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1. Introduction and main results

Consider a simple symmetric random walk {S,}>°, starting at the origin 0 on the d-
dimensional integer lattice Z4, i.e. Sg =0, S, = >;_; Xy, n = 1,2,..., where Xy, k =
1,2,... are i.i.d. random variables with distribution
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P(Xl = el-) = P(Xl = —ei) = ﬁ’

i=1,2,..d

and {ej,es,...e;} is a system of orthogonal unit vectors in Z;. Define the local time of the
walk by
E(x,n)=#{k: 0<k<n, Sy=x}, n=12..., (1.1)

where x is any lattice point of Z;. The maximal local time of the walk is defined as

£(n) = max(x,m). (1.2)
Define also
n(n) := max (S, c0). (1.3)

Denote by v(n) = 7(n;d) the probability that in the first n — 1 steps the d-dimensional
path does not return to the origin. Then

l=~(1)>~2)>..>7(n)>..>0. (1.4)

It was proved in |2| that
Theorem A (Dvoretzky and Erdés [2]) For d > 3

lim y(n) =y =v(c0;d) > 0, (1.5)
and
v <2(n) <v+0m'"="?), (1.6)
or equivalently
P(£(0,n) =0, £(0,00) > 0) = O (n'~*?) (1.7)

as n — oo.
So ~ is the probability that the d-dimensional simple symmetric random walk never
returns to its starting point.
Let £(x,00) be the total local time at x of the infinite path in Z;. Then (see Erdds and
Taylor [3]) £(0,00) has geometric distribution:
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P(£(0,00) = k) = v(1 — )", k=0,1,2,.. (1.8)

Erdés and Taylor [3] proved the following strong law for the maximal local time:
Theorem B (Erdés and Taylor [3]) For d > 3
tim 27

n—oo logn

a.s., (1.9)

where
1

P U
7 Tlog(1—7)

(1.10)

Following the proof of Erdés and Taylor, without any new idea, one can prove that

lim i’(’g‘z =\ as (1.11)
We can present a stronger lower estimate of £(n).
Theorem C (Révész |10]) Let d > 4 and
w(n) = (n, B) = Nogn — ABloglogn. (1.12)

Then with probability 1 for any € > 0 there is a random variable ng such that
§(n) = ¢(n,3 +¢)
if n > nyg.
Erdés and Taylor [3] also investigated the properties of
Q(k,n) =#{x: x€ Z,, £&(x,n) =k},

i.e. the cardinality of the set of points visited exactly k times in the time interval [1,n].
They proved

Theorem D (Erdés and Taylor [3]) For d > 3 and for any k=1,2,...

lim @k, n)

n—oo n

=21 — )" a.s. (1.13)



Let

Ulk,n) =#{j: 0<j<n, {Sj,00)=k, S; #S, ({=1,2,...

= #{xe€ Z;: 0<{(x,n) <E(x,00) = k}.
Repeating the proof of Theorem D one can get
k
lim Uk, n)

n—oo n

forany k =1,2,....
Define furthermore

<.
Il
ol

<
[
B

It follows that for fixed £ > 1

k
lim Bk, ) = (1 — )k ! a.s.
n—oo n

k
lim Vik,n) =y(1 — ) a.s.
n—oo n

= 2(1 — ) a.s.

J— 1)}

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

The properties of these quantities were further investigated (for fixed k) by Pitt [8] who
proved (1.13), (1.15) and (1.18), (1.19) for general random walk and by Hamana [5], [6] who

proved central limit theorems (in general case for d > 3).

In this paper we study the question whether k can be replaced by a sequence t(n) =t, /

oo of positive integers in (1.13), (1.15), (1.18) and (1.19).

Theorem Let d > 3, and define
p=p(t) =1 -9
tn :==[(n,B)], B> 2,

where Y (n, B) is defined by (1.12). Then we have

U(t,n)
nyp(t)

lim sup
n—00 i

—1‘:0 a.s.
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t
lim sup Qi) 1|=0 a.s. (1.23)
o0, [y (t)

t
lim sup Vit,n) 11=0 a.s. (1.24)
n=o0 <y, | nju(t)

t
lim sup Rtn) 1|=0 a.s. (1.25)
"= i<y, | npu(t)

Here in sup,., , ¢ runs through positive integers.
(1.25) of Theorem clearly implies (compare to Theorem C)

Corollary Let d > 3. Then with probability 1 for any € > 0 there is a random variable ng
such that
£(n) > Alogn — (2+¢)loglogn

if n > nyg.

First we present some more notations. For x € Z; let Ty be the first hitting time of x,
ie. Tx =min{i > 1:8S; = x} with the convention that 7 = oo if there is no i with S; = x.
Let T' = Ty. In general, for a subset A of Z;, let Ty denote the first time the random walk
visits A, i.e. T4 = min{i > 1: S; € A} = minyca Tx. Let Py(:) denote the probability of
the event in the bracket under the condition that the random walk starts from x € Z;. We
denote P(-) = Py(-).

Introduce further

g = P(T < T}), (1.26)
sx = P(T < T). (1.27)

In words, ¢y is the probability that the random walk, starting from 0, returns to 0, before
reaching x (including 7' < Ty = o0), and sy is the probability that the random walk, starting
from 0, hits x, before returning to 0 (including 7Tx < T = o0).

2. Preliminary facts and results

First we present some lemmas needed to prove Theorem.
Introduce the following notations:



0 otherwise,
pi = pilt) = I{X; = 1}(min{j : &(Si.j) >t} — i),
pi = pi(t) = (@) (1 =)',

|
1S

t=1,2,...,1=1,2,..., where I{-} denotes the usual indicator function.
Recall the definitions of (i), v and p = p(t) in (1.4) (1.5) and (1.20). Furthermore let

o2 =c%(t):=E (an X; — nu)Q. (2.1)

i=1

Clearly we have

Rit.m) = Y.
V(t,n) -

1

~

X

n
1=

1

Lemma 2.1. (Dvoretzky and Erdds [2])
P(S;#8S;, j=1,2,...,i—1)=P(£(0,i— 1) = 0) = ().
The following lemma is a trivial consequence of Theorem A.

Lemma 2.2.

O(1)t4/?

P(n < pi(t) <oo) < a1

o)
2 < 2% < |1+ jd/2—1 22

EX; = p;.



The next lemma can be obtained by elementary calculations.
Lemma 2.3.
np <E> X; =Y <np+ pa,0(1),
i=1 i=1

where
n 1 O(1) if d>4,

o O(L)n'/? if d=3.

Lemma 2.4. Let n > 33. Then
o2 < np A+ pa,O) —n?u? +2(1 + 11+ I11), (2.2)
where

1<i<j<n
I = 3 P(X;=1, X;=1, p; <n%),
1<i<j<min(i+3n%,n)
111 = Z P(Xlzl, ijl, pi<’I’La),
1<i<i+3no<j<n
a=2/d.

Proof. Clearly we have

2 n
02 =E <Z Xi> +n?u? — QnMEZXZ- =
; i=1
i=1 1<i<j<n i=1
<np+pa,01)+2 Y EXX; —n’u’
1<i<j<n
Further

1<i<j<n 1<i<j<n
Hence Lemma 2.4 is proved.

Now let A® denote the two-point set {0,x} and let Z(A®) co) = £(0,00) + £(x,0)
denote its total occupation time.



Lemma 2.5. For x € Z;, x # 0, define 75 := P(Tx = 00) and recall the definitions of qx
and sx in (1.26) and (1.27). Then

Yor = Ve =7, 1=1,2,...,d, (2.3)
Yx 27 (2.4)
Y
h=1-—1 2.
! 1_(1_’}&)2 ( 5)
= (1= 2)(1 — g, (2.6)
g
x x — 1—- s 2.7
x + s Gy (2.7)
P(E(A(X)’ o0) =7)=(1—qgx — $x)(qx + Sx)j7 j=0,1,.... (2.8)

Proof. We show (2.3) first. For symmetric reason, vie, = Ve,, 4,J = 1,...,d. Hence

d d d
1
l—y= ZP(Sl =e))(1 — 7))+ ZP(Sl = —€;))(1 —7-¢) = Z _d —Yer) =1 = Yess
i=1 i=1 i—1
proving (2.3).

To show (2.4), observe that starting from the origin, before hitting x with ||x|| > 1, the
random walk should hit first the sphere S(x,1) :={y : ||y — x|| = 1}. Hence

Now let Z(A) denote the number of visits in the set A up to the first return to zero, i.e.

- i I{S, € A}. (2.10)

Observe that

(x) _ _ qx ‘ if ] =0
P(Z(A™) =7+ 1,T < 00) {SiQf(_l =12, (2.11)
Summing up in (2.11) we get

00 82

Z —j—i—lT<oo)—qx+ﬁ:P(T<oo):1—fy. (2.12)



On the other hand, one can easily see that

l—-7=P(T <) =P(T <Tyx)+P(T > T, T < x0)
= P(T < Ty) + P(T > To)Py(T < )
=P(T <Tx) + P(T > T%)P(Tx < 00) = ¢x + $x(1 — 7x),

i.e.
1—7v=qgx+sx(1—"%) (2.13)

Now (2.12) and (2.13) easily imply (2.5) and (2.6), hence also (2.7).

Equation (2.8) was proved in [1] for general random walk. For completeness a short
proof is presented here. The probability that the random walk, starting from 0, returns to 0
without hitting x, is ¢y, while sy is the probability that the random walk starting from O hits
x without returning to 0. Similarly, for symmetric reason, gx is also the probability of the
random walk starting from x returns to x without hitting 0, and sy is also the probability
of the random walk starting from x hits 0 in finite time, without returning to x. Hence, the
probability that the random walk starting from any point of A®), returns to A®) in finite
time, is gx + sx. This gives (2.8).

Similarly to Theorem A, we prove

Lemma 2.6.

l—9x(n) =P(Tx<n)=1—y+ %, (2.14)
gx(n) .= P(T < min(n,Ty)) = ¢x + %, (2.15)
sx(n) :=P(Tx < min(n,T)) = sx + %, (2.16)

and O(1) is uniform in x.

Proof. For the proof of (2.14) see Jain and Pruitt [7].
To prove (2.15) and (2.16), observe that

Gx — qx(n) =P(T' < Ty, n <T <00) <P(n <T < o00) =7(n) -7,
sx — Sx(n) =P(Ix <T,n<Ty <o) <Pn<Tx <0) =7(n) — 7.



Lemma 2.7. Leti < j. Then fort > 1 integer we have

; @2 g\
=1,X,=1) < 1 2.1
PU=1% =1 <0 (14 (755) ). 210

where C' is a constant, independent of i,j,t and p = p(t) = y(1 — )L

Proof. Using (2.8) of Lemma 2.5, we get
P(X;=1,X,=1)

< 30 P(S; — 8i = x,£(S;,00) — £(Su.1) + &(S;,00) — £(S,,0) > 2t — 1)

XEZy

= > P(S; i = x)P(E(A%, 00) > 2t - 1)

XEZd
= Z P(Sj*i =x)(gx + SX)Qtil = Z + Z )
XEZy xEZ4||x[|[<R  x€Zg,||x||>R

where R will be chosen later. For estimating the first sum, we use 7 > v (cf. (2.4) of
Lemma 2.5), hence by (2.7)

2(1 —
ts—1_ g( )
2_’7x 2_’7
On the other hand o
1

with some constant C, not depending on x (cf. Spitzer [11], page 72).
Since the cardinality of the set {||x|| < R} is a constant multiple of R¢, we have

Y o< CoR (2(1_7)>2t (2.18)

xeZXI<R (j—0)42\ 2—+

with some constant Cs.
For estimating the second sum, we use 1 — v, < C3R™%*2 for ||x|| > R (cf. Révész |9],
page 241), hence

_ Cy
< _ d+2 —(1— 1 = .
ax + 5x < 1 v + C(4}% ( ,y) ( + (1 _ ,Y)Rd—2>
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Now choose R = t'/(?=2) Then
(gx 4 5x)* 71 < C5(1 — 7).
Here the constant (5 is independent of both x and . Since

Z P(Sj—si:X):l,

XEZd
we have
Y. <Gs(1—9)% =Ceps

this together with (2.18) (putting R = t'/(4=2) there) proves Lemma 2.7.
In the subsequent lemmas ¢, is defined by (1.21).

Lemma 2.8. Fort <t,, any € > 0 and large enough n we have

I < O(1)n*+e (n+ <L> tn) 12 (t). (2.19)

2—v

Proof. Now we need to estimate the probability
P(X;=1X;,=1,p >n%).
Define the events By by
By = {£(Si, 00) — &(84,4) +£(8;,00) —£(8;,4) = k}

and consider the k time intervals between the consecutive visits of {S;,S;}. Then at least
one of these intervals is larger than

pi(t) _ n®
> 2.20
k-~ k (2:20)
(provided that {X; =1, X; =1, p; > n®}). Denote this event by D;. Similarly to the proof

of Lemma 2.7 we have

P(X,=1,X;=1,p>n"< > P(S;—S; =x, Ups_1BiDy)

XEZy
<3S PS;ui=x) Y. P(B.D|S; - S =x).
XEZy E>2t—1

11



The event Bj Dy, under the condition S; — S; = x, means that placing a new origin at
the point S;, and starting the time at i, there are exactly k visits in the set A®) and at
least one time interval between consecutive visits is larger than n®/k. Hence applying (2.8)
of Lemma 2.5 and (2.15), (2.16) of Lemma 2.6, we get

P(BiDy | S; — Si =x) < k(1 — gx — 5x)(ax + 5x)" (qx + 5% — dx (%) ~ Sx (%))
o\ /21
<Ok <ﬁ> (1= g = ) (g + 5" S O(MR2 0¥ (g + 52)*,

where O(1) is uniform in k£ and x, hence

S P(ByDy|S; —Si=x) <OM)nY1 ST kY2 (g + sx)" !

k>2t—1 k>2t—1
< O(l)nQ/d—ltd/Q(qx + Sx)Qt_Q.

Proceeding now as in the proof of Lemma 2.7, we can estimate

/a2 [ g \2
_ o A a /2, 2/d—1, 2
PX;=1,X;=1,p >n% <O(1)t"n p(t) (1 + G0z

and summing up for 1 <i < j <n, we get

2
2 n
I< O(l)nwdtfl/z (n + tfl/(dfm <ﬁ> ) 1A (1),

since t < t,,. But t,, < Alogn, therefore any power of ¢,, can be estimated by n°, hence (2.19)
follows.

Lemma 2.9. Fort <t,, any € > 0 and large enough n we have

2ty
IT < O(1)n?/4te (n + nt-/d (%) ) 12 (t). (2.21)

Proof. Using the estimate in Lemma 2.7 and summing up for i, with 1 < ¢ < 57 <
min(i + 3n®, n), using again that ¢, < Alogn, a simple calculation shows (2.21).
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Lemma 2.10. Fort <t,, any ¢ > 0 and large enough n we have

11 < “2(?”2 + 0122 (t). (2.22)

Proof. Let
A={S;isanew pointie. S; #8S;j=1,2,...,i—1},
B={{(Si,i+n") —&(Si,i) >t — 1},
D = {8S; is a new point},
E ={{(S;,00) = &(8S;,5) =t — 1},
D c={es (s ) <of.
B C H ={£(S;,00) — &(S;,4) >t — 1}
Recall the definition of v(n) in Section 1 and let j > i + 3n®. Then
P{X,=1, X; =1, py<n"} <P{ABDE} <
<P(ABGE)=P(A)P(B)P(G)P(E) <
<P(APH)P(G)P(E) =
=i+ 1)(1 =) (G —9)/3) 1 =)

Clearly we have
TIT <Y (i + 1) (1 =)y (( J—@)/3)( 7)<
<Y A=) 1+ : d/2 1) <1+Z~?/(21>1>S
<A1 — )% 2 [<2> +O(1)(K + L+ M)]
where the summations above and below go for {i,j: 1 <i<i+3n* < j<n} and

K= Z W% < nay,,
L= Z d/2 1 < N,
M = Z Z'd/271 (j — Z'1>d/21 < Ny

Using a, = O(1)n'/? (see Lemma 2.3) we have (2.22).
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Lemma 2.11. Fort <t,, any ¢ > 0 and large enough n we have

o, = O()nu(t) + p*(t)n**]. (2.23)

Proof is based on Lemmas 2.4, 2.8, 2.9 and 2.10. The numerical values of A can be obtained
by a result of Griffin [4]:

1 —~3 =0.341,

1 —4=0.193,

1—~5=0.131,

1 — 76 = 0.104.
Consequently

A3 = 0.929,
Ay = 0.608,
A5 = 0.492,
\g = 0.442.

By using ¢, < Alogn, one can verify (numerically)

9 2tn
( ) < n2)\log(2/(2—'y)) < n0.75
2—7

for d = 3 and hence also for all d > 3. By choosing an appropriate ¢ and putting the

estimations (2.19), (2.21), (2.22) into (2.2), we can see, that the term n?u? cancels out and

all the other terms are smaller than the right hand side of (2.23), proving Lemma 2.11.
Lemma 2.11 implies

Lemma 2.12. For any 0 < C < B, t <'t, and large enough n we have

0 (log )%/ < O(L)((np(t))/(log )" + u(t)n (log n)/2) = o(Lnp().

3. Proof of the Theorem

First we prove (1.24).
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By Markov’s inequality for any C' > 0 we have
P(|V(t,n) — nu(t)] = 0,(logn)"?) < (logn)~©.
By Lemma 2.12, if C' < B,
P(V (£, n) — npu(t)] > o()npu(t)) < (logn)~C.

Consequently, since ¢, < Alogn,

P( V(t,n) = na(t)

Ssu
<ttt nu(t)

> 0(1)> < O(1)(logn) T, (3.1)
Choose C' > 2, n(k) = exp(k/logk). (3.1) and Borel-Cantelli lemma imply

Vitn) |y
R 1’ 0 as. (3.2)

Let n(k) <n <n(k+ 1). Then for t < ¢, we have

lim  sup
k=00 y<t(n(k))+1

Vit,n(k)) <V(t,n) <V(t,n(k+1))
and
lim n(k+1)
s n(k)

Hence for any € > 0 and large enough n,

=1.

V(t,n) < V(t,n(k+1))n(k+1)
nu(t) = n(k+Dpt)  n

since t <'t,, < t(n(k +1)). Similarly,

<(l+4¢) as,

Vit.n)
) = nut) n
Hence we have (1.24).

Now we turn to the proof of (1.25).
Let

M(t,n) = V(t,n) — R(t,n) = > (X; — Y)).

i=1
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Observe that X; > Y; and hence M (¢, n) is non-negative and non-decreasing in n. Moreover,
by Lemma 2.2

| O(1)u(t)t?
Consequently
/2
0< EM(t,n) < O(1)(logn) .
— nup(t) — nl/2
By Markov’s inequality
M(t 1) (1 d/2+1
P supM>€ SO( )(logn) .
t<t, Tp(t) nl/2
On choosing n;, = k**9, § > 0, Borel-Cantelli lemma implies
M(t, ’I”Lk)

lim sup ——= = a.s.
kﬁmtgti nypi(t)

Using the monotonicity of M(¢,n) in n, interpolating between n; and ny; we get

lim sup Mt n) =0 a.s.
n=%0 1<t np(l)
This combined with (1.24) gives (1.25).
(1.23) and (1.22) are immediate from (1.25) and (1.24), since Q(t,n) = R(t,n)—R(t+1,n)
and U(t,n) =V (t,n) = V(t+1,n).
This completes the proof of the Theorem.
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