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1 Introduction

Let W = (W7, W5) be a planar Brownian motion, where W; and W5 are two independent
one-dimensional Brownian motions. Let f : R?> — R be a measurable locally integrable
function. The additive functional, ¢ — fot f(W(s))ds, together with other functionals of
planar Brownian motion such as windings and crossing numbers, have been a subject of
many studies, see for instance Pitman and Yor [23], [25], Hu and Yor [15] for studies and
references. Here, we will turn our attention to the additive functionals. The following two
results describe respectively the first-order and the second-order asymptotic behaviors:

Theorem A (Kallianpur-Robbins [17]) Let fi, fo € L'(R?) and f, > 0, both having
compact supports. Then ast — oo,

fJfl(W(s))ds as. Ci(f1)

fot LT () — Ci(f)’ (1.1)
C
logt/ fi(W(s))ds @, 12(7{1) e, (1.2)

where e denotes a standard exponential variable and C1(f) o Sz f(@)dz.

Ergodic results similar to (1.1) hold for a large class of recurrent Markov process, see e.g.
[2] for a general statement. The convergence in law (1.2) can be extended as the convergence
in terms of processes, furthermore, the following result holds:

Theorem B (Kasahara and Kotani [19]) Assume that f : R — R is a bounded function
such that [ |f(z)||z|"dz < oo for some v > 2. Then as A\ — oo,

/ F(W(s))ds, t > 0) 4 (%Wf)e(t),tz 0), (1.3)

where “YY 7 means the convergence in the finite marginal sense, and (e(t),t > 0) denotes an

inhomogeneous Lévy process such that e(t) is an exponential variable with mean t. Moreover,

if C1(f) =0, then

> >
\F/ FW(s))ds, t o) (Cg(f)ﬁ(e(t)), t_o), A — o0,
where E is a standard one-dimensional Brownian motion, independent of e(-), and

Galf / / log|x — y1f(2)  (s)dedy) - (1.4)

The constant Cy was given in Kasahara [18] by evaluating the asymptotics of the resolvent
(see also Touati [29] for more general Markov process). Let us briefly describe the idea of



Kasahara and Kotani [19]: Identifying C = R? and assuming without loss of generality that
W (0) = 1, we recall the following skew-product representation (cf. [16], pp. 270):

W(t) = R(t)e’ =exp (B(E(t))Jriv(E(t))), (1.5)

=) = /ORf—&, (1.6)

where 3 and v denote two independent real-valued Brownian motions both starting from 0.
Then the additive functionals of the planar Brownian motion can be transferred to that of
the Brownian motion (8, ¥:) on the cylinder R x (R/27Z), with a'cdzefm(mod 27); Therefore,
we can make use of the ergodicity of 7 to solve the two-dimensional problem.

In this paper, our main goals are to unify Theorems A and B and to obtain the fluctuations
in these convergences in law. This will be done by establishing a strong approximation of
the vector of additive functionals ( f(f fi(W(s))ds,1 < j < n). Before stating our results, we
remark that the Lévy process e(-) in Theorem B can be realized as

e(t) € e(o(t/2), t>0, (1.7)

where (¢(t),t > 0) denotes the process of local times at 0 of the one-dimensional Brownian
motion 3 and o(-) is the first passage process of (3:

o(x) o inf{s > 0: 3(s) > =z}, x> 0. (1.8)

The inverse process of (e(t)) is called an extremal process, see Resnick [26] and Watanabe
[31].

Theorem 1.1 Fizn > 1. Let fi,...,f, : R2 = R be n measurable real-valued functions.
Assume that there exists some constants K >0 and v > g such that for all1 < j <n,

K
sup |fi(2)| < , r > 0. (1.9)
sup i@ < T o)

Then, possibly in an enlarged probability space, we may define a version of the planar Brow-
nian motion W, a R"-valued Brownian motion Y = (Y1, ..., Yy) starting from 0 and a process
e such that € has the same law as e, Y and e are independent and such that almost surely
for any 1 < j < n and for all large t,

/0 5w ())ds — A e(10g1) — €4 (£;)Y;@0g1) = o((logt)s™),  (1.10)

2T
le(logt) —e(logt)] = o((logt)'™), (1.11)

where § > 107° denotes some constant, and the covariance matriz of the n-dimensional
Brownian motion Y is given by



E(Y; (1) Ya(1)) = Ca(fy, i), with

Calr) (= [ v [ avsraogly—y|

+50() /R dyf(y) logmax([yl. 1)) (1.12)
Cy(f fo) E(Cz(fj +£Z)()])_C(j;,f)b — fx)) ' (1.13)

The constant Cy(f) is well defined thanks to (3.27) and (3.8). Remark that e(r) is of
order 7 and e(r) > r'~° almost surely for all large r. This shows in particular the RHS of
(1.11) is negligible with respect to e(logt) or to €(logt).

It is essential that the Brownian motion Y and the inhomogeneous Lévy process e are
independent. But Y is not independent of the process e, which is defined from W in terms
of (1.5) and (1.7). We also mention that it is impossible to choose Y independent of W,
otherwise (1.10) would contradict the usual law of iterated logarithm.

Besides the unification of Theorems A and B, we deduce from (1.10) and (1.11) the
central limit theorem for the ergodic result (1.1):

Corollary 1.2 Under the assumptions of Theorem 1.1 and assuming C1(f2) # 0, we have

Jo h(W(s)ds — Cu(f)\ @ N
Viest (G irones ~ a) T B ey e

where N denotes a standard Gaussian variable, independent of e(1) which is exponentially
distributed with mean 1, and

ol 1) = Gares \JCHRIGH) + CHRICH(R) = 26 (R)CA(R)Ca K Cal )G . 1)

It is also interesting to compare (1.10) with the logarithmic average of Kallianpur and
Robbins’ law obtained by Marters ([22], Theorem 1.1).

Theorem 1.1 yields in particular the almost sure behaviors of the additive functionals,
for instance, we can obtain the following laws of iterated logarithm:

Corollary 1.3 Let f : R?2 — R satisfying (1.9) and such that C1(f) = 0 and Co(f) > 0.
We have

y [ fW(s)ds —_ Galf)
im sup = ;
tso00  l1ogt logloglogt V2

a.s. (1.14)



Let k : Ry — Ry be a nondecreasing function such that \/logt/k(t) is a nondecreasing
function. Then

oi‘;zt/f - o

P sup | [ s <)>d|<“_) {V = [oiem i e

o<s<t Jo (t) =00

See also Touati [30] for Strassen-type limit theorems with random normalization.

Chen [7] and [8] obtained (1.14)-type results for a Harris’ recurrent Markov chain, see
[3] for an interesting application. However it is not clear how to reduce the problem for the
planar Brownian motion to a recurrent random walk problem in our settings.

The strong approximations of additive functionals of a one-dimensional diffusion process
or a recurrent Markov chain have been extensively studied, see [14] for a survey and refer-
ences. Let us also mention that Csaki and Foéldes [10] developed a general principle when the
underlying Markov process is point-recurrent, this principle can not be applied here because
every single point is polar for a planar Brownian motion.

The rest of this paper is organized as follows: In Section 2, we present some exponential
moments related to a one-dimensional Brownian motion and a martingale representation;
In Section 3, we state the corresponding results (Propositions 3.1 and 3.2) for the additive
martingales on the cylinder, which imply in particular Theorem 1.1. We prove Propositions
3.1 and 3.2 in Section 4. Finally, some applications to winding numbers and Cauchy process
are given in Section 5.

Throughout this paper, ¢,c,¢” > 0 denote some generic constants whose values may
change from one paragraph to another one, whereas (C;,1 < j < 20) denote some more
important constants which may depend on f; and on v. In the sequel, we write that f
satisfies some condition, say (1.9), to mean that (1.9) holds for f in lieu of f;, and the
condition v > g may be relaxed to v > 1 or v > 2, this will be stated explicitly in each case.
For the sake of notational convenience, we shall sometimes write & instead of £(t).

2 One-dimensional Brownian motion

Let (¢(t,x),t > 0,z € R) be the family of local times of the one-dimensional Brownian
motion 3. Let us write £(t) = £(¢,0) and define

ML inf{t>0:00) >r}, r>0.

2.1 Exponential moments

For the next result see Kazamaki ([20], pp. 9):
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Lemma 2.1 Let (Ny,t > 0) be a continuous real-valued local martingale with respect to the
filtration (G;). Denote by ({N);) its bracket. Then for any (G;)-stopping time T finite or
not, we have

Eexp (|Nrl) < 2 /Eexp 2(N)r).

Recall Borell’s inequality for a Gaussian process (cf. [1], pp. 43, Theorem 2.1):

Lemma 2.2 Let {£(t),t € A} be a centered Gaussian process with a.s. bounded sample

paths, where A denotes some parameter set. Then C4 ]EsupteAS( ) < 00, and

]P(|31€111\)§(t)—04\>/\)§2exp(—2)\—;5), A >0,

with Cs % sup,e, EE2(t).

Denote in this section by (B(z),z € R) a standard one-dimensional Brownian motion
defined on R. We have

Lemma 2.3 Let h: R — R be a measurable function such that

e 1
Colt) ™ [ 11(a) o] oglog(le] +

Then there exists some universal constant ¢ > 1 such that for all 0 < a <

+16)dz < co.

40 , we have

Eexp (a/R|h(x)|B2(a:)da;) < e

In Cg(h), the term loglog(|z| + ﬁ + 16) > 1 comes from the usual laws of iterated
logarithm both for |z| — 0 and for |z| — oc.

, : : : +B(z)
Proof: Applying Lemma 2.2 twice to the Gaussian processes {\/|$| oglog(l - T 418)” ,x € R},
we obtain:
Cr = M Em* < 0,
x def |B(@)| . .
where m* = sup,cg \/\w\ T p——ry < 00, a.s. by the usual law of iterated logarithm at 0

B*(z)

1 1
and at co. Since E =
|z| loglog(lwl+ﬁ+16) 10g10g(|w|+ﬁ+16)

< 1 we have

P(m*> i) <dexp (- 2),  A>0

Remark that

1
/ \h(z)|B*(z)dr < ( / |h(z)] |z| loglog(|z| + — 2] +16)dz = Cy(h) (m*)>.
Hence ]Eexp( Jz |h(z)| B?(z) ) < Eexp (aC6( *) ) < Eexp ((m) ) =c < o0. O
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Proposition 2.4 Let h: R — R be a measurable function such that
/ h(z)|[1 + 2| loglog(|z| + 16)]dz < co. (2.1)
R

Then there exists some constant Cg(h) > 1 such that for all 0 < a < CLS and r > 0, we have

Eexp (a /OTT \h(ﬂs)ldS) < Cge™, (2.2)
Eexp (a‘/oﬁ h(ﬂs)ds—r/_Zh(:c)de < Cge®sr, (2.3)

Proof: According to Ray-Knight’s theorem (cf. [27], Chap. XI), z — £(7(r),z) is the
square of a zero-dimensional Bessel process, which is the unique nonnegative solution of the
stochastic equation

Ur(r),o) = + 2/ Vi) ) dBly), zeR, (2.4)

0
for some one-dimensional Brownian motion (B(x),z € R). Remark that + — 4(7(r),z) is
stochastically smaller than z — (/7 + B(z))?, by using the comparison theorem of diffusions

with different drift terms (cf. [27], Theorem IX.3.7). It follows that for 0 < a < m, we
have from Lemma 2.3 that

Eexp (a /OTT |h(ﬁs)|ds) = Eexp a/|h(x)\€(7’(7"),x)dx)

yielding (2.2). Define

:e/ h(y)dy, = > 0; H(x)d:ef—/ h(y)dy, < 0.

Using the equation (2.4), we get

/0 h(B)ds — 1 / hae = / T h(@) (U (), 7)) — 1)

= [ tt).9) - nir)
- 2/00 H(z) \/E(r(r), ) dB(),



by integration by parts. It is elementary to check that H? satisfies the condition of integra-
bility:

/ H*(z) [1 + |z| loglog(|z| + 16)]dz < oc.
R

Using Lemma 2.1 with N(¢) ¥ 24 [ H(z)\/2(r,,z)dB(z), we obtain that

Eexp (a|/0ﬁ h(B,)ds — r/oo h(x)dw|) < 2\/1Eexp (8 a? /_Z H2(z) L(7(r), x) dm).

-0

Applying (2.5) to H?(z) instead of h, we have that for 8a? <
has been defined in Lemma 2.3),

Wlm) (the constant Cg(H?)

Eexp (a | /OTT h(Bs)ds — 7“/_: h(x)dx|> < 2y/c exp (8a2T /RHQ(:L')dx),

implying (2.3) by choosing a sufficiently large constant Cs. Finally, we shall also make use
of the following simple fact (for example, by using (2.4)):

IE( /OTI %)2 < 0, v> g (2.6)

|

2.2 Martingale representation

Define
B(t) = sup B(s), t>0.

0<s<t

Let (B;) be the natural filtration generated by the Brownian motion 3.
Lemma 2.5 Letr > 2 and u € R. We have
o o tATy
]E(ewﬂ(”) |Bt) = E(ezuﬂ(ﬁ)> + / C’U(T7 U’) dﬁva t 2 07
0

for some (B,)-predictable process (,(r,u). Furthermore

1 >1
Gl )] < 2(=Z22 15,011+ [ullog(1/5.) ).

v

Proof: The two parameters r and u are fixed. Using the Markov property at ¢, we obtain
D, déf]E(eiuﬁ(n) | Bt> = ewﬁ(”)l(pn) + L(t<r,) (Bt By, 7 — &), (2.7)
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with . ~
é(z,y,5) = E, (ew(yvﬂ(“”), y>0Va,s>o0,

where y V @ = max(y, a) and E, (resp: P,) denotes the expectation (resp: probability) with

respect to the Brownian motion (3 starting from z. Write in this proof oy = inf{t > 0: 5, =
0} and define

n(a, s) = Ey (ei“(“vﬁ(”))>, a>0,s>0.

Therefore applying the strong Markov property at oq, E, (ei“(yvﬁ(“)) 1By,) = n(yV B(00), s),
we get

8(r,y,5) = B (nlyV B(0v), )
x * da
= 1(150)77(:% S) + 1(O<z§y) <77(’£/a S)(l - _) + 33/ _277(&7 S))a (28)
Yy y @
by using the fact that if x > 0, P, (ﬁ(ao) € da) = Hlw>e)da. On the other hand, it is
known (cf. [26], [31], [6] pp. 191) that

Py <B(7—s) < a) = ¢%/(20), a,s > 0. (2.9)

Hence © g
n(a’ S) — 6i'ua.—s/(2a.) +/ﬂ; ﬁ Seiub—s/(Qb)'

Observe from (2.8) that 22 = 0 when z < 0. Elementary computations show that for z > 0,
oz

0 n(y, s) > da
%(33,1{/,8) = - y +/y ;n(aas) (210)
A
= lim @@(a, s)
Asoo J, @ oa
A a s
= 4u lim — "0 %, (2.11)
A—o0 y a

Going back to (2.7) and applying It6’s formula to the RHS of (2.7), we obtain that

tATy 6(]5 . tAT,

Di=Dut [ BB -t)d8 = Do+ [ G
0 ox 0

the other terms vanish since (D;) is a martingale. This gives that {,(r,u) = %(ﬂv, By, 7 —Ly).

It remains to bound %. Let 0 < z < y. Using the fact that || <1 to (2.10) yields that

2
‘% S_a y>0
ox Y



When 0 < y < 1, we deduce from (2.11) that 22(z,y, s) — 2(z,1,s) = iu fyl da giua=s/(2a)
Since \3¢($ 1,s)| <2, we have
o) <2l [ e <2t g ),
ending the proof. O
Lemma 2.6 Let v > % There exists some constant ¢ > 0 such that for all r > 2,
i ds I \?2
]E(/ — ) < c(logr)?.
o (14167145,
Proof: Observe that
0 (1+ |/85 1+/6 1<j<r Tj— + |/85 1+ﬁ(7—]—1) 1§j§1‘1+ﬁ(7—j_1)’
with obvious definition of &;. The sequence (fj) are i.i.d. and we have
E(?)-—E(/ﬂ——iﬁ——ﬂ2<cm
’ o (1+15:)" ’
by virtue of (2.6). Thanks to the independence of {; and B;,_,, the sequence (%)j>1
Ti_ =

is a square-integrable martingale difference, hence

(3 i) < w5 S5 a3

)2
1<5<r 1q<1+5%1
1

1 2R i
= VO 2 m“@“ "% )

<< : .
< 4]14:(51)2]14:( _7) . (2.12)
lér 1 + ﬂ(Tj_l)
Applying the strong Markov property at 7,1, we obtain that for [ > 7,
1 1 !
E@—TT——U%A)gE( _ )g c,
1+ B(m-1) 1+ 6(n5) =7
by using the law of 3(r,_;) given in (2.9). This law also implies that IE(1+ 3R S Jc—; for
7 > 1. It follows that
1 2 1
IE( _7> < B +2 E——  E
1;r1+ﬁ(73_1) 12; (1 +5(7—J 1) 1<]2<;<r B(ri—1) 1+ B(n-;)
1
< Y ey z »
1<j<r 1<j<i<r IG)
< '(logr)?, r>2,
which in view of (2.12) completes the proof. O
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3 Additive martingales and additive functionals of Brow-
nian motion on the cylinder

Let G denote the cylinder RxR/(27Z) endowed with the Haar measure dz = dxdf, where z =
(z,6) € G denotes a generic element of G. A Brownian motion X on the cylinder is a Feller
process taking values in G, with homogeneous probability transition (px (¢, (z,6))dzd6):

(€+27rk)
z,0)) = —e = e 2 x,0) € Rx|[0,2n] = G.
pr(t.@0) = se 5 3 (2,0) € R x [0,27]
k=—o0
It is clear that X can be realized as X = (f3,¥), where (3, 7) is a planar Brownian motion,
i.e. B and « are independent Brownian motions on the line, and y'défy(mod 27). The main
result in this section is a strong approximation of additive martingales on the cylinder.

Fixn > 1. For 1 < j <m,let FO:z e G — (FY(2), F7(2)) € R? be n measurable

functions. Assume that there exist some constants v > g and K > 0 such that for all
1<j<n,
sup |FU(z,0)| < L, z eR (3.1)
0<8<2r (14 [z])~

Define the martingales N¥) from X:

t t
NO@) = / FO(X,)dX, = / FI By, 4)dBs + / F(B,,45)ds, t > 0.
0 0 0

Recall (1.7) and (1.8) and that £(-) denotes the local time at 0 of 3. We have

Proposition 3.1 Assume (3.1) for some v > % Possibly in a larger probability space,

we may define a version of X = (3,%) a Brownian motion on the cylinder G and an n-
dimensional Brownian motion Y = (Y1,...,Y,) starting from 0 and a process L such that
L(-) has the same law as £(-), Y and L are independent and such that almost surely for all
1 <j<n and all large t,

NP = \[Co(FO) (L) = o(ti™?), (3.2)
6, — L) = o(t="%, (3.3)

where 6 > 10°° denotes some constant and the covariance matriz of the n-dimensional
Brownian motion Y is given by E(Y (1)Y,(1 )) = Cyo(FD, F®) | with

@@m)ﬁf—i/m/‘w ((FO (@0 + (F9 (@,0))?) (3.4)

Cro(FD, p)y  df 1Co(FO) + FW) — Cy(FW) — FR)
10 ’ 4 \/09 F(]) Cg(F(k) .

11



Similarly to Theorem 1.1, it is essential that the process L is independent from Y. To
obtain Theorem 1.1, we also need an analogue of (3.2) such that (Y;) are independent of
(e(t)), where the process (e(t)) = (£(c(t/2))) is defined in (1.7).

3

Proposition 3.2 Assume (3.1) for some v > 5. On some suitable probability space, we

may define a version of X = (8,7), a n-dimensional Brownian motion ¥ = (Y1,...,Y,)
starting from 0 with the covariance matriz (Cio(FY, F®)))i<;r<n and an inhomogeneous
Lévy process €(-) such that Y and €(-) are independent, € has the same law as e and such
that almost surely for all large r and for all t € [o(r — 2logr), o(r + 2logr)], we have

NP —\[Cy(FO)Y;(E(2r)) = o(r™), (3.5)
le(r) —&(r)| = o(r'7). (3.6)

for some positive constant § > 1075,

Let us postpone the proofs of Propositions 3.1 and 3.2 in Section 4. The rest of this
section is devoted to a strong approximation of additive functionals on the cylinder and to
the proof of Theorem 1.1.

3.1 Additive functionals of X

Let g : G — R be a measurable function. First we define two constants related to g (when
the integrals are well defined):

27
Cu(9) = —/ dm/ df g(z,0), (3.7)

Culg) ¥ (-55 /G dede/d0at g, 0)g(s' ) log e — e
X

+ Cin(g / / o(z,6) dxd&) (3.9)

The constant Ci is well defined, see (3.15) below. Now we will prove the following conse-
quence of Proposition 3.1:

Corollary 3.3 Fizn > 1. Let g1,¢o,...,9, : G — R be n measurable functions. Assume
that there exist some constants v > g and K > 0 such that for all 1 < j <n,

K
su (z,0) < ———, r € R 3.9
0505%71_ |gJ( )| (1 + |$|),, ( )

Then, possibly in a larger probability space, we may define a version of X = (3,%), an
n-dimensional Brownian motion Y = (Y1,...,Y,) starting from 0 with covariance matriz

12



(Ci3(fj, fx))jk<n and a process L such that L(-) has the same law as ((-), Y and L are
independent and such that almost surely for all 1 < 7 <n and all large t,

/0 gi(X(s))ds — Cu1(g) £(t) — C1a(g;) Yi(Ls) = o(ti™?), (3.10)
6, — L] = o(tz?), (3.11)

where § > 107° denotes some constant and

aet 1 (Cia(g; + g8))” — (Cralgs — gk))Q'

Cis(g;, k) =
13(g] 98) 4 Clz(gj) Ci2(9k)
First let us introduce some notations. Let g be any of the functions g1, ..., g, of Corollary
3.3 and define
def 1 2 def
g(z) = %/ g(z,0)do, h(z,0) = g(z,0) — g(z), (z,0) € G. (3.12)
0

Note that [ dfh(z,0) = 0 for any z € R and h satisfies (3.9). According to Kasahara and
Kotani ([19], formula (2.1), pp. 141), we define

o] 27
F(z,0) = U + h{z, 0) = / / A0 (z — o0 — O Az, &), (3.13)
—o0 J0

where U x h denotes the convolution of A with the function ¥ under the Haar measure, and
U is defined by

e 1 ;
U(z,0) o Py log e — e | = W(z, —0). (3.14)
T
We need the following elementary estimates on the partial derivatives of F':

Lemma 3.4 Assume that g satisfies (3.9) with some v > 1. Recall (3.8). We have

Cc

S VF|(x,0) < ——m, c R
JJup VEI@0) < qome @
. 1 [® 7 9F , OF,
Co) = 5- [ do [ ab((Gr@0)+a@) + G @oF). 615)
where
def > _ def y _
a(y) <2 / i), y> 0 () —2 / dzg(x), y < 0. (3.16)
Y —00

Proof: Elementary calculations (cf. [19], pp. 136) show that

ov _ sgn(z)(cosd — e l*)elel 1

a—m(x, 0) = - W‘ew — 67|w||2 € L (G, da:d@),
ov el sin @

7= = 7 o .

50 (z,0) I € L (G,dxzdb)
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It follows that

F
|‘;—x(x,9)| _ |/ Wz — o0 — 0)da'do|
9 ! /
< 2K dz'df
1+|:U—a:’|
<
= (At +|$|)

The same holds for %{;

To show (3.15), we may assume without loss of generality that g is regular (for example
g € C?), the general case follows from the usual approximation argument. Therefore, we

have L, 5 o

It follows from the periodicity on @ that the RHS of (3.15) equals

= 5 dx/ df|VF *(z,6) + /d:rqz(x)

1 27
= —/dx dOh(x,H)F(:E,H)—i-/dqu(x) integration by parts (3.17)
T JR 0
1 ,
= —— dzdz'd9de' h(z, 0)h(z', 0') log |0 — e~lz=2'112 4 / drq?(z)
21% Jaxa R
1 N ’ J
= -7 dzdz'dode’ g(x, 0)g(a', 0') log |10~ —e‘lw_‘”|2+/dxq2(x), (3.18)
21° Jaxa R

where the last equality follows from the elementary fact
2w )
/ df log e —r|> =0, Vo<r<l.
0

. 0! 12 _ . 1150012 .
Since |e!(0=0) — e=l2=2l|7 = g—2max(z.2’) |gz+il _ o2'+i0"|°" olementary computations show

that the sum in (3.18) coincides with the RHS of (3.8), which is C%,. O
The following result is a first-order approximation of the additive functionals fot 9(X;)ds:

Lemma 3.5 Assume that g satisfies (3.9) with some v > 2. For any € > 0, we have

t
/ 9(Bs, ¥s)ds = C11(g) £(t) + O(ti“), t — 00, a.s.
0

where C11(g) has been defined in (3.7).
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Proof: We decompose the additive functionals fot 9(X;)ds as

/Otg(Xs)ds = /Otg(ﬂs)ds + /Oth(ﬁs,%)ds. (3.19)

According to Cséki and Foldes [10] (here we need v > 2),

t
/ 9(Bs)ds = Ci1 4y + o(t1°), a.s.,
0

it remains to show that .

h(Bs, %s)ds = o(ti ), a.s.
0

If g is in C%, we apply It6’s formula with (3.17):

t
F(Br ) — F(Bos50) + / h(Bs, 34)ds

ta—F(
0 a:E

. t oF . def
/Bsa ’Ys)dﬁs + %(ﬂsg 78)d75 = Mt? (320)
0

is a martingale. Using the approximation of g by regular functions and Lemma 3.4, the
equality in (3.20) also holds for all ¢ satisfying (3.9). It turns out that

t
EM; = E/ [VE[(By, 45)ds
0

t ds
<enf T
o (L+1B8:)>
= CQ/dx(1+\x|)_2”]E€(t,x)
R

< Vi, t>0,

since E4(t, z) < El(t,0) = \/Q;t . Using Doob’s maximal inequality for martingales, we obtain

that for %, def 2",

e 2
P(sup | M| > t,,* ) <2t </,

t<tn

whose sums on n converges. The Borel-Cantelli lemma together with the monotonicity imply
1

that M; = o(t1%¢), a.s. O

Proof of Corollary 3.3: For the notational convenience, we only consider the case n =1
and ¢ = ¢g;. To obtain the second order approximation, we first deduce from Tanaka’s
formula that

t t Bi
/0 3(8.)ds = Cun(g) b + / 4(B:)dB, — / ¢(@) dz, (3.21)
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where ¢(-) is defined in (3.16). The term foﬁ "q(x) dz is bounded due to the integrability:
Jz la(z)|dz < oo. This together with (3.19) and (3.20) implies that

t Bt
/0 9(X)ds = Cu(9)ly + Qu + F(Xo) — F(X)) — /0 drq(z) (3.22)

with F(Xo) — F(X;) — [ g(z)dz = O(1) and

t
e )d 3,
Q. t+/0q<ﬂ>ﬂ

tOF . LOF }
= [ GG +aBds+ [ GGt

Note from Lemma 3.4:

C
sup |VF|(z,0)+ S —
ogélgpzn| |(,0) + |g(=)] 5 )

then we can apply Proposition 3.1 to (@);) and obtain Corollary 3.3, the constant Ci2(g)
follows from (3.15). 0

3.2 Proof of Theorem 1.1

Just like as Corollary 3.3 was a consequence of Proposition 3.1, the next corollary follows
from Proposition 3.2 in a similar way, hence we omit the details of its proof:

Corollary 3.6 Keeping all notations and assumptions of Corollary 3.3 we may define on a
possibly larger probability space a version of X = (8,7), an n-dimensional Brownian motion
Y = (\Y1,...,Y,) starting from 0 with covariance matriz (Ci3(gj, gk))jk<n and a process €
such that' Y and € are independent, €(-) has the same law as e(-) and such that almost surely
for all large v and any t € [o(r — 2logr),o(r + 2logr)], we have

/0gj(X(S))dS—Cll(gj)e(27“)—012(93')5?(5(27“)) = o(r2™), (3.23)
le(r) —e(r)| = o(r'™). (3.24)

The factor 2 in e(-) comes from the fact that £(o(r)) = e(2r).

Proof of Theorem 1.1: We give the proof in the case n = 1. Write f = f;. Using the
skew-product representation (1.5), we have

t =(¢) , E(t)
| 1w nds = [ dwero e = [ g0x ),
0 0 0

16



where ¥(s) % v(s)(mod 27), g(z, ) % €27 f(e2+1) and
Z(t) = inf{u > 0: / dse”®) > ). (3.25)
0

Now we need the following result;

Lemma 3.7 (Shi [28]) For any s,t > 0, we have

~

IF’(E(t) ga(s)) < 2exp(——e*2s)

W

2s

16t>’

3N}

P(E(t) > a(s)) < 4dexp ( =

where we recall that o(s) o inf{u > 0: 3, > s}.

Using the above Lemma and Borel-Cantelli, it is standard to obtain that almost surely

for all large ¢,

logt logt
0(% —loglogt) < E(t) < a(% + loglogt). (3.26)

Now Theorem 1.1 follows from Corollary 3.6 since we may define W through X by (1.5)
and (3.25). Finally,

Ci(f) = 2nCulg),
CQ(f) = ClQ(Q)a (3-27)
Cs(f, fr) = Cizlgj, ),

with obvious definitions of g;, g, from f;, fz. Finally, we obtain (1.12) and (1.13) by change
of variables. O

Proof of Corollary 1.2: It immediately follows from Theorem 1.1. O

Proof of Corollary 1.3: The proof goes in the same way as in Theorem 4.2 of [11]. The
details are omitted. |

4 Proof of Propositions 3.1 and 3.2

Let us only consider the case n =1 and ® = F) : 2 € G — (®,(2), ®2(2)) € R?, the general
case follows exactly in the same way, and we shall explain how to compute the correlation
matrix when n > 2. Assuming that ® satisfies the condition (3.1), define

def

t t t
N, /0 B(X,)dX, = /0 B1(Ber3)dB, + /0 Oo(fri)drs >0, (A1)

17



The goal is to approximate the continuous martingale N; by a Brownian motion time-
changed at £(t) such that this Brownian motion is either independent of £(-) (Proposition
3.1) or independent of (£(o(-))) (Proposition 3.2):

Dubins-Schwarz’ representation theorem of continuous martingale implies that
Ny = B((N)1), (4.2)

with some one-dimensional Brownian motion B. It follows that

(V) = / 07 (s = [ @100 + B0
= Co(®) £(t) + o(ti™°), t — oa, a.s., (4.3)

by using Lemma 3.5. But we can not choose a Brownian motion B independent of #(-) or
independent of £(co(-)) at this stage. The independence will be obtained by using Berkes and
Philipp’s lemma:

Lemma 4.1 ([4]) Let (mx,k > 1) be a sequence of random wvariables with values in RY,
adapted with respect to some filtration (F). Let {gy, k > 1} be a sequence of characteristic
functions of probability distributions Gy, on R%. Suppose that for some nonnegative numbers
Gk,ék and ®k 2 108d,

E‘E(eiz"k |.7-'k,1> — gk(z)‘ < €, VzeRe, |z| < Oy,

and

Gy (=112l > %) <6

Then without changing its distribution we can redefine the sequence {ng, k > 1} on a richer
probability space together with a sequence of {Yi, k > 1} of independent random variables
such that Yy has characteristic function g and

]P’<|77k - Y > alc) < oy

and
log O

k

Let (F:) be the natural filtration generated by X and denote by E, ¢ the expectation
with respect to the Brownian motion X starting from X, = (z,6) € G. Let us present an
exponential moment estimation:

Lemma 4.2 Fiz v > 2. Assume that g : G — R is a measurable function such that for

some constant b > 0,

b
sup z,0) < ——m— | r€R
0<0<2n 9(@,9)] (1 + |=])~

18



There exists some positive constants C14(g) > 1 such that for all 0 < a < (1%4 and r > 0, we
have

[Eo,9 exp (a‘ /OTT 9(Bs,¥s)ds — Cn(g)TD < Oy el (4.4)

2

Boo( [ 9(Buidds = Cutar)” < Cur 21, (4.5)
where Cyy is defined in (3.7).
Proof of Lemma 4.2: Recall (3.12). Applying (2.3) to g(-) implies that
Eexp (a‘ /OTT 9(Bs)ds — Cn(g)rD <de " r>0 0<a< é,

for some constant ¢’ > 1 depending on g. Recall the martingale (M;) defined in (3.20). We
have

/0 " (B 3n)ds — Cur(g)r = / " (B ds — Cur(g)r + M(r,) + F(0,50) — F(0,4,,).

Using successively Lemmas 2.1, 3.4 and (2.2), we obtain

Eo,p exp (a|M(7’T)|) < 2\/]E0,9 exp (2a2(M)(TT)>

- z\/Eo,a exp (202 [ [VP2(5.,70)ds)
0

< 2\/]Eexp (2c2a2/ T(l—i— |ﬂs|)_2"ds)
0

: 1
< 2 /08(7/) eCs(u)clazr’ if 26242 < CS(V)’

where Cg(v) > 1 denotes the constant in (2.2) corresponding to the function h(z) = (1 +
z|)72. Let ¢ = max(¢,2(c +1)?Cs(v)). Then a < J implies that 2¢%a? < Cgl(lj)' Hence,
we have shown that

I ].
Eogexp (aM(r)]) < e, 0<a<-

c '

The continuous function F'(0, -) is uniformly bounded by some constant, say co(F). It follows

from Cauchy-Schwarz’ inequality that for all 0 < a < ﬁ, we have

62c0(F)a \/EO 0€2a| foﬂ g(ﬂs)dstn(g)r| \/EO 0€2a|M(TT)|
6co(F)/c” el 62(c’+c")a2r

n_c"a?r
Cc e

E, 9€a| Lo g(ﬂs,"Ys)ds—Cn(g)T|

IN

VANPVAN

?
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with ¢ & eco(F)/¢" 2(c" + ") > 2¢" > 2. Using the above estimate together with the elemen-
tary inequality: z2 < 2 (d")?r exp (C,,‘,\‘[) we obtain that for all 0 < a < ,1,,,

EO,H‘/ g(ﬂs; ﬁ’s)ds — 011(9)7“ < 2(0111)3 e1/cm r < 4(0’”)37“
0

Finally, we choose C14 = 4(¢"")® and both (4.4) and (4.5) are satisfied. O

We shall use several times the following estimates:

Lemma 4.3 Assuming that ® satisfies (3.1) for some v > 1. There exists some constant
C15(®) > 1 such that for all T > 1, |u| < %, we have

Egge™s | (VM ~Cotor|

IN

Cis, (4.6)

2
L((N,N)TT_CQ(Q)"')_]_| < Crsu (4.7)

]EO,G \/77 ’

for any 0 € [0, 27|, and Co(P) has been defined in (3.4).

Proof: By the condition on P,

‘d<N, B)s |
ds

=[®(X,))? < K? (1+8))™™. (4.9)

< K (1+8)™ (45)
d{N, N)
ds

Applying Lemma 4.2 to g = |®|? and a = 2u?/r < 2/C% < 1/C14(]®|?) implies (4.6). Using
the elementary fact that for z € R, [e* — 1| < |z|e/®/, (4.6) and Cauchy-Schwarz’ inequality,
we have

Eogle’ (M —cator) _ g

2
< u?\/]EO,G (<N; N)Tr _09( ) ) ane ” (NN).,chg(q,)T)

2
u
< V0uCis 7
by virtue of (4.5). 0

The main technical lemmas are the following Lemmas 4.4 and 4.5:

Lemma 4.4 Assume that ® satisfies (3.9) with v > 3. For u,v € R with |u| < r'/*/Cy;
and |v| < r, we have that for any 0 € [0, 2],

2

aneww(n)m B(rr) @2 )| < clullogr Lo

vrooor
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Proof: Recall that (F;) is the natural filtration generated by (83,7). Lemma 2.5 implies
that

def [ iy Blre) EATr v
D, = E(e“’ v \ft) =Do+/ Cs(T,;)dﬂs,
0
with Dy = Ee® o) = Fe™vB(m) by the Brownian scaling property, and
v 1G.>1 |v] =
G ) < 2( L2220 115 (14 T log(1/8,))).
B, r
Let
R, = exp (z‘iN + “—2(<N> — Cg(cb)r)) = G2 4 — R dN,
t NG s t \/— :
Define R} o SUPg<s<¢ | Is|- Then by Lemma 4.3,
1/4
E(R: )" <Ee'r NN =Cor) < Oy lu| < — (4.10)
Cis
We have d(R, D) = i%RSCS(r, 2)®,(X;)ds, hence
1+ 3,1 if 3, > 1
d(R,D 2clu| ., . ( s s ’
ALy < 20 R 1) - w1n)
1+ Yog(1/8,) if B, <1.
First we prove that
clu|logr
R, D,) = Ry Do < 9= 287, 4.12
oo (e, Dr,) = Ro Dol < == 2 (4.12)
To this end, we remark that
[Eoo(Br, Dr.) = RoDo| = [Eoo(R, D)y, |
2K\u| ( T’“ YRS
< Booft, [ (14 1) -L2s
BB, [+ 180) 15,01+ 10s(1/5,)d5)
0
def  2K|ul (
te Ji+ ),
Jr 11T J2

with obvious definitions of J; and J,. By using Cauchy-Schwarz’ inequality and Lemma 2.6,

we have
r ds \2
* )2 —v_ T !
Ty < 1/Eop(R2) \/an(/o +18D™ 15 ) <dlogr, r3>2.

S
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Recall (1.8) for o(z). Again from Cauchy-Schwarz’ inequality,

(1) S —\2
Jo < (Cup) " \/E( | s hes/8) = ¢ < .

where we may obtain the square integrability of [ +“igs|),(1 + log(1/8,)) by using the
following argument: for n > 1,

o(1) ds o) s
B (1410g(1/B,) < S°(1 + k) / .
/a(e—n) (1+[Bs])” ( /8 Z e=k) 1+ 185

It is easy to obtain that the second moment of the above sum (of independent variables) is
uniformly bounded with respect to n, hence ¢” is finite and (4.12) follows. Finally, we have

cu?

— 7"1/2’

. N'r T 2
( r)+zv5( 7) 6157“]\])” ~Cor) _ 1‘

\Eo & —Eo4R, D, | <Koy

by (4.7). This together with (4.12) completes the proof. O
Recall the Fourier transform for the stable law 7;: Ee®®™ = exp(—+/|v|(1 —isgn(v))),v €

R

Lemma 4.5 Assume that ® satisfies (3.9) with v > 3. There ezists some constant C1¢(g) >
0 such that for any 0 € [0, 27], |u] < %, v E€R and r > 2, we have

Co(@)u? U |u||v‘1/2

]EO,aei%N(Tr)"'ir%T’ —e 2 GXP(—\/M(l - ngn(v)))‘ < Cle (\/_ " ﬁ

). (4.13)

Proof: Let
V[Vl

r

w (1 -1 sgn(v))
Observe that the process

¢
Sy def exp (z:—Qt —w(|B] — b+ 7‘)) =Sy —w / S, sgn(Bs)dps, t>0,
0

is a martingale such that S,, = €®™/™. Furthermore, SUPg<s<s, |Ss| < 1. Using the martin-
gale (R;) introduced in the proof of Lemma 4.4 and (4.8), we obtain that

‘EO,G (RTTSTT)_ROSO| = ‘E09<R’S>TT|
o Jul ” »
< K lw|Bo (R /0(1+|ﬂs|) ds)

< K Shful\fRoq (R \/E( | 1m v as)

July/fo]
v
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by means of (4.10) and (2.6). Therefore we have shown that

N(T’I‘) _ r Z'v‘l'_r _ ﬁ . \/
‘]Eoe ( A B (N, ’2) —e @7 exp(—(1—1 Sgﬂ(v))\/m)‘ sc s ‘U‘,

which together with (4.7) implies Lemma 4.5. O
Proof of Proposition 3.2: Let ¢, = k” with p > 20 and £ > 100. Define

- <N(7’tk) — N(y ,) SUPr, | <s<r, ﬂ5> = (4. )
Vi =t =t SRR

The strong Markov property implies that for z = (u,v) € R?, we have
i2- . N()+i%B
]E(elz U |thk71; V(Ttk,l) — 0) — EOH (e NG ( )+ 'r )’
with r = tk — tk—l- Let
u2 -l
g(u,v) = e 5 Eeh(m), u,v € R,

be the joint Fourier transform of a Gaussian variable AV(0,Cy) and an independent copy of
B(11), whose law has been given in (2.9).

Applying Lemmas 4.4 and 4.1 with ©, = ks , we get that for all |ul, [v| < O,

E|E(c= | F, ) -~ 8(2)

3(» 1)

< Kk~

It follows from the Gaussian tail and the distribution of 3(7;) given in (2.9) that

Gk( |z|>%) < K ko078,

Hence we may Construct a sequence {7 = (Z,(cl), Z( )) k > 1} of i.i.d. variables and a
version of {n = (77,(c ) N ) k > 1} in a sufficiently large probability space such that the two
sequences (Z,gl)) and (Z,EZ)) are independent and that

g

A%
P(\ﬂk — Zk| > a’k)
ap < ckPmD/16 log k.

N(©0,Co(®), 2P B(r),

O,

IN

The Borel-Cantelli lemma yields that almost surely for all large k, |nx — Zx| < . Hence

N(m,) = Y. n) Vi —tio = Z Z0 St =ty + o), (4.14)
k=1

B(r,) = lrg,ggn<n,?)(tk—tk_1)>—lm,gg (20— tea) + 0P, (4.15)
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where the error terms @%1) and <I>7(12) can be estimated as follows: almost surely as n — oo,

7,9
o] < Zak\/tk—tk 1+ 0(1 <On % logn) < O(t a1 " logtn),

_ﬁ
16

23] < max( k(te — tee1)) + O(1) < O(th° ™ logt,).

" 1<k<
Lemma 4.6 ([4]) Let S;,i = 1,2,3 be separable Banach spaces. Let F be a distribution on
S1 X Sy and let G be a distribution on Sy X S3 such that the second marginal of F' equals the
first marginal of G. Then there exist three random variables Z1, Zy and Z3 defined on some
probability space such that

(20, Z:) & F, (%, Z3) & G.

d (4.15) as follows: Possibly in an
7,), (7)) and a Brownian motion
has the same law as 3(7.) and

Using repeatedly Lemma 4.6, we may rewrite (4.14)
enlarged probability space, we may define a version of (

2
o~k

Y and a process 7, such that Y and 7T are independent, T
LA
IN(13,) — V/Co(®) Y (t,)| < Oft }f ' logt,), (4.16)
15 15
3 16~ 165
tn) n I n .
1B(1,) — T(t,)] < Oft ? logty). (4.17)

Recall the following result on the increments of a standard Brownian motion (cf. [12],
Theorem 1.2.1): For a non-decreasing function 0 < a; < ¢ such that t/a; 1 +o00, we have
1

lim su su sup |Y(s+v)—Y(s)| =1, a.s. (4.18
oo V/2a;(log(t/a;) + loglogt) 0<s<wP as 0<v£at Y ) )l (4.18)

Using (4.2), (4.3) and (4.18), we obtain that almost surely for all large k (¢, = k”), we
have

sup — [N(s) = N(7(t))| = sup [B(u) — BUN)(7(t)))]

7(tk) <s<T(tht1) (N7 (tr)) Su(N)(7 (k1))
< 3v/Co (tesr — i) loglogk
1_1
< t7 *logk.

The same holds for the Brownian motion Y:

1_ 1
sup [Y(6) V()| <t; *logh.

T(tg) <s<T(thy1)

It follows that almost surely for all large r, 7y, <r <7, ,,, we have ¢, < £, < 2y/rloglogr
and

N(r) = N(r,)+ 0@t " logh) = \/Co(®) Y (te) + O(t: ™)

= VCo(®) Y (L(r)) + O(ri~%), as., (4.19)
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with e < min(35 — %, 2%0)

We also need the increments of the process e(t) = ¢(o(¢/2)). Remark that for r > 10,

P(£(or + 277%) = Hlo(r = 20'1%) > 7)< P(6lo(ar'=) > r=P) = TP,

since /(o(t)) is exponentially distributed with mean 2t¢. It is routine to apply the Borel-
Cantelli lemma and the monotonicity and obtain that almost surely for all large 7,

o (r +1172)) — t(o(r — ri=</?)) < pi=e/3, (4.20)

Similarly, we have that almost surely for all large r,

l(o(r+2logr)) — £(o(r — 2logr)) < 16log?r. (4.21)

Let I'® 7! denote the inverse process of T and define e(r) = I['(r/2). Hence €(-) has the
same law as e(-). Using (4.17) and (4.20), we can show that for all large r,

Ty — l(o,)] < rl=e/6,

In fact, for large r, there exists a n such that E(Ttn_l) <r < B(m,), then t,_; < £(0,) < t,.
By (4.17), r < B(r,) < T(t,) +t.=¢. Since T~! has the same law as £(o(-)), we deduce from
(4.20) that T < T H(T}, + £29) <ty + (T(ty)) % < t, + tn /" since t1¢ < (T, )" </
Similarily, we have T, ! > ¢, — t,l:l/ * Hence

T, — £(0,)| <ty =ty + 2627/ < 3g1=¢/4 < p1=e/6,
n n

Assembling (4.18) and (4.21) and applying (4.19), we have that almost surely for all large
r and for all o(r — 2logr) <t < o(r+ 2logr),

/Cs(®) Y (£(0,)) + O(r1=9/2) = /Co(®) Y (T,) + o(r?—),
proving Proposition 3.6 for the case n = 1, and we may choose p = 160, ¢ = - and

5 =¢/16 > 1075, O

Proof of Proposition 3.1: The proof goes in the same way as Proposition 3.2, by consid-
ering the sequence of vectors

(N(Ttk) - N(Ttk—l) Tty — Ttg_1 )
Vie—tior (b — th1)?/’

and by applying Lemma 4.5. The details are omitted.

t, = k°, p > 10,

Let us compute the correlation matrix. Assume (3.1) for F®) ..., F(®_  Define N; the
martingale from F) in the same way as N was defined from ®. Then by using Lemma 3.5,

we have _
(Nj, Np)(t) = Ciz(FD, F®)) 0(t) + o(t'*+),  as.,
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where
. 1
Cyo(FO, pk)y & dx / d9 X)FP(X,) + F9 (X, )Fgm(xs)]
R 0
_ E[C’Q(F(J) 4 F >) — Cy(F) — F<k>)],

Therefore, the correlation matrix is given by

(k))def 017( F) F(k)) 1 CQ(F(j) + F(k)) - CQ(F(j) - F(k))'

C F(j),F
tof VCo(FD)Cy(F®) 1 VCo(FO)Cy(F®))

5 Some applications

5.1 Winding numbers

Recall (1.5). The process () describes the total winding angle of W around the origin.
Define

t
o™ [ Wb, txo
0
Where f: Rt — R is a function satisfying

K

flz)| < (o Noga)”” z>0

with some K > 0 and v > %

Using the skew-product representation (1.5) and (1.6), we have
2(t) 5
e = [ 5 d.
0
In view of (3.26), we deduce from Proposition 3.2 that in a suitable probability space

5 = ( /0 h @dr) Y Y Bllogt) + of(logh

for a one-dimensional Brownian motion Y, independent of the process €. This allows us
to obtain the upper and lower functions for I1(¢) as in Corollary 1.3, the details are omitted.

6

l\Jl"‘

a.s.,

Let 0 < ry < 7y < 0o, then the particular function f(z) = 14, <qs<r,) gives winding in a
ring. See Messulam and Yor [21] for studies of convergence in law, Shi [28] (case 71 = 0 or
ro = 00) and Dorofeev [13] for upper and lower functions.
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5.2 Additive functionals of a Cauchy process

Let (C(t),t > 0) be a symmetric Cauchy process on R, which means a Lévy process with
marginal distribution

tdx

= eR, t>0.
2 +a2))

P(C(t) e da:) =

Several interesting geometric quantities such as level crossings have been studied in [24]
and [5]. Let f: R — R. Kasahara [18] studied the additive functional [ f(C(s))ds and
obtained its second-order behavior similar to Theorem B. The goal of this paragraph is to
obtain an analogue Theorem 1.1 for Cauchy process, by using Spitzer’s representation of
C(-): Let W = (W;,W>) be the planar Brownian motion starting from (1,0). Denote by
Ly(+) the local time at 0 of W5 and 75(-) the inverse process of Ly(-). Then the process

CHE W (n@®), t>0,

is a symmetric Cauchy process starting from 1 (the starting point does not influence our
result). Recall that X is the Brownian motion on the cylinder: X, = (f;, ¥s),s > 0.

Lemma 5.1 Let f : R — R be a measurable function such that for some constants K > 0
and v > 2, we have

K
160 S e £ RO 6:)
Then
s
E(r2(1))
—CuDUEmON + [ (G + w()ds+ G (X)d.)

B(E(T2(t)))
FR(X0) — Fa(X(E(ma(t)))) — / drqo(2),

where, using the function ¥ given in (3.14), we define

Culr) ¥ o [
Fy(z,0) & / dz'e” <f(e$')‘ll(3: —2',0) + f(—e")U(z —2', 0 — w)), z €R, 6 €[0,27]
R

™ ™

o) 9L / Fw)dy, if ©>0: qo(a) — L / F)dy, if z<0.
ly[>e® ly|<e=
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Proof: Assume without loss of generality that f € C*(R — R) has compact support. Let
fe : R? — R defined by

def 1
fe($1,$2) = f($1) E 1(0<z2<e), z1,%2 € R

Define g : G — R by
9e(z,0) L 2 £.(e70) = €27 £, (% cos b, €% sin 6), (z,0) € G.

Therefore using Spitzer’s representation and change of variable,

t T2(t)
/0 f(C(s)ds = / £ (Wi (1)) dLy(u)

= lil% feWi(u), Wa(u)) du (approximation of local time)
€—> 0
E(2(1))
= lim 9e(Xs) ds. (1.5) and (1.6)
=0 Jo

Recall (3.12), (3.13), (3.16), (3.19) and (3.20). We define A, F,, g. and M, from g, in the
same way as h, F\,q, M was defined from g. Then (3.22) holds for g, instead of g, which
implies the Lemma by letting ¢ — 0. O

Applying (3.26) gives that almost surely for all large ¢, o(logt — 3loglogt) < E(7(t)) <
o(logt + 3loglogt), since % < 1(t) < t?log®t. Applying Proposition 3.2 to the above
lemma and using (4.21), we obtain

Proposition 5.2 Assume that fi,...f,, : R = R are n measurable functions such that for

some constants K > 0 and v > g, we have
TOIE—— 1<j<n zeR\{0}
()] < , <j<n,zx .
! || (1+ |log |z[|)”

Then we may define a version of a Cauchy process C(-), an n-dimensional Brownian motion
Y = (Y1,...,Y,) starting from 0 with covariance matriz (Cao(f;, f))i<jk<n and two inhomo-
geneous Lévy process e and € such that Y and € are independent, € has the same law as e
and such that almost surely for all large t, we have

/Ot £;(C(s))ds — Cis(f;) e(21ogt) — Cuo(f;) Y;(8(2logt)) = of(logt)z™%),
le(logt) —&(logt)| = o((log?)'~?),

for some positive constant 6 > 0 and

Culf) & (=5 [ do [ ad 1@ ) logle -
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2 1/2
tCulf) [ ) toslaiia)

det 1 (Cro(fj+ fi))’ = (Cro(f; — fi)*
Caoldi o) = 4 Cio(f5) Cro(fr)
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