WIDE SCATTERED SPACES AND MORASSES

LAJOS SOUKUP

ABSTRACT. We show that it is relatively consistent with ZFC that 2% is ar-
bitrarily large and every sequence s = (sq : o < wa2) of infinite cardinals with
Sa < 2% is the cardinal sequence of some locally compact scattered space.

1. INTRODUCTION

If X is a scattered topological space, and « is an ordinal, denote by I, (X) the
ath Cantor-Bendixson level of X. The cardinal sequence of X, SEQ(X), is the
sequence of the cardinalities of the infinite Cantor-Bendixson levels of X, i.e.

SEQ(X) = ( [La(X)| : & < ht™(X) ),

where ht~(X), the reduced height of X, is the minimal § such that Ig(X) is finite.
If § is an ordinal, we denote by C(0) the class of all cardinal sequences of length ¢
of locally compact scattered (LCS, in short) spaces.

Let (k) denote the constant x-valued sequence of length c.

Theorem 1.1 (Baumgartner, Shelah, [2]). It is relatively consistent with ZFC that
(W), €Clwa).

Refining their argument, first Bagaria, [1], proved that “2{w,w;} C C(ws) in
some ZFC model, then Martinez and Soukup, [9], showed that 2* = wy and
“2{w, wy,ws} C C(we) is also consistent.

For a long time wy, was a mystique barrier in both height and width. In this
paper we can construct wider spaces.

Theorem 1.2. If GCH holds and A > ws is a regular cardinal, then in some
cardinal preserving generic extension 2 = X and every sequence s = (8o : @ < wa)
of infinite cardinals with s, < X\ is the cardinal sequence of some locally compact
scattered space.

We will find the suitable generic extension in three steps:

(I) The first extension adds a “strongly stationary strong (w1, A)-semimorass’ to
the ground model (see Definition 2.1 and Theorem 2.3).

(IT) Using that strong semimorass the second extension adds a A(ws X A)-function
to the first extension (see Definition 3.1 and Theorem 3.2).
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(III) Using the A(wq x A\)-function we add an “LCS space with stem” to the second
model and we show that those2 space alone guarantees that every sequence
S = (84 : @ < wy) of infinite cardinals with s, < A is the cardinal sequence
of some locally compact scattered space (see Theorem 4.2).

Steps (I) and (II) are based on works of P. Koszmider, see [7] and [8].

2. STRONG SEMIMORASSES

If p is a function and X is set, write p[X] = {p(§) : £ € X }.
If X and Y are sets of ordinals with tp(X) = tp(Y), denote the unique order
preserving bijection between X and Y by px,y.
For X € [A\]"and FC [\]“ let F I X ={Y € F:Y C X}.
If X, X1 and X5 are sets of ordinals, we write
X =X, 0 Xo iff tp(X1) = tp(X2), X = X1 UXp and px, x, [ X1 N Xp =1id;
X = X1®X2 lﬁtp(Xl) = tp(XQ), X = X1 UX2 and X1 ﬂXg < Xl\XQ < X2\X1;
and
X=X1Xiff X =X;®Xgand X Nwy = (X1 ﬂwg) @(XQ ﬂng).
In [7] Koszmider introduced the notion of semimorasses and proved several prop-
erties concerning that structures. Unfortunately, in our proof we need structures
with a bit stronger properties.

Definition 2.1. Let w; < A be a cardinal. A family F C [)\]w is a strong (w1, A)-
semimorass iff
(M1) (F,C) is well-founded, (and so we have the rank function on F),
(M2) F is locally small, ie. |F | X| <w for each X € F.
(M3) Fis homogeneous, i.e. VX,Y € F if rank(X) = rank(Y") then tp(X) = tp(Y)
and F | Y = {pxy|Z]: Z € F | X}.
(M4) F is directed, i.e. VX, Y € F (3Z € F) XUY C Z.
(M5) F is strongly locally semidirected, i.e. VX € F either (a) or (b) holds:
(a) F | X is directed,
(b) 3X1, X5 € F rank(X;) = rank(Xs), X = X; ® X, and F | X = (F |
X1) U (F | X2) U{X1, Xs}.
(M6) F covers A, i.e. UF = A
If in (M5)(b) we weaken the assumption X = X; ® X to X = X; @ X3 then we
obtain the definition of an (wy, A)-semimorass (see [7, Definition 1]). Moreover, a
strong (w1, ws)-semimorass is just Velleman’s simplified (w1, ws)-morass.

Definition 2.2. A family F C [/\]w is strongly stationary iff for each function
c: []—'] DN [)\]w there are stationary many X € F such that X is c-closed, i.e.
¢(X*) C X for each X* € [F FX]Q‘).

Theorem 2.3. If2¥ = w; < XA = A\“? then there is a o-complete wy-c.c. forcing
notion P such that

VP = 9“1 = X and there is a strongly stationary strong (w1, \)-semimorass F. ”
We say that a family p C [)\]w is neat iff Up = U(p \ {Up}).
Proof of Theorem 2.3. Define P = (P, <) as follows. Let
P={pcC [A}w :|p] < w,Up € p,p is neat and satisfies (M1)—(M5)}.
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Write supp(p) = Up for p € P. Clearly supp(p) is the C-largest element of p. Put

(1) p < q iff supp(q) € pAg = (p [ supp(q)) U {supp(q)}.
P is o-complete. Indeed, if pg > p1 > po ... then let

P = Un<wpPn U{Un<wsupp(pn)}-
Then p € P and p < p,, for each n.

Definition 2.4. We say that two conditions p and p’ are twins iff

(i) tp(supp(p)) = tp(supp(p’)),
(ii) supp(p) Usupp(p’) = supp(p) @ supp(p’),
(iii) p" = Psupp(p),supp(p’) [p]

Lemma 2.5. Ifp and p' are twins then they have a common extension in P

Proof. Write D = supp(p) and D’ = supp(p’). Put r = pUp’ U{DUD’}. We show
that r is a common extension of p and p’.
Claim: p=(r | D)U{D} and p' = (r | D')U{D’}.

Indeed, assume that X € r [ D. Then X e por X € p’. If X € p’ then X C D/,
and so X C DN D'. Since pp,p | DN D' = id it follows that X = pp'p, [X] € p.
So r | D C p, which proves the Claim.

First we check that that r € P. (M1) and (M2) are clear. Since supp(r) =
supp(p) U supp(p’), r is neat. r has the largest element supp(r) = DU D’ € r, and
so (M4) also holds. In (M5) we have just one new instance X = supp(r). But in this
case the choice X1 = D and X5 = D’ works. To check (M3) assume that X,Y € r,
rank(X) = rank(Y). If XY € p or X,Y € p’ then we can apply that p and p’
satisfy (M3). So we can assume that X € p\p' and Y € p’\p. Let X' = pp p/[X].
Then rank(X’) = rank(X) = rank(Y’) and X', Y € p’. Since p’ satisfies (M3), we
have tp(X’) = tp(Y), and so tp(X) = tp(Y). Since px/y :p' [ X' — p' [ Y is an
isomorphism, and pxy = pp,p’ © px,y it follows that pxy :p | X — p' [ Y is
also an isomorphism. However : p [ X =7 [ X and p' | Y =r | Y by the Claim,
and so pxy : 7 [ X — r [ Y is also an isomorphism, which proves (M3).

Finally r < p,p’ follows immediately from the Claim. (]

Lemma 2.6. P satisfies wa-c.c.

Proof. Assume that {r, : @« < wy} C P. Write D, = supp(ry) for a < wy. By

standard argument we can find I € [WQ]WQ such that

(a) {Dq : a € I} forms a A-system with kernel D, and tp(D,) = tp(Dg) for
a,Bel,

(b) For a < 8 € I we have DNwy < Do\ D < Dg\ D,

(¢) ppu.Ds[Da Nwa] = DgNwy and pp, p, | D = id,

(d) rg = {pp..Ds[X] : X €70}

Then for each o # B € I the conditions r, and rg are twins, so they are compatible

by Lemma 2.5. O

Lemma 2.7. (a) Vo € wo

Do = {p € P :supp(p) N (w2 \ @) # 0}
is dense in P.
(b) VB € A\ wo
Eg={pe P:pesupp(p)}



4 L. SOUKUP

is dense in P.

Proof. (a) For each ¢ € P and a < wq there is ¢’ such that ¢ and ¢’ are twins and
supp(q’) N (w2 \ @) # 0. Then q and ¢’ has a common extension p € D, by Lemma
2.5.

(b) For all g and 5 € A\ ws there is ¢’ such that ¢ and ¢’ are twins and 3 € supp(¢’).
Then the common extension p of ¢ and ¢’ is in Eg. O

Let G be a P-generic filter over V, and put 7' = UG and F = UF’. Then
F C [/\]W and so F' C A. By the previous lemma, F D A\ wy and |F Nws| = ws.
So F = {prx|X]: X € F'} is a strong (w1, A)-semimorass. To complete the proof
of 2.3 it is enough to prove the following lemma.

Lemma 2.8. V' |= “F is strongly stationary”.
Proof. Tt is enough to prove that if
qlFCC [F]w is club and ¢ : [.7-"']<w — [F]

then there are p < g and C € [)\]w such that p IF “C' € F'NC is é-closed”.
First we need a claim.

w

Claim 2.8.1. IfplF A ¢ [F]w then 3p’ < p such that A C supp(p’).

Proof. If a € A and p I & € F then there are p’ < p and p” € P such that
a € supp(p”) and p’ IF p” € F. Then p’ and p” have a common extension ¢, and
then « € supp(q) and ¢gI- & € F.

Since P is o-complete and A is countable, we are done by a straightforward
induction. O

We will choose a decreasing sequence (p, : n < w) C P and an increasing se-
quence {C,, : n < w) C [/\]w as follows. Let Cy = 0 and py = ¢. If p,, and C,, are
given, let Z,, D C,, Usupp(p,) and p!, < p, s.t.

Pl IF U{E(X) : X € [pn] ="} € Z, € [F]”.
Let pny1 < pl, and Cpi1 D Zy, U Cy, such that Cpiq C supp(pp41) and ppiq IF
C’n+1 € C
Having constructed the sequence finally put C = U{C, : n < w} and p =
Un<wpn U{C}. Then p € P, p < q, C = supp(p). Since p I+ “C,, € C and C is
club”, we have p IF “C € C. Since p I+ ¢” [[pn] <w] C supp(pn1), we have p I+ C is
¢-closed. Moreover pl-p C F',sopl-C € F'.

Putting these together we obtain that p and C have the desired properties, which
proves the lemma. O

Since ()\wl)v[}-] < ((IP|+N“1)Y = (x*1)¥ = X, the proof of Theorem 2.3 is
complete. (I

Next we investigate some properties of strong semimorasses.

Lemma 2.9. Let F C [/\]w be a strongly stationary strong (wi, A)-semimorass.

(1) If XY € F, rank(X) =rank(Y), a € X NY Nwy, then X Na=Y Na.
(2) If XY € F, X CY and rank(X) < a < rank(Y') then there is Z € F such
that rank(Z) =a and X C Z C Y.
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(3) If X € F and rank(X) < o < wy then there is Z € F such that rank(Z) = «
and X C Z.
(4) If XY € F, rank(X) <rank(Y), anda € X NY Nws, then XNa CY Na.

Proof. (1) We prove the statement by induction on the minimal rank of Z € F
with Z D X UY.

If rank of Z is minimal, then clearly Z = Z; ® Zs where X C Z; and Y C Z,.
Let X' = le,Zz[X] € F | Zy. Since a € Z1 N Zy Nws, we have Z1 Na = Zy Na
and so pz, .z, | (¢ +1) =1id. Thus X’ Na = X Na and o € X’. Since X'|Y €
F | Zy, o € X'NY and rank(Zs) < rank(Z), by the inductive assumption we have
X' Na=YNa. Thus X Na=Y Na.

(2) Easy by straightforward induction on rank(Y).

(3) By straightforward induction on « there is Y € F such that X C Y and
rank(Y) > a. Then apply (2).

(4) By (3) there is Y’ D X such that rank(Y) = rank(Y”’). Then apply (1) for ¥’
and Y. O

In [8] Koszmider proved several statements for Velleman’s simplified morasses.
Here we need similar results for strong semimorasses. The following lemma corre-
sponds to [8, Fact 2.6-Fact 2.7].

Lemma 2.10. Let F C [)\]w be a strongly stationary strong (w1, \)-semimorass.
Assume A¥ = A, fix an injective function ¢ : F — X, and consider the stationary
set

(2) F'={X€eF:c«(X*)€X for each X* € F| X}.

Assume that F,F';ce M < H(9), M| =w, and M N X € F'. Then

(1) FIMnAC M.

(2) rank(M NA) = M Nw;.

(38) If Y € F with rank(Y) < § = M Nwy then there is Z € M N F such that
(MNANY C Z, and rank(Z) = rank(Y").

(4) If A€ [.7-'}<w then there is Z € F N M such that

(3) WXNM: X e Arank(X) < MNwy} C Z.

Proof. (1) Let X e F I MnNXie. X €Fand X T MNA Then X T MNAeF
implies o = ¢(X) € M NA. But ¢, € M and c is injective, so X = ¢ Ha} € M.
2UEXCMnNA X eF, then X € M by (1) and so rank(X) € M Nwy. Thus
rank(M NA) < M Nws.

Assume that « < M Nwy. Then

M | “3X € F rank(X) = a.”

Thus there is X € M N F such that rank(X) = «. Hence rank(M N A) > M Nw;.
(3) Thereis Y/ D Y, Y’ € F and rank(Y’) = rank(M N A). Let Z = py/ mnalY].
Since YN (M NA) CcY' Nn(MnA) and pyr pna [ Y N (M NA) = id, we have
Z>5Yn (M.

(4) Just apply (3) and the fact that F is directed. O
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3. A A(wg X A\)-FUNCTION

Let A\ > wy be an infinite cardinal and let m : we X A — wy be the natural
projection: w({¢,a)) =¢&.

Definition 3.1. (1) Assume that f is a function such that dom(f) C [w2 X )\]2
and f{z,y} € [r(z) ﬂﬂ(y)}@j for each {x,y} € dom(f). We say that two finite
subsets d and d’ of wa X X are good for f provided [d U d’]2 C dom(f) and Vz € d'\d
Yyed\d Vzednd N(ws xw)

(S1) if n(2) < 7(x),n(y) then 7(z) € f{z,y},

(52) if m(z) < m(y) then f{z,z} C f{z,y},

(S3) if 7(=) < m(x) then f{y.=} < f{zy}

(2) A function f : [ws x )\]2 — [ws] ““ s a Awy x A)-function iff f{z,y} C
min(7 (), 7(y)) and for each sequence {dq : @ < w1} C [wa X A] < there are a # 3
such that d, and dg are good for f.

Remark . The assumption |f{z,y}| < w, instead of the usual |f{z,y}| < w, is not
a misprint.

Theorem 3.2. If 2% = w; < A = X' and there is a strongly stationary strong
(w1, A)-semimorass, then in some cardinal preserving generic extension A\“' = X
and there is a A(wy X A)-function.

Proof. To start with fix a strongly stationary strong (w;, A)-semimorass F C [)\] v,
We can assume that

(4) w C X for each X € F.
Fix an injective function ¢ : F — A, and consider the stationary set
(5) F'={X€eF:e(X*)€ X foreach X* € F | X}.

Definition 3.3. We define a poset P = (P, <) as follows: P consists of triples p =
(a, £, A), where a € [ws x X, £+ [a]* = P(rla]) with f{s,t} C min(r(s), (1)),
Ae [.7:] <“ such that
(6) Vs,t€a VX € Aif s,t € X x X then f{s,t} C X.
Write p = {ay, fp, Ap) for p € P. Put p < qiff a, D ay, f, D f, and A, D A,,.
For p € P let
supp(p,) = Ua, UUA,.

Clearly supp(p) € [)\] =
If p is a function and = = (a,b) € dom(p)?, let p(x) = (p(a),p(b)). We say
p,q € P are twins iff
(A) supp(p) and supp(g) have the same order type,
(B) the unique <og,-preserving bijection p between supp(p) and supp(q) gives an
isomorphism between p and g, i.e.
(a) aq = play),
(b) {9IX]: X € Ay} = A,
(¢) for cach {s,} € [a,)%, plfp{s.} = fu{5(), (1)}
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Definition 3.4 ([7, Definition 22]). Let K C [)\]w. A poset P is K-proper iff for
some large enough regular cardinal 6 if M is a countable elementary submodel of
H(0) with P € M and MNA € K then for each p € MNP there is an (M, P)-generic

q <p.

Lemma 3.5 ([7, Fact 23]). If K C [)\}w is stationary and a poset P is K-proper,
then forcing with P preserves wy.

Definition 3.6 ([7, Definition 24]). Assume that P is a poset, M < H(0), |M| = w,
q € P,and P,my,...,m, € M. We say that the formula ®(x,m,...,m,) well-reflects
q in M iff

(1) H(Q) ': (I)(Q77T1a cee 77Tn)7

(2) if se MNP and M | ®(s,my,...7,) then ¢ and s are compatible in P.

Definition 3.7 ([7, Definition 25]). Assume that P is a poset, K C [)\]w. We
say that P is simply K-proper if the following holds: for some/each large enough

regular cardinal 6
IF

(i) M <H(0), M| =w,

(ii) pe P, P,p,K € M,

(iii) MNXeKk,
THEN there is py < p such that for each ¢ < py some formula ®(z,7y,...,7,)
well-reflects ¢ in M.

By lemmas [7, Fact 23 and Lemma 26] we have

Lemma 3.8. If K C [/\]w is stationary and a poset P is simply KC-proper, then
forcing with P preserves wy.

To show that w; is preserved we prove the following lemma.
Lemma 3.9. P is simply F'-proper.

Actually we will prove some stronger statement. To formulate it we need some
preparation.
IfM<H@O),pe PNM,MNAeF and q € P let

P = {ap, fp, Ap U{M N A})

and
gl M= {(aqNM,f, | M, A, NM).

Lemma 3.10. (1) If M < H(0) andp € PN\ M then pM € P. (2) If ¢ < p™ then
qI M e PNM as well.

Proof. (1) We should only check (6) for pM. Assume that s,t € a, and X €
A, U{M N A}. Since p € P, we can assume X = M N A. However s,t € M, and so
fols,t} € M as well by p € M. Since |f,{s,t}| < w, it follows f,{s,t} € MNA = X
which was to be proved.

(2) It is straightforward that ¢ | M € P. To show ¢ [ M € M we should check that
fo I M € M. So assume that s,t € a; N M. Then s,t € (M NA) x (M NA) and
MNXe Ay C Ag. So, by (6), fo{s,t} € M N A. Since f,{s,t} is finite, we have
fols,t} € M. O
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Lemma 3.11. Assume that M < H(0), M| =w, PFeM,pe PNM, MNXe
F'. Let § =rank(M NA) = M Nwy. Assume that Z € M NF such that

(7) ZO>UWXNM:X e Ay, rank(X) < 6}

Let ®(x, Z,q | M) be the following formula:

(8) “xeP,x<q| M, (az\agm)N(ZxZ)=10."
Then

(1) ®(q,Z,q | M) holds.
(2)Ifse M, M |=®(s,Z,q | M) and

h:las\ agiar, aq \ agrae] — P(mlas Uag))
such that
(9)  h{z,y} C min(r(z),w(y)) N m{X €Ay x,y € X x X, rank(X) > 0},
then r = (asUag, fs U fUh, A; U Ag) € P is a common extension of ¢ and s.
(8) ®(x,Z,q | M) well reflects q in M.

Proof. (1) Since ¢ | M € P by Lemma 3.10(2), we have ¢ < ¢ | M by the
definition of the relation <. Since Z € M, we have Z x Z C M x M C M and
aq \ agin = aq \ M.

(2) To show that r € P we need to check that r = (a,, f,, A,) satisfies (6). So let
T,y € ar, X € A;.

Case 1. z,y€as and X € A; orz,y €aq and X € A,.
Then everything is fine, because s,q € P.
Case 2. {z,y} € [as]2, T E€as\aqg and X € Ay.

If rank(X) < & then (as \ ag) N (X x X) =0 by (7), so 2 ¢ X x X. Thus (6) is
void.

If rank(X) > ¢ then v = min(n(z),7(y)) € MNX, so M Nv C X Nv by Lemma
2.9(4). Thus f.{z,y} = fs{z,y}nvCc Mnv C X.

Case 3. {z,y} € [aq]z, T €ag\as and X € A,.

Since (aq \ as) N M = 0, it is not possible that X € A;. Then z € a4 \ a5 =
ag \ agn, so © ¢ M. However X C M and so z ¢ X x X, so (6) is void.

Case 4. x €ag\as and y € a; \ aq.

Then the assumption concerning h in (9) is stronger than (6). Indeed, if y €
as\agtheny ¢ Z x Z. Soif y € X x X for some X € A, then rank(X) > 6.
(3) Define the function
<w
h:las \ g, ag \ agr] — [wo]
by h{z,y} = 0. Then (9) holds, so s and g are comparable by (2), which was to be
proved. ([l

Proof of Lemma 3.9. We can apply Lemma 3.11 because by Lemma 2.10 we can
pick Z € M N F such that Z D U{X NM : X € Ay, rank(X) < ¢}. O

Lemma 3.12. P satisfies wa-c.c.



WIDE SCATTERED SPACES AND MORASSES 9

Proof. Let {p, : v < we} C P. Put p, = (ay, f,, A,). Recall that supp(p,) =
Ua, UUA, . We can assume that

(i) {supp(py) : v < wa)} forms a A-system with kernel D
(ii) the conditions are pairwise twins witnessed by functions p, , : supp(p,) —

supp(py.)-
Fix v < 4 < wa. Define the function e as follows:

dom(e) = [ay \ au,a, \ a,) and e{s,t} = 0.
We claim that
(10) r={(a,Ua, f,Uf,Ue A, UA,)

is a common extension of p, and p,. We need to show that r € P. Since p, and
pu are twins, we should check only (6). So let t,s € a, Ua, and X € A, U A,
with s, € X x X. We can assume e.g. X € A,. Since X C supp(p,), we
have s,t € supp(p,) x supp(p,). Then supp(p,) x supp(p,) Na, C a, because
supp(py) x supp(p,) Na, C D and a,,a, are twins. Thus we have s,t € a,,, and so
we are done because p, satisfies (6). (]

To complete the proof of Theorem 3.2 we claim that if G is a P-generic filter
then the function

(11) f=U{fp:ped}
is a A(ws X A)-function.
Assume that
plk{de: € <wi}C [wa x )\}<w.
We can assume

p - {dg . € <wi} is a A-system with kernel d.
Assume M < H(9), | M| = w, p, F' <d5 €< w1> €M and Xo= MNA€eF. Let

P = (ap, o, Ap U {Xo}) -
Let ¢ < pM, & <w; and e; € [wg X )\] <“ that
qlFde, =¢1 A(er \d)NM =0 Ae; Ca,.
Put ¢ = rank(M N A). By Lemma 2.10 we can pick Z € M N F such that
ZO>UWXNM:X e Ay rank(X) < 6}
Consider the following formula ¥(x, &, e) with free variables z, £ and e and param-
eters Z,q | M, <d§ :§<w1>,d€ M:
O(x,Z,q | M)AECwi A(zlFde =e)Ne Cax Ae\d) Cag\ agim

where the formula ®(x, Z, g | M) was defined in (8) in Lemma 3.11. Then ¥(q, &1, e1)
holds. Thus Jx3¢3eV(x, &, e) also holds. Since the parameters are all in M, we have

(12) M | 3z 3¢ Je U(x, &, e).
Thus there are s,&5,es € M such that
O(s, Z,g | M)A (sl d52 =eg) Nea CasA(e2\d) Cas\ aqrm.
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Since ez \ d C as \ agmr and (as \ agim) N Z x Z =0 by ®(s, Z,q | M), we have
(e2\d)NZ x Z =1).
Define the function
h:las \ agiar, ag \ agia] — P(rlas U agl)

by the formula
(13)  h{z,y} = mlas U ag) Nmin(w(z), 7(y))N
(X € Ay 2,y € X x X, rank(X) > 6}.

So h{z,y} is as large as it is allowed by (9).
Then, by Lemma 3.11, the condition r = (a,, fr,A.), where a, = a5 U aq,
fr=fsUfgUhand A, = A; U A,, is a common extension of ¢ and s.

Lemma 3.13. e; and ex are good for f,.

Proof. We should check conditions (S1)-(S3).

Assume that z € eg Nea N (we X w), z € €1 \ e2 C ag \ agppr, and y € eg \ e1 C
as \ agip- Observe that z,y € M, and so 7(z),7w(y) € M as well.
(S1): Assume that 7(z) < 7(z), 7(y).

We should show that 7(z) € f.{z,y}. However, f{z,y} was defined by (13).
So we should show that

if X € Ay, rank(X) > 6, z,y € X x X then 7n(z) € X.
Since m(y) € M NX Nws and rank(M NA) < rank(X) we have M N7(y) C X Nn(y)
by Lemma 2.9(4). Since 7(z) < m(y) and 7(z) € M it follows that m(z) € X.
(S2): Assume that 7(z) < 7 (y).
We need to show that f,.{z,z} C f.{z,y}. Since f,{x,z} = fo{x, 2} and f{z,y}
was defined by (13) we should show that
if X € Ay, rank(X) > 6, z,y € X x X then f{z,2} C X.

Since 7(y) € M N X we have 7(z) € M N7(y) C X Nn(y) by Lemma 2.9(4).
Since 7(z) € X, z € wy X w and w C X by (4), it follows that z € X x X. Since
z,z€ X x X and X € Ay, we have f,{z,z} C X by (6), which was to be proved.
(S3): Assume that 7(z) < 7(z).
We need to show that f.{y,z} C f-{z,y}. Since f.{y, 2z} = fs{y, 2} and f.{z,y}
was defined by (13) we should show that

it X € Ay, rank(X) >4, z,y € X x X then f{y,z} C X.

Since z,y € M we have f{y,z} C M.

Moreover y € X x X, and so 7(y) € MNXNwy, which implies M N7 (y) C XNm(y)
by Lemma 2.9(4) .

Thus fs{y, 2z} = fs{y, 2z} Nw(y) C M Na(y) € X Nw(y) C X, which was to be
proved. ([

Since r - d& =¢é1 A d52 = ¢ A f D fr, by Lemma 3.13 r |- “dgl and d52 are
good for 7. So f is a A(wz x A)-function in V[G].

Since |[P| < A and so (A*1)V19 < (1P| + 1)) = (\1)Y = A, the proof of
Theorem 3.2 is complete. O
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4. SPACE CONSTRUCTION

Assume that X is a scattered space. We say that a subspace Y C X is a stem
of X provided
(i) ht(Y) = ht(X),
(if) X \Y is closed discrete in X.
Clearly (ii) holds iff every x € X has a neighborhood U, such that U, \ {z} C Y.

Proposition 4.1. Assume that X is an LCS space, Y C X is a stem, SEQ(X) =
(kv <)y and SEQ(Y) = (A, : v < p). Then

(14) {SEQ(Z): Y CcZcC X}={se"Card: \, < s(v) <k, for each v < u}.

Proof. Assume that s € #Card such that A\, < s(v) < k,, for each v < p. For v < p
pick Z, € [I,(X)]*") with Z, D I, (Y). Put Z = J{Z, : v < u}. Since Y C Z and
Y is a stem, we have I,(Z) = Z, for v < u, and so SEQ(Z) = s. O

Theorem 4.2. If there is a A(wg X \)-function, then there is a c.c.c poset P such
that in V' there is an LCS space X with stem Y such that SEQ(X) = (), and

SEQ(Y) = (w),, -

Corollary 4.3. If there is a A(ws X \)-function, then there is a c.c.c poset P such
that in VT every sequence s = (s : a < wo) of infinite cardinals with s, < X is the
cardinal sequence of some locally compact scattered space.

Proof of Theorem 4.2. Instead of constructing the topological space directly, we
actually produce a certain “graded poset” which guarantees the existence of the
desired locally compact scattered space. We use the ideas from [1] to formulate the
properties of our required poset.

Definition 4.4. Given two sequences t = (ko :a <J) and § = (A, : a <) of

infinite cardinals with A, < k., we say that a poset (T, <) is a t-poset with an

s-stem iff the following conditions are satisfied:

(T1) T = U{Tw : @ < 6} where T, = {a} X k4 for each o < §. Let S, = {a} X Aq,
and S = [J{Sq : a < §}.

(T2) For each s € T, and t € T, if s < ¢t then v < § and s € S,.

(T3) For every {s,t} € [T]2 there is a finite subset i{s,¢} of S such that for each
ueT:

(u X sAu=t)iff u=<v for some v € i{s,t}.
(T4) For o < B < 6, if t € T then the set {s € S, : s <t} is infinite.

Lemma 4.5. If there is a t-poset with an s-stem then there is an LCS space X
with stem 'Y such that SEQ(X) =t and SEQ(Y) = s.

Indeed, if T = (T, <) is an s-poset, we write Ur(z) ={y € T :y <z} forx € T,
and we denote by X7 the topological space on 1" whose subbase is the family
(15) {Ur(2), T\Ur(z) : 2 €T},
then X7 is our desired LCS-space with stem.

So, to prove Theorem 4.2 it will be enough to show that a (\), -poset with an
(w),,,-stem may exist.
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We follow the ideas of [2] to construct P. Fix a A(wax A)-function f : [wg x Al 2

wa] <

Definition 4.6. Define the poset P = (P, =) as follows. The underlying set P
consists of triples p = (a,, <p, i) satisfying the following requirements:
(1) ap € w2 x A =
(2) <, is a partial ordering on a, with the property that if z <, y then z € wy X w
and 7(x) < m(y),
(3) ip: [ap]2 — [ap] < is such that
(3.1) if {x,y} € [ap}z then
(3.1.1) if 2,y € wy X w and 7w(x) = 7(y) then i {z,y} =0,
(3.1.2) if z <, y then i,{z,y} = {z},
(3.1.3) if z and y are <,-incomparable, then
ip{xay} C f{xay} X w.
(3.2) if {x,y} € [ap}2 and z € a, then
(z<paAhz<,y) iff 3teia,y} z<,t).

Set p X qiff ap D ag, <plag =<4 and 3 | [aq]2 = 1.
Lemma 4.7. P satisfies wi-c.c..

Proof. Let {p, :v <wi1} C P, p, = {(ay,<,,i,). By thinning out our sequence we
can assume that

(i) {ay : ¥ < w1} forms a A-system with kernel a’.
(ii) 4y | [a’]2 =1
(iii) <,la xd =<.
(iv) for each v < p < wy there is a bijection Pt Gy — ay such that
(@) pypula =id
(b) m(z) < 7(y) iff 7(py,u(x)) < 7(pv,u(y)),
(¢) <y y iff pu () <ppopu(y),
(d) z € wy xwiff p, u(z) € wo X w,
(©) puvpliviz, y}] = iufpvu(@), puu(y)}-

Now it follows from condition (3.1) and condition (iv) that if ¥ < p < we and
{z,y} € [a’]2 then i, {z,y} =i, {z,y}.

Since f is a A(wz x A)-function there is ¥ < p < w; such that a, and a, are
good for f,i.e. (S1)—(S3) hold. Define r = (a, <, i) as follows:
(a) a=a,Uay,
(b) z <y iff <, y or x <, y or there is s € a, Na, such that x <, s <, y or
<8<,
(c) 1 D4, Uiy,
(d) for x € a, \ a, and y € a, \ a,, if  and y are <-incomparable then
(16) o,y = (f{z, gyt xw)N{tea:t <z At <y}
(e

) for {z,y} € [a ] with z <y, i{z,y} = {z}.
We claim that r € P.
By the construction, we have <[ a, x a, =<, and <[ a, X a, =<,,.

Claim: < is a partial order.
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We should check only the transitivity. Assume < y < z. If x <, y <, 2
or v <, y <, z then we are done. Assume that z <, u <, y <, z for some
u€a,Nay. Thenx <, u<, zs0x < 2.

Ifox<,u<,y <t <y 2 for some u,t € a, Nay, then u <, ¢, which implies
u<,t. Thusx <, u <, t<, zand so x <, z, and hence z < z.

The other cases are similar to these ones.

(3.1.3) holds by the construction of i.

To show that p is a condition we should finally check (3.2). Let z,y € a be
<-incomparable elements. It is clear that if u < ¢ for some t € i{z,y} then u < z
and < y. So we should check that

(%) if z < 2z and z < y then there is ¢t € i{z, y} such that z < t.

If z,y,2 € a, or ,y, 2z € a, then it is clear because p,,p, € P.

Case 1. z,y €a, and z € a, \ a,.
Subcase 1.1 z,y € a, \ a,.

There are z’,y" € a, Na, such that z <, 2’ <, x and z <, ¥’ <, y. Then there
is t' € i, {z’,y'} such that z <, t’. Then t’ € a, Nay, sot’ <, x,y. Thus there is
t € i,{x,y} such that t’ <, ¢, and so z < t. Since i{x,y} = i, {x,y}, we are done.
Subcase 1.2 z € a, \ a, and y € a, Nay,

Put ¢y =y, then proceed as in Subcase 1.1.

Case 2. z,z€a, \a, andy € a, \ a,.

Then z <, y' <, y for some 3’ € a, Na,. Then there is ¢t € i, {x,y'} such that
z <, t. Clearly t < x,y. We show that ¢t € i{z,y}.

If t =y then t < z,y and 7(t) € f{z,y} by (S1). Thus ¢ € i{z,y}.

Assume that t <, y'. Then 7(¢t) € f{z,v'} C f{z,y} by (S2), because y’ €
ay, Nay and 7(y') < w(y). Thus ¢t € i{x,y} by (16). O

Assume that G is a P-generic filter. We claim that if we take
<=U{<,:pe g}

then (wp x A\, <) is a (A),-poset with an (w)  -stem. By standard density argu-
ments, < is a partial order on wy x A which satisfies (T4). Moreover, every p € P
satisfies (2), so (T2) also holds. Finally the function

i:U{ip:pég}

witnesses (T3) because every p € P satisfies (3.2). O
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