal, put E(I) = {«, 3’} and
E(I) = {[e, B),{6'}}- (7)

Now, for an infinite cardinal x and an ordinal n with k™ <7 < k™" and
cf(n) = kT, we define I, = |J{Z,, : n < w} where:

Ty = {[0,n)} and Z, 11 = J{E(D) : T € T,.}. (8)

Note that I, is a cofinal tree of intervals in the sense defined in [6]. So,
the following conditions are satisfied:

(i) Forevery I,J €l,, ICJorJCIorInJ

(ii) If I,J are different elements of I, with I
then IT < J* .

(iii) Z,, partitions [0,7) for each n < w.

(iv) Z,41 refines Z,, for each n < w.

(v) For every a < n there is an I € I, such that I~ = a.

0.

C J and JT is a limit,

Then, for each o < 1 and n < w we define I(a,n) as the unique interval
I € 7,, such that o € I. And for each a < n we define n(«) as the least
natural number n such that there is an interval I € Z,, with I~ = «. So if
n(a) = k, then for every m > k we have I(a,m)” = a.
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Assume that o < n. If m < n(a), we define o, () = E(I(a,m)) N «.
Then, we define the orbit of o (with respect to L) as

o(e) = | J{om(@) : m < n(a)}. (9)

For basic facts on orbits and trees of intervals, we refer the reader to [6,
Section 1]. In particular, we have |o(«)| < & for every a < 7.

We write E([0,7)) = {e, : v < T}
Claim 15. o(e,) = {e¢ : ¢ < v} forv <rkt.

Proof. Clearly I(g,,0) =[0,n) and I(c,,1) = [ey,€p+1). Son(e,) = 1. Thus
o(ey) = oo(ey) = E(I(e,,0)) Ne, = E([0,m)) Ney = {e¢ : ( < v} O

For a < f < nlet

e, B) = max{j : I, j) = 1(B,5)}, (10)
and put
J(e, B) = I, j(, B) +1). (11)
For a < n let
J(a,m) =I(ay1). (12)

Claim 16. Ife; < a<ecqpr < B <, then J(o, B) = [e¢, e¢41)-

Proof. For B =1, J(o,B) = I(,1) = [e¢, €¢41)-

Now assume that 5 < 7. Since I(«,0) = I(5,0) = [0,n), but I(a,1) =
lec,ec+1) and I(B,1) = [eg,ee41) for some e¢ with ec41 < e, we have
J(a,B3) =0 and so J(o, B) = [e¢c, ec41)- O

4. PROOF OF THE MAIN THEOREM

In order to prove Theorem 3, suppose that x, A are infinite cardinals
with k7™ < X and k<* = k, 1 is an ordinal with k™ < 1 < k™" and
cf(n) = kT, and there is a k*-strongly unbounded function on \. We will
use a refinement of the arguments given in [6] and [3, Section 4].

First, we define the underlying set of our construction. For every ordinal
a < n, we put T, = {a} x k. And we put T,, = {n} x \. We define
T=UTa:a<n}. Let Ty =T\ T,. If s = (a,v) € T, we write 7(s) = «
and £(s) = v.

We put I = I,,. Also, we define E = E([0,n)) = {e, : v < sT}. Since
there is a xk*-strongly unbounded function on A and cf(n) = ™ there is a
function F': [A]Q — FE such that

(%) For every ordinal v < n and every family A C [A]<" of pairwise
disjoint sets with |A| = kT, there are different a,b € A such that
F{a, B} > v for every a € a and 3 € b.

<K
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Let A € T and {s,t} € [T)? with 7(s) < 7(t). We say that A isolates s
from t iff A= < 7(s) < AT and AT < 7 (¢).

Now we define the poset P = (P, <) as follows. We say that p =
(X, =,i) € P iff the following conditions hold:
(P1) X € [T]=".
(P2) < is a partial order on X such that s < ¢ implies 7(s) < m(t).
(P3)i: [X ]2 — X U {undef} is an infimum function, that is, a function

such that for every {s,t} € [X]2 we have:
Ve e X([z 2 sAx 2t]iff v <i{s,t}).

(P4) If s,t € X are compatible but not comparable in (X, <), v = i{s,t}

and 7(s) = aq, m(t) = ag and w(v) = 3, we have:

(a) If ay, 0 <, then G € o(ay) No(az).

(b) If a1 <mand ap =7, then B € o(a1) N E

(c) If a1 =n and ap < m, then B € o(ax) N E

(d) If a1 = ag =n, then 5 € F{£(s),&(t)} N E.
(P5) If s,t € X with s <t and A = J(m(s),n(t)) isolates s from ¢, then

there is a u € X such that s <u <t and 7(u) = A™.

Now, we define < as follows: (X', </,i') < (X,=,i) if X C X/, <=~/
N(X x X)and i C 1.

Lemma 17. Assume that p = (X,=,i) € P, t € X, a < 7(t) and v < k.
Then, there is a p' = (X', =/,1') € P with p’ < p and there is an s € X'\ X
with (s) = a and §(s) > v such that, for every x € X, s X'z iff t <" x

Proof. Since |X| < k, we can take an s € T, \ X with £(s) > v. Let
{Io, ..., I} be the list of all the intervals in I that isolate s from ¢ in such
a way that I > I;7 > -+ > I[F. Put v; = I" for i < n. We take points
¢; € T\ X with 7(¢;) = fori <n. Let X' = X U{s}U{¢ :i <n} and let

<'=<U{(s,ci) i <nPU{(s,y) : t <yt U{{cj, ;) i <3}
U{{ci,y) ri<n,t 2y}

Note that, for z € X" and y € {s} U {¢; : i < n}, either z and y are
comparable or they are incompatible with respect to <’. So, the definition
of 7/ is clear.

Finally, observe that p’ satisfies (P5) because if x <" y with z € {s} U
{; + i < n}, y € X" and J(n(x),7(y)) isolates = from y then either
J(m(x),m(y)) = I for some 0 < k < n or J(n(x),n(y)) = J(n(t),7(y)).
But if J(n(x),n(y)) = Iy, then ¢, witnesses (P5) for « and y; and if

J(m(x),m(y)) = J(n(t), n(y)), we are done by condition (P5) for p. O

For p € P we write p = (X}, Zp,ip), Yp = X, N Ty and Z, = X, NT5,.
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Lemma 18. If P preserves cardinals, then forcing with P adjoins a (k,n, \)-
Boolean algebra.

Proof. Let G be a P-generic filter. Then

T=|J{X,:peg}, (13)

and taking
<=Utzired) (14)
the poset (T, X) is a (), ~(A)-poset. Especially, Lemma 17 guarantees that

(T, <) satisfies (4) from Definition 4. So, by Lemma 5, in V[G] there is a
(k,m, A)-Boolean algebra. O

To complete our proof we should check that forcing with P preserves
cardinals. It is straightforward that P is k-closed. The burden of our proof

is to verify the following statement, which completes the proof of Theorem
3.

Lemma 19. P has the k1 -chain condition.
Define the subposet P, = (P,, <;) of P as follows:
P,={peP:X,Cnxek}, (15)

and let <,=<[| P,. The poset P, was defined in [6, Definition 2.1}, and it
was proved that P, satisfies the x™-chain condition. In [6, Lemmas 2.5 and

+
2.6] it was shown that every set R € []3,7]"C has a linked subset of size x*.
Actually, a stronger statement was proved, and we will use that statement
to prove Lemma 19. However, before doing so, we need some preparation.

Definition 20. Suppose that g : A — B is a bijection, where A, B € [T] <

We say that g is adequate iff the following conditions hold:

(1) g[ANT<,)| =BNT.y and g[ANT,] = BNT,.

(2) For every s,t € A, m(s) < 7(t) iff 7(g(s)) < m(g(t)).

(3) For every s = (a,v) € ANT<y, g(o,v) = (B, () implies v = (.
(4) For every s,t € ANT,, £(s) < &(t) iff £(g(s)) < &(g(2)).

For A, B C Ty, this definition is just [6, Definition 2.2].

Definition 21. A set Z C P is separated iff the following conditions are
satisfied:

(1) {X, : p e Z} forms a A-system with root X.

(2) For each o < n, either X, NT, = X N1y, for every p € Z, or there is at
most one p € Z such that X, N T, # 0.

(3) For every p,q € Z there is an adequate bijection h, 4 : X, — X, which
satisfies the following:
(a) For any s € X, hy4(s) = s.
(b) If s,t € X, , then s <, t iff hy 4(s) <4 hpq(t).
(c) If s,t € X, then hy 4(ip{s,t}) = ig{hpq(s), hpq(t)}.
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For Z C P,, this definition is just [6, Definition 2.3].

+
Lemma 22. Assume that Z € [P]F" is separated and X is the root of the
A-system {X, : p € Z}. If s,t are compatible but not comparable in p € Z
and s € X N Ty, then iy{s,t} € X.

Proof. Assume that s,t are compatible but not comparable in p € Z and
s € X NT<y. Assume that i {s,t} ¢ X. Then since

{ig{s, hpq(t)} 2 q € 2} = {hpq(ip{s,t}) : g € Z}, (16)
the elements of {i{s, hpq(t)} : ¢ € Z} are all different. But this is impossi-
ble, because m(ig{s, hpq(t)}) € o(s) for all ¢ € Z and |o(s)| < k. O

In [6, Lemmas 2.5 and 2.6], as we explain in the Appendix of this paper,
actually the following statement was proved.

+
Proposition 23. For each subset R € [Pn]ﬁi there is a separated subset

RS [R] W and an ordinal v < n such that every p,q € Z have a common

extension r € P, such that the following holds:

(R1) sup 7[X, \ (XpUX,)] <.

(R2) (a) y <y s iff y <y hpq(s) for each s € X}, and y € X, \ (X, U X,),
(b) s <y y iff hypq(s) <ry for each s € X, and y € X, \ (X, U X,),
(c) if s <,y forse Xp,UX, andy € X, \ (X, UX,), then there is a

w € X, N Xy with s 2, w <, y,

(d) for s € X, \ X4 and t € X, \ X,

s <t iff Ju € X, N Xy such that s <, u <4 t, (17)
t < s iff Ju € X, N X, such that t <4 u < s.

After this preparation, we are ready to prove Lemma 19.

Proof of Lemma 19. We will argue in the following way. Assume that R =
(r, : v < k™) C P, where r, = (X,,, %,,i,). For each v < kT we will “push
down” 7, into P,, more precisely, we will construct an isomorphic copy
r, € P, of r,. Using Proposition 23 we can find a separated subfamily
{rl, : v € K} of size k™ and an ordinal v < 7 such that for each v, € K
with v # p there is a condition r,,, € P, such that r,, <, r,,r, and
(R1)—(R2) hold, especially

SupTr[X,’jyu\(X,’jUXl’i)] <. (18)

Let X be the root of {X, : v < 1}, Y = X\T, and 79 = max(vy, sup «[Y]).
Since F is kT -strongly unbounded, there are v, u € K with v < p such that
Vse (X,\X)NT, Vie (X,\X,)NT, FIEs)E0} >0 (19)

Then we will be able to “pull back” ' = r;, , into P to get a condition
r = r,, which is a common extension of r, and r,. Let us remark that
r will not be an isomorphic copy of 7/, rather r will be a “homomorphic
image* of 7’.
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Now we carry out our plan.

Since k<" = k, by thinning out our sequence we can assume that R itself
is a separated set. So {X, : r € R} forms a A-system with kernel X. We
write Y:XHTQ? and Z:XﬂTn.

Recall that £ = E([0,1)) = {e¢ : ( < kT} is a closed unbounded subset
of n.

Fix v < k. Write Y,, = X, NT<, and Z, = X, NT;,. Pick a limit ordinal
¢(v) < kT such that:

(i) sup(n[Y,]) < ec)s

(i) ¢(p) < ¢(v) for p < v.
Let 0 = tp(£[Z,]) and a = e¢(y. We put Z), = {(a, &) : £ < 0}. Clearly,
Z, C Tt and tp(£[Z)]) = tp(£[Z,]). We consider in Z,, and Z, the well-
orderings induced by k and X respectively. Put X, = Y, U Z/, and let
gv : X|, — X, be the natural bijection, i.e. g, | Y, =1id and g,(s) =t if for
some & < tp(€[Z,]) s is the &-element in Z), and t is the &-element in Z,.

Let Z!, = g,/ Z. We define the condition 7], = (X, </,i/) € P, as follows:
for s,t € X, with s # t we put

s <, tiff g, (s) <o gu (1), (20)
and

i;/{svt} =1,{gv(8), g (1) }- (21)

Claim 24. r), € P,.

Proof. (P1), (P2) and (P3) are clear because g, is an isomorphism between
r, = (X],=.i) and r, = (X,, <,,1,), moreover 7(s) < 7(t) iff 7(g,(s)) <
T(gu(t))-
(P4) Since X, C T, we should check just (a). So assume that §',t' € X,
are compatible but not comparable in (X/, <)) and o' = i, {s',¢'}. Put
s=g,(s'),t =g,(t'). Since g, | Y, = id, we can assume that {s', ¢’} ¢ [YV]Q,
e.g. s € Z, and so s € Z,.

First observe that v' € Y, so v/ = ¢, (v').

If ' €Y,, then t' = g, ('), and v' = i,{s,t'}. By applying (P4)(c) in 7,
for s and ' we obtain

7(') € Eno(x(t)) C ENegy No(x(t) = o(x(s)) No(x(t)  (22)

because o(7(s')) = E Nec(,y by Claim 15.
If ' € Z),, then t = g,(t') € Z, C T),. Since v/ = i, {s',t'} = i,{s,t},
applying (P4)(d) in r, for s and ¢ we obtain

m(v') € F{&(5),£(t)} N ENecpy € ENegy = o(n(s)) No(n(t))
because o(7(s')) = o(n(t')) = E Nec(y by Claim 15.
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(P5) Assume that st € X/, &
from ¢'. Then s’ € Y, so g,(s)
that {s',t'} ¢ [Yy]2, ie. t' € Z.
Write ¢ = g, (t'). Since n(t') = e¢(,) € E , by Claim 16, J(n(s"),7(t')) =
J(m(s"),7(t)) = [ec,ecq1) = I(m(s"),1), where e < m(s') < e¢c41. Applying
(P5) in r, for s’ and t, we obtain a v € Y, such that m(v) = A" and
s <, v <, t. Then g,(v) = v, s0 s’ <, v </, ¢/, which was to be proved. O

<t and A = J(n(s'),n(t')) isolates s
= 5. Since g, | Y, = id, we can assume

Now applying Proposition 23 to the family {r/, : v < xT}, there are

K e [/{ﬂ'ﬁ and v < n such that {r}, : v € K} is separated and for every
v, € K with v # p there is a common extension 7' € P, of r,, and 7}, such
that (R1)-(R2) hold. Let v = max(7y, sup w[Y]). Recall that Y is the root
of the A-system {Y, : v € x*}. For v < u < k% we denote by h;,, the
adequate bijection h;, -

Since F satisfies (x), there are v, u € K with v # p such that for each
se(Z,\Z,) and t € (Z,\ Z,) we have

F{&(s),£(8)} > 0. (23)
We show that the conditions r, and r, have a common extension r =
(X,=,i) € P.
Consider a condition r' = (X', =</,1") which is a common extension of 7},
and 7, and satisfies (R1)-(R2). We define the condition r = (X, <,i) as
follows. Let

X =(X"\(Z,u Zl:)) U(Z,UZ,). (24)
Write U = X'\ (Z,UZ]) = X\ (Z,UZ,) and V = X'\ (X, UX)). Clearly,
V C U. We define the function h : X’ — X as follows:

h=g,Ug,U(id | U). (25)
Then h is well-defined, % is onto, h [ X'\ (Z,, U Z},) is injective, and h[Z,] =
Wz, = Z.
Now, if s,t € X we put
s < t iff there is a t' € X’ with h(t') =t and s <’ /. (26)

Finally, we define the meet function i on [X ]2 as follows:
i{s,t} = max{i'"{s’, ¢’} : h(s') =s and h(t') = t}. (27)
</
We will prove in the following claim that the definition of the function i is

meaningful. Then, the proof of Lemma 19 will be complete as soon as we
verify that r € P and r < r,,7,.

Claim 25. i is well-defined by (27), moreoveri 2 i, Ui,.

Proof. We need to verify that the maximum in (27) does exist when we
define i{s,t}. So, suppose that {s,t} € [X]2.
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If {s,t} € [X\ 2]2 then there is exactly one pair (s,t’) such that h(s’)
s and h(t') = t, and hence there is no problem in (27). So if {s,t} € [X,]
then i{s,t} =1'{s,t'} =i,{s,t} by the construction of r},. If {s,t} € [X“]2
proceeding similarly we obtain i{s,t} = i'{s',t'} =i.{s,t}.

So we can assume that e.g. s € Z. Then h!(s) = {s/,s"} for some
s’ € Zj, and 5" € Z,.

First assume that t ¢ Z, so there is exactly one ¢ € X' with h(¥) = t.
We distinguish the following cases.

Case 1. te V.

Note that since t € V', t = t'. We show that i'{s’, ¢t} =1'{s",t}.

Let v = i'{s’,t}. Assume that v € X, U X,. Then, by (R2)(c), v <"t
and t € V imply that thereisa w € Y = X/ N X, such that v <" w <’ t.
Thus v = i'{s’,w} and i'{s’,w} =i’ {s’, w} =i, {s,w} € Y by Lemma 22 for
w €Y. Clearly, v <" t,s". Hence v =’ i'{s",t}.

Now assume that v € V. Then v <’ s" implies v <" hj, ,(s") = s” by
(R2)(a). Sov <"t,s", thus '{s,t} <" '{s",t}.

So, in both cases i'{s',t} =<' i'{s”,t}. But s’ and s” are symmetrical,
hence i'{s”,t} =" 1{s',t}, and so we are done.

Case 2. t € X, \ Z.

We show that in this case i'{s”,¢'} <" '{s',t'}.

Let v = i'{s",#'}. If v € V, then v <" s" and h;, ,(s') = s” imply v <’ &'
by (R2)(a). Thus v <’ ¢/, ¢/, and so v <" V{5, t'}.

Now assume that v € X, U X,. If v € Y = X, N X], then v <’ &/, so
v <"i'{s',t'}. We show that it is not possible that v ¢ Y. For this, assume
that v € (X}, U X,)\Y. Without loss of generality, we may suppose that
v e X, \ X/,. Then, by (R2)(d), there is a w € Y such that v <" w <" §".
Thus v = i'{w, '} =i, {w,t} € Y by Lemma 22.

Moreover, {s,t} € [X,,]2 and i{s,t} =1{s,t'} =i,{s,t} because g, (s') =
h(s") = s and g, (t') = h(t') = t.

Case 3. t € X, \ Z.

Proceeding as in Case 2, we can show that i'{s’, ¢} <" {'{s",t'} = i,{s,t}.

Finally, assume that t € Z. Then h=1(t) = {t',#"} for some t' € Z/, and
e Z,.

Note that by Cases (2) and (3),

i,{S”,t/} j/ i/{S/,t/} and i/{S/,t”} j/ i/{$,/7t,/}.
Since i'{s',t'} =i, {s,t} =1i,{s,t} =1{s",t"} by the construction of r,, and

7y, We have

i/{S/7 t/} — i/{S//, t//} — max(i'{s/, t/}, i/{SN, t/}, i/{S/, t//}7 i/{S//, t//}). (28)
_<l

[\

Moreover, in this case {s,t} € [XV}2 N [XM]Q and we have just proved that
i{s,t} =1i,{s,t} =i.{s,t}. O
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By Claim 25 above, r is well-defined. Since i O i, Ui,, it is easy to
check that if » € P then r < r,,r,. So, the following claim completes the
verification of the chain condition.

Claim 26. r € P.

Proof. (P1) and (P2) are clear.

(P3) Assume that {s,t} € [X]?. Without loss of generality, we may assume
that s,t are compatible but not comparable in (X, <). Note that by (26),
(27) and condition (P3) for v/, we have i{s,t} < s,t. So, we have to show
that if v < s,¢ then v < i{s,t}.

Assume that v < s,t. Then, v € U and there are s’,t € X’ such that
h(s") = s, h(t') = t and v <’ §,t'. By (P3) for 7/, v <" '{s','}. Now
as v,i'{s',t'},i{s,t} € U and h | U = id, we infer from (27) that v <’
i'{s',t'} =" i{s,t} and hence v < i{s,t}.

(P4) Assume that s,t € X are compatible but not comparable in (X, <).
Let v = i{s, t}.
(a) In this case 7(s), w(t) < n. Then s,t € X\(Z,UZ,) = U, so h(s) = s and
h(t) =t. Thus i{s,t} = i'{s,t}. Hence, it follows from condition (P4)(a) for
r’ that 7(i{s,t}) € o(s) No(t).
(b) In this case 7(s) < n and m(t) =n. Then s € X \ (Z, U Z,) = U and
teZ,UZ,.

By (27) and Claim 25, there is a t* € Z}, U Z,, such that h(t*) =t and
i{s, t} =1i{s,t*}.

Now, applying (P4)(a) for ', we infer that 7(v) € o(s) N o(t*). Since
m(t*) € E, we have o(t*) C E by Claim 15. Then we deduce that w(v) €
o(s) N E, which was to be proved.

(¢) The same as (b).

(d) In this case 7(s) = m(t) = . It {s,¢} € [Z,]” then i{s, t} = i,{s,}, and
by (P4)(d) for r,, we deduce that 7(i{s,t}) € F{£(s),&(t)} N E. A parallel
argument works if s, € Z,.

So we can assume that s € Z, \ Z, and t € Z,, \ Z,. Note that there are
a unique s’ € Z,, with h(s’) = s and a unique ¢’ € Zj, with h(t') = t. Then,
v=1i{s,t} =1{s,t'} € U. Hence either v € V, or v € X, U X, and in this
case there is a w € X, N X, with v <" w by (R2)(d).

In both cases 7(v) < 70. Note that, applying (P4)(a) in /' for ¢/, ¢’ and
v =1{s,t'}, we obtain m(v) € o(s') No(t'). Since 7(s'),n(t') € E we have
o(s") Uo(t') C E by Claim 15. Thus m(v) € E. And since 7(v) < 7o, we
have m(v) € F{{(s),£(t)} N E, which was to be proved.
(P5) Assume that s,t € X, s <t and A = J(7(s),n(t)) isolates s from ¢.
Then s ¢ T),, so h(s) = s.

If t ¢ T, then h(t) = t, so we are done because 7’ satisfies (P5).

Assume that t € T;,. As s < t, there is a t/ € ng(y) U TEq(w such that
h(t") =t and s <" t'. Since 7(t') € E, by Claim 16 we have J(7(s),n(t')) =
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I(m(s),1) = J(n(s),w(t)). Applying (P5) in 7' for s and ¢, we obtain a
v € X’ such that s < v <’ ¢ and w(v') = AT. But as ((v),((u) are limit
ordinals, we have v <’ ¢/, and hence v € X'\ (Z,UZ}) = U. Then h(v) = v,
so s < v < t, which was to be proved. O

Hence we have proved that P satisfies the x-chain condition, which
completes the proof of Theorem 3. O

5. APPENDIX

We explain in detail how Proposition 23 was proved in [6].

Assume that Z C P, is a separated set. Let X be the root of {X,, : p € Z}.
For every n € w and every I € Z,, with cf(IT) = kT, we define £(I) = the
least ordinal v such that 5{7 D a[X]NT and we put v(I) = 5£(I)+R. Now for
every a < 1, if there is an n < w and an interval I € Z,, with c¢f(I") = kT
such that a € I and y(I) < «, we consider the least natural number & with
this property and write I(«) = I(a, k). Otherwise, we write I(a) = {«a}.
Then we say that Z is pairwise equivalent iff for every p,q € Z and every
s € Xp, I(m(s)) = I(m(hpgq(s))). In [6], the following two lemmas were
proved:

Lemma 27 ([6, Lemma 2.5]). Every set in [Pn]'§+ has a pairwise equivalent

subset of size KT .

Lemma 28 ([6, Lemma 2.6]). A pairwise equivalent set Z C P, of size
is linked.

To get Proposition 23 we explain that the proof of [6, Lemma 2.6] actually
gives the following statement:

If Z C P, is a pairwise equivalent set of size k™, then there is an ordinal
v < n such that every p,q € Z have a common extension r € P, satisfying
(R1)-(R2).

As above, we denote by X the root of {X,, : p € Z}. Assume that p,q € Z
with p # ¢. First observe that the ordering <, is defined in [6, Definition
2.4]. For this, adequate bijections g1 : X, \ (X, U X,) — X, \ X and
g2+ X, \(Xp,UX,) — X,\ X are considered in such a way that g = hy, 40g1.
Then since g2 = hp 4 0 g1, [6, Definition 2.4](b) and (c) imply (R2)(a) and
[6, Definition 2.4](d) and (f) imply (R2)(b). Also, (R2)(c) follows directly
from [6, Definition 2.4](d) and (f), and (R2)(d) is just [6, Definition 2.4](e)
and (g). So, we have verified (R2).

To check (R1), i.e. to get the right v we need a bit more work. Let

J={I(n(s)):s € Xp} (29)

where p € Z. Since Z is pairwise equivalent, J does not depend on the
choice of p € Z. For every I € I, with cf(I7) = k* we can choose a set
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D(I) € [E(I) N~(I)]® unbounded in ~y(I). We claim that
s =sup(U{D(D) : Te T +1 (30)

works.

First observe that v < ), because cf(n) = k™, |J| < k and |D(I)| = & for
any I € J.

Now assume that p,q € Z with p # ¢q. Write L, = 7[X,], Ly = 7[X{]
and L = 7[X]. Let {a¢ : £ < 4} and {ag : £ < 0} be the strictly increasing
enumerations of L, \ L and L, \ L respectively. In the proof of [6, Lemma
2.6], for each { < ¢ an element ¢ € D(I(ag)) = D(I(ef)) was chosen,
and then a condition r <, p,q was constructed in such a way that X, =
X, UX,UY where YN (X,UX,) =0 and n[Y] = {8 : £ < d}. Then since
{Be : £ <0}y CU{D(I): I € J}, we infer that

sup X, \ (X, U Xy)] =suprn[Y] <7, (31)
which was to be proved.
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