Joint functional laws for the Wiener process,

its local time and principal value

by

Endre Csaki’?, Anténia Foldes® and Zhan Shi?

Alfréd Rényi Institute of Mathematics, City University of New York
& Université Paris VI

Summary. We present joint functional iterated logarithm laws for
the Wiener process and its local time, as well as for the Wiener process
and the principal value of its local times.

Keywords. Wiener process, local time, principal value of the local
time, functional law of the iterated logarithm.

2000 Mathematics Subject Classification. 60F15; 60J55; 60J65.

! Research supported by the Hungarian National Foundation for Scientific Research, Grant Nos. T 029621
and T 037886.

2Research supported by the joint French-Hungarian Intergovernmental Grant “Balaton”, No. F-39/2000.

3Research supported by a PSC CUNY grant, No. 634680032.



1 Introduction

Let {W(t); t > 0} be a one-dimensional Wiener process with W (0) = 0, and let {L(¢,z); t >
0, x € R} denote its local time process, jointly continuous in ¢ and x. For any Borel function
f=0,

/Ot f(W(s))ds = /°° f(z)L(t,z)dz, £ 0.
Put L(¢,0) = L(t) and

U(n) = W (xt)
! V2tloglogt’
Vi(z) = _ L=t) z € [0,1].

V2tloglogt’
We consider z +— U(z) and = — V(x) as elements of the space C = C[0, 1] of continuous

functions with metric

d(f,9) = sup |f(z) - g(x)l.

z€[0,1]
Recall the celebrated functional law of the iterated logarithm (FLIL) for W due to
Strassen [18]:

Theorem A With probability one, the set {U}is1 is relatively compact in C, with limit set

equal to

1
S = {f € C: f(0) =0, f is absolutely continuous, With/ (f'(x))*dz < 1} :
0

Using that {L(t), ¢ > 0} has the same distribution as {sup,coyW(s), t > 0}, one can
easily obtain (cf. Cséki and Révész [10], Mueller [16], Chen [4]),

Theorem B With probability one, the set {V;}is1 is relatively compact in C, with limit set
equal to

Sy = {g € S: g is non-decreasing}.

Our concern in this paper is to prove a joint FLIL for the vector {(U;(z), Vi(x)), = €
[0,1]}51. We are working on the space C®?) := C x C with metric

d((f1,91), (f2,92)) = sup V/(f1(2) = f2(2))? + (9:(2) — g2())*.

z€[0,1]

Our first main result is



Theorem 1.1 With probability one, the set {(Uy, Vi) }1s1 is relatively compact in C?, with

limit set equal to

s = {(f, 0): fesgesu, [ (P@)+ (@) de < 1, f@)g(@) = 0 } .

Remark 1.2 If W and L were independent, then the limit set would be equal to (cf. for
example [9])

50 = {(f, 0 FESgeSu, [ () + () ds < 1} |

Obviously, L being the local time of W is not independent of W. The extra condition
f(z)g' (z) = 0 a.e. expresses the fact that if W is away from zero, then L does not increase.
Ul

We are also interested in studying the process

bods
Yit) = | —,
©= )y W
Rigorously speaking, the integral fot ds/W (s) should be considered in the sense of Cauchy’s
principal value, i.e., Y () is defined by

b ods © L(t,x) — L(t,—x)
1.1 Y(t)= 1 —1 = : ’ .
(1.1) (t) = lim L T (s) W) /0 - dz

Since x +— L(t, ) is Holder continuous of order v, for any v < 1/2, the integral on the right
hand side of (1.1) is well-defined.

The study of Cauchy’s principal value of Brownian local time goes back at least to Itd and
McKean [15], and has become very active since the late 70s, due to applications in various
branches of stochastic analysis. For a detailed account of various motivations, historical facts
and general properties of principal values of local times, we refer to the recent collection of
research papers in Yor [20], to Chapter 10 of the lecture notes by Yor [21], and to the survey
paper by Yamada [19].

The process Y(-) defined in (1.1) is continuous, having zero quadratic variation. It is
easily seen that Y'(-) inherits a scaling property from Brownian motion, namely, for any fixed
a > 0, t — a~'/?Y(at) has the same law as t — Y'(¢). Although the aforementioned zero
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quadratic variation property distinguishes Y'(-) from Brownian motion (in particular, Y(-)
is not a semimartingale), it is a kind of folklore that Y behaves somewhat like a Brownian
motion. Hu and Shi [14] proved a law of the iterated logarithm for Y'(-):
Y ()
limsuyp ———==1
t—)oop v 8tloglogt

FLIL for Y was not known before. Here we show that similarly to Theorem 1.1, a joint
FLIL for W and Y holds. Introduce

a.s.

Y (xt)

Z, = —
() V8tloglogt’

0ol
Our next result is

Theorem 1.3 With probability one the set {(Uy;, Z;)}i»1 is relatively compact in C@ | with

limit set equal to

59 {0 resges, [((F@7+ (@M<, (@6 =0ae].

Some consequences are as follows.

Corollary 1.4 With probability one, the set {Z;}4>1 is relatively compact in C, with limit

set equal to S given in Theorem A.

Corollary 1.5 With probability one, the set {(Uy(1),Vi(1)) }is1 is relatively compact in R?
with limit set equal to
{(z,y) eR?: y >0, |z| +y <1}

Corollary 1.6 With probability one, the set {(Uy(1), Z:(1)) }151 is relatively compact in R?
with limit set equal to
{(z,y) R« |z| + |y| < 1}.

The organization of the paper is as follows: In Section 2 we present some preliminary
results for the distribution of the Wiener process, local time and principal value, as well
as certain estimates for the increments of the processes concerned. In Section 3 we prove
Theorem 1.1, while Section 4 is devoted to the proof of Theorem 1.3. In Section 5 we prove
the Corollaries. Some further remarks and consequences are given in Section 6.

Throughout the paper, for any z € R, we denote P* the probability under which the
Wiener process W starts from W (0) = x (thus P = P?); unimportant constants (which are

finite and positive) are denoted by the letter ¢ with subscript.
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2 Preliminaries

2.1 Distribution results for Wiener process and its local time

The proof of Theorem 1.1 is based on the formula 1.3.8 in Borodin and Salminen [3]:

(2.1) P (L(t) € dy, W (t) € dza) = pe(y; 21, 22) dy dzo, y >0,
and
(2.2) P (L(t) =0, W(t) € dzg) = ¢;(21, 22) d2a,
where
—+ |z1| + |2
23) o) = L 4 ),
(2.4) @(z1,22) = @22 — 21) — oe(|21| + |22])s
(25) © = e (-2)
) ) = xp | —— | .
Pt ol p %

2.2 Distribution results for Wiener process and principal value

First recall some results for principal value. Biane and Yor [1] proved the following result:
Let {B(s), 0 < s < 1} be a Brownian bridge, then

el <) - FEe(25)
(2.6) > mexp <—%2) .

It follows that for 0 < a < 3

o o[ ) oa(on () on ()

It was proved in [7] (cf. (2.11), (2.14) and (2.16) there) that for any 6 > 0 there exists
¢1(0) > 0 such that for all s > 0 and z > 0,

(2.8) 21611%3 P*(|Y (s)| > z) < ¢1(0) exp (—(8175)8) :



Lemma 2.1 Let s >0, A >0, >0 and 0 <e < 1. For (a,a,z) € R®, define

(2.9) I'=1(a,0,2) =P (a < W(s) <a+2\ agY(s) <a+4de)).
Then

A (la — 2] — 2eX)? — 4e%)\?
2.1 1< — — .
(2.10) < \/gexp ( 55
Moreover, if |a| > 4eX, then

(|| — 4eN)?

2.11 I<e(d Yo BtV
2.11) caen (1950

where ¢1(0) is the constant in (2.8).

Proof: Observe that

<N <

Vs Vs

where N is a standard normal variable. Hence (2.10) follows from a straightforward Gaussian

. 242
Ig]P’Z(agW(s)ga—i-?s)\):]P’(a z u)

estimate.

Now for || > 4e), we have
I <P(a<Y(s) ca+4ed) <PP(|Y(s)]| > |a| — 4e),
which implies (2.11) by means of (2.8). a

For the lower estimates we prove several lemmas.

Lemma 2.2 Fora>0,—a>4,0<6 <1 we have

(2.12) P(W(1) <1, a< Y(1) < ) > ca(8) exp (-é?j_lg)) |

where ¢3(0) is a constant depending only on §.

Proof: Let

G := sup{t:t<1, W(t) =0},
B(s) := W\(/%G), s €[0,1].
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It is known that (B(s), s € [0,1]), G and (P¢20_9) "5 ¢ [0,1]) are independent, and that

Vi-G
(B(s), s €]0,1]) is a (standard) Brownian bridge.
We have
P(IW(1) <1, a<¥Y (1) <p)
> P(W(1)|<1,a+1<Y(G)<B-1, Y1) -Y(G)| <1, G>1-4)
1
= P(W1)|<l,a+1<Y(k)<F-11Y(1)=-Y(k)| <1|G=k)P(G € dk)
1-5

- /1 Pla+1<Y(k) <B—1|G=r)x
T SP(WA) <1, Y1) = Y ()| <1]G = k) B(G € dr).

Since under the condition G = k, Y (k)/+/k has the same distribution as fol ds/B(s), where
B is a Brownian bridge, we get from (2.7)

Pla+1<Y(k)<B-1|G=k) > 2<exp (_(a+1)2> = e (_(ﬂ—1)2>>

8k 8k
> 2(1— e exp (— (@ ;”2)
e (65)

This gives (2.12), with
co(8) =21 —e HP(W()| < 1, [Y(1) - Y(G)| < 1,G >1-9).
The lemma, is proved. O

Now we introduce the notation
(2.13) Ty :=inf{t: t > 0, W(t) = b}.

By the reflection principle, we have for all v > 0 and (a, z) € R?,

5 (2=
2.14 P(T,<u)=20—— ),
(2.14) (1 <u) =28 (E2
where ®(z) := P(N > z) is the standard Gaussian tail distribution function.

In the sequel we shall use the inequalities:

_ 1 1 1 x2

2.1 0) —_— - — — - 1
— 1 x?

2.16 P(x) € —expl——+), z > 0.

( 2 2
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(For (2.16), see Proposition I1.1.8 of Revuz and Yor [17].)

Lemma 2.3 Fors>0,0<d <1, z € R we have

(2.17) P*(Ty < 05, |V (To)| < 2v/5) > c3(6) @ (M) :
6y/s

Proof: By symmetry, it suffices to prove (2.17) for z > 0 (there is nothing to prove if z = 0).

Assuming first z > /s, we have

P*(Tp < ds, [Y(To)| < 2V/s)
2 P* (TO T\/_ ( 6)35 T Vs 528’ Y(TO) - Y(T\/E) < \/g)
= PYV*(Ty < 6(1—6)s,Y(Ty) < Vs) P*(Ty5 < 6°5),

where we used the fact that T./; < 6°s implies Y(T'/5) < T\/5/+/s < 0°y/5 < /5.

By scaling, PV*(Ty < §(1 — 6)s, Y (Ty) < /5 ) is a positive constant depending only on 6.
In view of (2.14), we have proved (2.17) in case z > /s.

If 0 < z < /s, we have, by scaling,

2
BT < 05, [Y ()| <2¢5) = P (T 2, ()| < 227
z z
> PH(To< 4, [Y(To)|<2)
=: 64(5),
from which (2.17) follows. O

Lemma 2.4 Let s >0, >0, A>0,0<d <1, (a,2) € R? be such that e\ > 8\/s. Then

we have

PE([W(s)| < e, a < Y(s) < a+4el)
(2.18) > 05(5)exp< %) @(”Zg\/f').

Proof: Define, for n > 1,

I .(a,n) =P (|[W(s)| <e, a <Y(s) < a+nel).



Note that I, ,(«, n) is non-decreasing in n. Moreover,

I.(a,n) > P*([W(s)| <eX, a<Y(s) <a+ne) Ty < 0s)
ds
= / P*([W(s)| el a<Y(s) <a+neX|Ty=71)P*(T; € dr)
0

ds
> / P*(A, N B.(n) | T = ) P*(T} € dr),
0

where

B;(n) = {{W(s)|<e), a+2v/s<Y(s) =Y (1) < a+ne) —2y/s}.

Under the condition {W(0) = z, Ty = 7}, A, and B,(n) are independent, so that
ds
I .(o,n) > / P*(A, | Ty = 7)P*(T) € dr) x i(%lf;s )IP’Z(BT(n) Ty = 7).
0 7€(0,08

By Lemma 2.3,

ds
/ P(A, | To = 1) P (Tp € dr) = P*(|Y(To)| < 25, To < 63)
0

s aes (L=,

whereas according to Lemma 2.2, and by scaling,

PA(B-(1) | To = 7)

P((W(s—7)|<el a+2/s<Y(s—7) <a+el—2¢/s)
a+2y/s a+eX—24/s

> (Wl cn SEBL v EAZEY

Assume « > 0 for the moment. By Lemma 2.2,

P, 1T =) > a(6) exp 220

(
8s(1 — 6)?

which yields

(2.19) L(a, 1) > c6(8) exp (—%) 3 (”ZL\[\[') . a0,

with ¢c6(0) := c3(0)c2(9). Since I ,(a,4) > I, .(c, 1), this yields (2.18) in case o > 0.



To treat the case o < —¢ )\, we observe that

Do) > PP(IW(s)] <

the last identity following via replacing W by —W. This gives I ,(a,4) > I _,(—a—eA, 1).
Since —a — e > 0, we are entitled to apply (2.19) to deduce (2.18).

It remains to study the situation o € (—eA,0). In this case,
I .(0,4) > PP([W(s)| el a+eA <Y (s) Sa+2e)) =1 ,(a+eA 1),

which yields (2.18) in view of (2.19).

Lemma 2.4 is proved. O

Lemma 2.5 For s >0, >0, A >0, (a,z) € R? such that €)\*> > 2s, az > 0, and

s s
— + 3 — + 3
|z|>28/\+6, |a|>26)\+6

we have

. 2
(2.20) P*(a < W(s) <a+2e), |Y(s)] < 2eN) > %exp (—(|a 2| +2e)) ) .

2s

Proof: It suffices to prove the lemma for z > 55 +¢) and a > 5% + €A (then by symmetry,

it will also cover the case ¢ < 0 and z < 0). We have,

P*(a < W(s) < a+2e), [Y(s)] < 2e))
P* ( inf W(u) > 2i a< W(s)<a+ 25)\>

0<uss eA

= P(a<W(s) <a+2))
—P?* { inf W(u) < i, a<W(s)<a+ 25)\) :

0<ugs 2e A

WV

By the reflection principle,

. s
P OQESW u)gg,a<W(s)<a+2€/\>
(5, S
P (ﬁ//\()a 25)\<W(5)<6/\ )
s a+z— =
< P _ 2
(<)



s \2
< lexp (_(a—i—z—a) ),

2 2s

the last inequality following from (2.16). On the other hand,

W(s)<at2:)) = P a—ng(s)<a—z+25/\

P*(a

N

Vs N NG
2e ) (la = 2| 4+ 2eA)?
> exp  —
2ms 2s
( (|a—z|+26)\)2)
> exp| — .
2s
Since a + z — s/(eA) > |a — z| + 2\, we obtain (2.20). O

Lemma 2.6 For s >0, >0, A > 0, (a,z) € R? such that az < 0, |a] > 2e\ + /s and

min(e\/2, |z|) > /s, we have

(2.21) P*(a < W(s) < a+ 2, |Y(s)] <2eN) > c:(6) @ (W—(S\i?) :

Proof: First we show for a > \/u, e\ > 2/u,

(2.22) P(u) :=Pla < W(u) < a+2e), |Y(u)] < 2v/u) > cs(d) exp <_2(10175)u> .

Define G, := sup{t < u: W(t) = /u}. Then

ou
P(u) > / Pla < W(u) < a+2e), |Y(u)| < 2vu |G =v)P(G 4 € dv)
0

ou
> [ R(YW) < Vil G =) Pla < W) <o+ 220 |Gya = ) PG € do)
0

Under the condition {G 5 = v}, {M(r) := W(””\(;%))_ﬁ, r € [0,1]} is a standard Brow-

nian meander, and from the well-known identity (Biane and Yor [1]) P(M(1) < z) =
1 — exp(—2?/2), we get that, for v € [0, du], a > /u and e\ > 2\/u,

Pla < W(u) <a+2A|Gy=0v) = P(G;\/T\/?Z < M(1) < a_\fﬁw)
= exp <_%)2_ exp <_(a —2\(26 _+U2)5A) )
oo ()



CL2
Z Gy €xXp <_2(1 _ 5)u) ’

where ¢ > 0 is an absolute constant. Hence

P(u) > c10(8) exp Cﬁ) ’

with

ou
co(8) = 09/ P(Y ()] < v | G = v) B(G.yq € dv)
0
= oP(Gy < ou, [Y(G )l <Vu),
which, by scaling, does not depend on u. This yields (2.22).

We now start proving (2.21). Let eX > 2y/s. Let Ty and T" /; be as in (2.13). It suffices
to prove (2.21) for z < —/s and a > /s (then by symmetry, it will also cover the case
z > /s, a < =2eA —/s). Since |Y(T_ s;)| < /s under P* (recalling that z < —/s), we
have

P* (a < W(s) < a+ 2], |Y(s)] < 2e))
> P (To —T_ 5 < s, [Y(To) = Y(T_5)| < V5,
a<W(s)<a+2e, [Y(s) = Y(T_s)| <2Vs).
By the strong Markov property at times 7_ ;5 and Ty, we get:
P? (a < W(s) < a+ 2e), [Y(s)] < 2eN)

ds s—y _
(2.23) > / </‘ P@—h—mpwnﬁedm>PV%ned%pqnﬂ<¢a.

0 0

By (2.22),

P(s—h—y) >CWDWPCEQ—®@—h—w>

VA -0)(s—h-y)

- %A&P%Wgoyﬁ—h—y)>—f%§—z—yﬁ>,

\Y

268((5) 5

the second inequality being a consequence of (2.16). Therefore, for y € [0,ds],

s—=Y
/ P(s—h—y)P*(T_; € dh)
0
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> 2cg(9) Os—y P2Vs (W(s —h—y)> %_5 —z— \/E) P? (T,\/g € dh)
- 208((5)1P’<W(s—y) > \/1%5 —z—\/g)

_ mm( f‘ii;ﬁ)

> 207 (5557

(recalling that z < 0). Plugging this into (2.23), we get

P (a < W(s) < a+ 2, |Y(s)| <2eN)
> 2a(0)8 ( ) B (1 < s, V(7] < V5)

a—z

(1—10)ys
—( a—z
NP ——
% (75775

where ¢11(0) := 2¢3(0) P~ (T < 6, |Y(To)| < 1). This yields (2.21). O
Lemma 2.7 For s >0, >0, A >0, (a,2) € R such that e\ > 2\/s and |a| > 2e\ + /5,
we have

P?(a < W(s) < a+2e), [Y(s)| < 2e))

e (2.

with a constant c12(5) > 0.

Proof: Again, it suffices to treat the case a > /s. In this case, we have

P*(a < W(s) < a+ 2], |Y(s)| < 2e])
ds
> / P*(|Y (To)| <25, Ty € dh)Pla < W(s—h) <a+2e\, |[Y(s—h)| <2Vs—h)
0

a?

> c13(0) exp (—m> P*(|Y (To)| < 2v/s, Ty < ds),

hence (2.24) follows from Lemma 2.3. O
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2.3 Increments

Recall the results for the increments of Wiener process (cf. [12]), local time (cf. [5]) and
principal value (cf. [6]).
As T — oo, we have almost surely

(2.25) sup sup |X(t+s)—X()|=0 <\/aT(log(T/aT) + loglog T)) ,

0<t<T—ar 0<s<ar

and for fixed T', as 6 — 0 we have almost surely

(2.26) sup sup | X(t+s)— X(t)] = O(1/d1log(1/9)).

0<t<T 0<s<d

Here in (2.25) and (2.26) X can be any one of W, L and Y.

3 Proof of Theorem 1.1

The relative compactness in Theorem 1.1 is obvious from Theorems A and B. Our proof will
consist of two steps:

(1) With probability one any (f,g) & 552) is not a limit point.

(2) With probability one every (f,g) € 852) is a limit point.

Proof of (1): Obviously, if either f € S, or g & Su, then (f,g) cannot be a limit point
almost surely. From now on we assume that f € S and g € Sy Now let 25 € (0,1] be
such that f(zy) # 0. Since f is continuous, there exists an interval (x1,z3) C [0,1] such
that zy € (z1,22] and f(x) # 0 for all z € (z1,x9). If f(z) would be a limit point of U;(z),
then for ¢ big enough, U,(z) # 0 for x € (z1,22), i.e. W(s) # 0 for s € (tz1,tzx2) would
hold. Consequently, the local time L(-) would not increase in the interval (¢z1,tz2), which
means that if g(z3) > g(x1), then (f, g) cannot be a limit point of (U, V;). So we must have
g'(z9) =0, i.e., f(x)g'(x) = 0 a.e. So we assume from now on that this equation is satisfied.

Now we prove that if X
(3.1) / ((F(@)* + (¢@))?) dz > 1,

then (f, g) cannot be a limit point.

To this end, we need a lemma.
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Lemma 3.1 Let (f,g) be such that f(x)g'(z) =0 a.e., and (3.1) holds. Then there ezists a
partition to =0 < 11 < ... < Tp_1 < zx = 1 of [0, 1] such that

k - p 2 o 9
(3'2) Ag = Z (%ﬂ{gi—gi1:0} + M) > 1,
7 Lg—1

i1 Ty — T
where f; := f(x;) and g; := g(x;).
Proof: If (3.1) holds, then we can find a partition zp = 0 < 21 < ... < ;1 < z; = 1 of

[0, 1] such that
J £ )2 2
Z ((fz fzfl) + (gz ngl) ) > 1
Ty — Ti—1 Ty — Ti—1

=1

holds. Consider a partition interval (z;_1,x;). We have to consider the following three cases:

(i) fic1 = fi, (i) ficx # fi, and fiiifi 2 0, (iii) fiy # fi, and fi_1f; < 0. In case (i) we can
simply write
(fi—=fie1)® _ (fi= fir)?

== ]1 - g;_1=0}-
T — Ti1 Ti — Ti1 {9:—9i-1=0}

In case (ii) let ) = max{z < z; : f(z) = f(zi—1)} and 2 = min{z > z} : f(z) = f(z;)}.

2

(It is possible that zi = z;; or z] = x;.) Consider the refinement of the partition by
replacing (z;_1, x;) with (z;_1,2}), (z},2¥), (¥, z;). In the interval (x}, z}) f(z) must strictly
be between f;_; and f;, so f(z) # 0, hence ¢'(x) = 0 for all z € (2}, z7), thus g(z}) = g(z).
Using the elementary inequality
(a+b)?* a* ¥
< + R
c+d c d

we may write

(i—fi)® _ () = fia) n (f(zf) = f(2))?
T — Ticy Tk — X T — ! T, —

(f(2f) = f(aD)?

= o g, Meeheg=0r T D~ =0)
] - 2 ]
(fi = f (=)
(3:3) T Meseo
2

In case (iii) let 2} = min{z > z;_1 : f(z) =0} and z] = max{z < z; : f(z) = 0}. Consider
again the refinement of the partition by replacing (z;_1, z;) with (z;_1,2}), («}, 2¥), (=], x;).

In the first and the last of these three intervals f(z) # 0, hence ¢'(z) = 0, thus g(z}) = g;—1
and g(z}) = g;- On the other hand, f(z}) = f(z) = 0. So we again have (3.3).

2
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This completes the proof of the Lemma. 0

Returning to the main course of the proof, choose ¢ > 0 such that

k
1
3.4 Ay — 8¢ S
o 'L:ZI Ti = Ti-1
> < Fardlin (6= ge)
| © 2 i: 1<i<12a1£>9i_1 9i — 9i-1),
1 .
(3.6) € < g fi= fial.

Note that g; — g;_1 — 2¢ > 0 whenever ¢g; — g;_1 > 0, and that (f;_; — ¢, fi_1 +¢) and
(fi—e, fi+¢) are disjoint intervals as long as f; # f;—1. We may assume that |f;| <1, g; < 1,
i=1,...,k, since otherwise (f, g) cannot be a limit point according to the usual law of the
iterated logarithm.

Consider the event
k
Ay=({fi—e<Ula) < fite, gi—e < Vilzi) <gi+e}
i=1

If we write, for 1 <7 <k,

s; = xt, (s :=0),
a; = (fi —e)(2tloglogt)'/?, b; == (f; +¢)(2tloglogt)"/?,
o = (gi—gi_1 —2e)T(2tloglogt)/2, B := (gi — gi_1 + 2¢)(2tloglogt)*/?,

then by the conditional independence of {L(s;) — L(si—1) }1<i<k given {W(s1),---, W(sk)},

we obtain:
P(A4;) = Pla; < W(si) <bi, s < L(si) — L(si—1) < Bi,i=1,...,k)

3.7 = /T../'“HP(%- < L(si) — L(si1) < B; W (s1) = 21, ..., W(si) = 2) X

G =1
xP(W(s1) € dzy,..., W (sg) € dzy).
According to (2.1) and (2.2) (with the same notation there), the integrand above is equal to

k

Bi
H [ (/ psi—si—l(yi; Zi—1,zi) dyi) ]l{ai>0}

=1

Bi
+ (/ psi—Si—l(yi; Zi—1, Zz) dy; + q.si—sq;_l(zi—la Zz)) ]l{a,-:o}}-
0
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We now estimate p;(y; 21, 22) and ¢;(21,22). f0 < a <y < B < f% |21] < f*and |2 < B
(for some *), then

pe(y; 21, 22) <

o 3(/3*)20

/pt(y321;2’2) dy < r i(a),

aﬂ 3 *\2
[tz ar < g+ 12,
0

where ¢;(-) is defined in (2.5). On the other hand, if 3(3*)% > ¢, then

3(67)°
t

(21 — 22) — @i([21| + [22])) -

Consequently,

B 8
(/ Pt(y;zl, 22) dy) ]l{a>0} + (/ pt(y;21,Z2) dy + (It(ZhZQ)) ]l{a:O}
a 0

3 ﬂ* 2
< 3 / ) (0e(@) Ngasoy + 1(22 — 21) Loy
S(ﬁ*)Q O{Z]l{a>0} + (22 — Z1)2]1{a:0}
= exp | —
13/2/2r o
3(5*)2 Of2 + (ZQ — Zl)Qﬂ{azo}
= exp | — .
13/2\/21 2t

Putting this estimate into (3.7) and using that o; < 2(tloglogt)/?, g; < 2(tloglogt)/?, we
obtain

c14 (loglogt)* 1 @i
P(A L ——————— T or 0
(A) < iy P Ty Z (z; — m5-1)
by b 1 k ( — 2 1)

=1
with some constant c;4 depending on ¢, and z1, ...,z but not on ¢. Recall Ay from (3.2).
Using the estimates o? > (2tloglogt)((g; — gi—1)* — 4¢) and (2z; — 2z;-1)? > (2tloglogt)((f; —
fi—1)? — 4e), we obtain by means of (3.4) that
N
P(A;) < ci5 (loglog t)3k/2 €xp (—(log log?) (Ak — 8¢ ; m))

= ¢15 (loglogt)*/? exp (—(1 + 6) loglogt),
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for some 6 > 0.
Let t =t, = exp(n/(logn)). Then )  P(A;,) < co. By the Borel-Cantelli lemma,

(3.8) liminfd ((U:,,V4,), (f,9)) =€  as.

n—oo

On the other hand, we infer from increment results in Section 2.3 that

(3.9) lim sup sup |Ui(z) — U (z)] = 0  as.,
N0 e[ty trn11] £E[0,1]
(3.10) lim sup sup |Vi(z) =V, (z)] = O a.s.,

n—00 tE[tn ;tn+1] J:E[O!H

Combining (3.9)—(3.10) with (3.8) gives that

liminfd (U, Vi), (f,9)) 2  as.

t—

for some ¢ > 0.

Thus we proved that if (f,g) & 852), then it is not a limit point with probability one, i.e.
(f,9) has an open ball of radius ¢ not containing (Uy, V;) for large enough ¢. However the
exceptional w-set of probability zero may depend on (f,g). Now we prove that the totality
of these exceptional w-sets is still of probability zero. Denote the complement of 852) by D
and for each (f,g) € D consider the open balls defined above. Their union covers D and
being C(? separable, we can select a countable subcover (cf. e.g. [2], p. 217). The union of
exceptional w-sets belonging to this countable subcover is still of probability zero. We call
the complement of this last set of probability zero as our universal w-set. Each (f,g) € D
has a neighborhood which is completely contained in one of the elements of the countable
subcover, hence on the universal set this neighborhood for large enough ¢ does not contain

(U, Vy), i.e. (f,g) is not a limit point. This completes the proof of (1).

Proof of (2): Assume that (f,g) € 552) with strict inequality in the integral criterion, i.e.

1
[ @y + @@ <1
0
For given g1 > 0, choose a partition g = 0 < x; ... < x = 1 of the interval [0, 1] such that
sup (z; — i-1) < 6%;

1<igk

sup  sup |f(z)—fil < e,

1<i<k :EE[(Ei,l,.Z‘i}

sup sup |g(z) —gi| < e,
1<i<k o€[mi—1,%4]

18



where f; = f(z;), ¢; = g(z;). We may assume that if g; 1 # g¢;, then f; ;1 = f; = 0.
Otherwise if it happens that g;—1 # ¢; but either f;_y # 0 or f; # 0 (or both), then we can
choose ¢/ = min{z : = > z,_4, f(z) =0}, 2" = max{z : = < z;, f(x) = 0}. We must have
g(z') = g;_1 and g(z") = g; so by refining the original partition by inserting new points z’,

z", the new partition satisfies the above assumption. Since

(f(xz) - .f(xifl)2 < /‘zl (f'(x))2 d:E, (g(xz) - g(xifl)) < /'Zl (g'(a:))2 d$,

Ti—1 — X4 Ti—1 — T4

(cf. for example [13], p. 52), we have Ay < 1, where Ay is given by (3.2). Then choose € > 0

such that \

1
A 21 - <1
e ele ; Ti — Ti—1 ’
and that
(fi—e)(fi+e)>0 if fi#0.
Now define the events E, = N%_, B with

Et(i) = {a;, <W(s;) < bi, & < L(s;) — L(si-1) < Gi },
§; = txy,
a; = (f; —€)(2tloglogt)/?, b; = (f; +¢)(2tloglogt)*/?,
a; = (g —gi1—¢)T(2t loglogt)1/2, Bi=1(9i—9i1+e)(2t loglogt)l/Q.

This time we bound P(E;) from below.
We get

o (8 — )’
ps(ys 21, 22) dy > === (B + 1] + |22]) 2 05 (B + |21 + |22]),

provided that (8 — «)? > 2s. But (8; — «;)? > 2¢%tloglogt > 2t(z; — x;_1) = 2(s; — s;_1) for
alli=1,... k if ¢ is large enough. Therefore we have (cf. 3.7)

b1 b, k
PE)> [+ [ TT (Puucs(Bi o] L)

koq=1

- (Pormsin (2 = 261) = Gamsis (1] + [51]) Tgimgy) - dai

for all ¢ large enough.

Now we consider 3 cases.
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Case 1: ¢, > g; 1, fi.1 = fi = 0. We have

! gi — gi-1 + 3¢)?
Pr(ai—=i-1) (Bi + 21| + |zl) \/2 ) 7 (_( o L+ 5
i Li—1

loglog t)
i~ Ti-1
1 ( (95 — gi—1)* + 21e
exp | —
24/2mt(z; — 75 1) Ty — Ti

loglog t) .

Case 2: g; = gi_1, fifi-1 < 0. In this case 3; = ¢(2tloglogt)*/2, |z| < (|f:|+€)(2t1loglogt)*/?,
1zisa| < (Ifiza] +¢)(2tloglogt)/2, hence we have

1 (fiza| + [ fi] +3¢)” )
Ti—Ti—1) i+ |2i—1| + |2 ex — loglogt
a1 3> s p( U pog10g
1 s — fii1)?+21
exp (—(f fi) + 6loglogt).
2¢/2mt(z; — xi1) Ti — Ti—1

Case 3: g; = gi_1, fifio1 > 0. Assume f; > 0, f;_1 > 0, the other case being similar. In
this case we have also f; —¢ >0, f;_1 —e > 0, so that z; > 0, z;_; > 0. Hence

(Pt(wifwi_l)(zi - Zi—l) - (Pt(wifwi_l)(zi + Zi—l)

exp| ————— — -
V2t (z; — xi1) P 2t(z; — wi-1) P t(zi — zio1)
1 i — fi1)? +21
exp (— (fi = fia)" +21e loglogt) ,
2\/27rt — T 1) Ty — Ti—1

if ¢ is large enough.

Assembling these 3 cases we get

k
1
]P(Et) Ci6 (]Og ]Og t)k/2 exp <— (Ak + 35¢ ; m) log log t) s

where Ay is given by (3.2).
Hence we obtain that
(3.11) P(E;) > exp(—(1 — §) loglogt)

for some 0 < § < 1.
Now let t; = exp(7ilogi), i = 1,2,... and define

770:0, T’i:nifl'f_ti: nzzlnf{tt>T’Z,W(t):O},Z:1,2,

It was shown in [8] that for large n we have almost surely

1
tnnggtn(l—i-—).
n
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Define

W®@) = Wt+n,_1), t>0,

L(n)(t) = Lt +nu-1) — L(fu-1), t>0,
~ W) (gt
vV 2t, loglogt,

~

LM (xt,)
V2t, loglogt,’

Now let o = 0 < 271 < ... < x be a partition as before and consider the events
E, =k E with

V) () z €[0,1].

~ ~ ~

ED = {@; <W™(5) <bi, a: < L™(E) = L™ (5i21) < Bi}

-~

G = (fi — &)(2tnloglogt,)Y2, b = (f; + €)(2t, loglog t,)"/?,

a; = (9; — gi-1 — €)T(2t, log logtn)l/Q, BZ =(g; — gi_1+¢)(2t, log logtn)l/Q.

Since P(E,) = P(E,,), it follows from (3.11) that don P(E,) = oo and since E, are
independent, we have by the Borel-Cantelli lemma ]P’(En i.0.) = 1. Since ¢ > 0 is arbitrary,
this implies

liminf sup [U™(z;) — f(z;)] = 0 as.
n—00 1<igk
liminf sup [V (z;) —g(z;)] = 0  as.

Again, from the increment results in Subsection 2.3 it follows that

limsup sup  sup U™ (1) — U™ (z)| < & a.s.

n—o00  1<i<k z€[zi_1,1;)

limsup sup  sup [V (z;_1) — V™ (z)] < & a.s.

n—oo  1<i<k z€[zi_1,7;)

Since £; > 0 is arbitrary, these yield

lim inf d (([7("), ‘7(”)), (f, g)) =0 a.s.

n—oo

On the other hand, the increment results in Subsection 2.3 once again yields that, as n — oo,
d((U™, V™), (Ur,, Vi) converges to 0 almost surely. Therefore,

liminfd ((Ur,, V1), (f,9)) =0  as,

n—oo
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Hence, (f,g) is a limit point of (Uy, V;) with probability 1.
To complete the proof of Theorem 1.1, we have to show that there exists an w-set of
probability one for which every (f, g) € S§2)

First we show that there exists a countable dense subset K C 552). For any (f,g) € 552)

is a limit point.

and € > 0, as before, choose a partition 2o = 0 < z; < ... < x,_1 < 2, = 1 such that

sup  [f(z) — f(zi)| <¢, sup [g(z) — g(zi)| <€

Ti—1 ST Ti—1STLT;

and g(z;_,) # g(z;) implies f(z;_1) = f(z;) = 0. Define (f,§) € S§2) such that f(z;) = f(z:),
g(z;) = g(zy), i =1,2,...,k and let fNand ¢ be linear in between. Then

d((f,9), (,9)) < 2v2e,

meaning that the set of pairs (f,g), where both f and ¢ are piecewise linear (with the
same cut-off points), is dense. It can be seen that one can choose a countable dense subset

K ={(fn,9n)}2, (for example by taking all x;, f,(x;), gn(x;) rational) such that

/0 (f1(z))? + (¢'(x))?dz < 1.

It follows that there exists an w-set of probability one such that all (f,, g,) € K are limit
points. Next we show that for this w-set every (f, g) € 552) is a limit point. Since K is dense,
for each n we find (f,, g,) € K such that

A(F,9), o on) < -

and since (fy, gn) is a limit point, we can find t,, such that d((f,, gn), (Us,, Vi,)) < % Hence
d((f,9), (Us,,V4,)) < 2. Consequently,

lim (U, V2,.) = (f,9),

i.e., (f,g) is a limit point.
This completes the proof of Theorem 1.1. 1
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4 Proof of Theorem 1.3

According to (2.25) for Y,

lim sup sup |Z(x) — Zy(2")| — 0, a.s.

020 11 0ga, /<1, lz—2'|<6

Now the relative compactness of {Z;};51 in C follows from the Arzela—Ascoli theorem. Hence
{(Uy, Z,)} is relatively compact in C@.

As in the case of Theorem 1.1, our proof will consist of two steps:

(1) With probability one any (f, g) ¢ 552) is not a limit point.

(2) With probability one every (f,g) € §§2) is a limit point.

Proof of (1): Let zy € (0,1] be a point, where f(zg) # 0. Since f is continuous, there
exists an interval (x1,x2) C [0,1] such that xy € (z1,22] and f(x) # 0 for all z € (z1,z9).
We show that if (f, g) is a limit point, then g is constant in (z1,x2). Since (f, g) is a limit

point, there exists a sequence {t,},>1 such that

\W(zt,)| > c17 /2ty loglogt,, x € (z1,x2)

for some ¢;7 > 0 and for every = € (1, x2)

Y (xty) — Y(wotn)| ) _—
8t,loglogt, |  +/Styloglogty, | /oy, W(s)
|$tn - .’l?()tn|
— 0= _
4ci7t, loglogt, g9(x) — g(o),

as n — 00. So g(x) = g(x) for every x € (x1,z2). So if (f,g) is a limit point and g is
absolutely continuous (which is not guaranteed so far), then we must have f(z)g¢'(z) = 0 a.e.

Now if either g is not absolutely continuous, or g is absolutely continuous but fol(( f'(x))*+
(¢'(z))?)dz > 1, by Lemma 3.1 we can find a partition 7y =0 < z1... < 73_1; < 7y = 1 and
0 > 0 such that

k

< (fi = fiz1)? 8_ (0= gi)”
Ag = Z (mﬂ{gi—gi—lﬂ} + 8+0 T —mi 1 b
i=1

Then choose ¢ > ( such that

k
~ 1
Ap—20ey ——— > 1,
X Z;
=1

— Ti-1
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(ficn—e, fiii+e) and (fi—e, fi+e) aredisjoint if f; # f; 1,
\9i — gi—1| > 6 if g; # gia

Here f; = f(z;) and g; = g(x;), i = 1,..., k. We may also assume that |f; — f; 1| < 1 and
lgi —gi 1] <1,i=1,...,k, otherwise (f, g) cannot be a limit point by the usual law of the
iterated logarithm.

Define the events

Ag’L) - {fz Ut( ) fz+€ 9; — gi— 1_28 Zt(xz) Zt(xz 1) 9; — gi— 1+2€}
= {ai < (31) bi, i <Y (8;) =Y (si-1) < Bi}

with s; = z;t and
a; = (fi —€)(2tloglogt)'?, b, = (fi +¢)(2tloglogt)'/?,

;= (9i — gi—1 — 2¢)2(2t log]ogt)1/2, Bi = (9: — 9i—1 + 2¢)2(2t loglogt)l/Q.

It follows from Lemma 2.1 putting A = (2tloglogt)'/? there

G 21 1 t i — Ji— 2 _ 8
P(Agz) [ W(si1) =2i1) < \/ =op08t exp (—(f fi-t) ¢ loglogt>
T — T Ti— Ti—1

and if g; # g;_1, then

~(i) N _ (9i — gi1)* — 20e loelog ¢
P(A;” | W(si—1) = #i—1) < €18 €xp ( (85 0)(z; = xi_1)8 oglog

with some c;5 > 0. So for large enough ¢ we have

loglogt [exp (_ (fi — fi—1)2

Ty — Tj—1 Ti — Tj—1

P(AY |W(sis1) = 2zi1) < cag

8¢
loglogt) Tigi=gi_1)

(9i — gi—1)* — 20¢
- Rloglogt | Nyy. 2o )
e < (8 + 5) (.TZ - xi—l) 08 108 {9i#9i-1}

It follows that for all large ¢ and some constants cyg > 0 and 5> 0,

k
e < 1
P(Nf,A) < oo (loglog )/ exp (_ (A’“”%me) 10g10gt)
i=1 " L
< exp(—(1+6)loglogt).

From here, we can complete the proof of part (i) just as in part (i) of the proof of Theorem
1.1.
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Proof of (2): Assume that (f,g) € gf) with strict inequality in the integral criterion, i.e.,

1
[ @@y + @@ <1
0
For given £; > 0, choose a partition o =0 < x; ... < xx = 1 of the interval [0, 1] such that

sup (z; — ;1) < €1,
sup  sup |f(x) — fil <e, sup sup |g(z) — gl < &1,
1<k z€[mi—1,24) 1<i<k €[z 1,24]
where f; = f(z;), ¢; = g(z;). Exactly as in Theorem 1.1, we may assume that f; 1 = f; =0
whenever g;_1 # g;. Also, as in the proof of Theorem 1.1, since

(f(xz) - f(xz'—l)2 < /zl (fl(.T))Q dac, (g(l‘z) - g(xi—l))2 < /zz (g/(x))Z d$,

Ti1— T Ti1— T

we have
k

(4.1) A, = Z (fi— fi—lf + (9i — gi-1)? <1

Ty — Tij—1

Now choose 0 < 6 < 1 such that A, < (1 —6)? and then choose £ > 0 such that

(4.2) r= (11}’“5) +((12_06 26)296

=1

i — Li-1
and be < |f;],i=1,2,...,k.
Introduce the notations A = (2tloglogt)'/?, s; = tx;,
a; = (fi—¢e)A, b= (fi+e)A,

a; =2(g; — gim1 — €)A, Bi = 2(9; — gi—1 + €)A.

By using the strong Markov property of the Wiener process, it is readily seen that

< W(Sz) < < Y(sz) (sz 1) < DPis 1= ]-7 27 R k)
> Pla; <W(si) <biy i <Y (83) =Y (8i1) < B, i=1,2,..., k= 1)x
X inf Plar < W(sk) < br, i <Y (s) — Y(Sk—l) < B | W (sk-1) = 25-1)-

ap_1<2p—1<bg_1

bi7 Q;
b

Iterating this argument we can see that
Pla; < W(s;) < bi, i <Y (i) = Y(sic1) < B, 0=1,2,... k)

(43) > H inf IP(GZ < W(SZ) < bi, Q; < Y(SZ) - Y(Si_l) < ﬁz | W(Si_1) = Zi—l)-
paly a;—1<2i-1<bi—1
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Next we show that for i = 1,2,...,k we have

Pla; < W(si) < biy a; <Y (si) = Y(si-1) < Bi | W(si-1) = 2i—1)

c21(9) (fi = fic1)? + (9 — 9i-1)” + 20e 2¢
W P <_ < (1 —0)%(x; — xi—1) + 6% (z; — ﬂfi—1)> loglogt)

(4.4)p

with some co1(6) > 0.

To see (4.4) we apply Lemmas 2.4-2.7 with s = s;—s; 1 = t(z;—x; 1), A = (2tloglogt)'/?
and t large enough and use the inequalities |f; — fi_1| <1, [¢: — gi-1]| < 1, e < 1.

(1) In case f; = fi—1 = 0, apply Lemma 2.4 with a = (g; — gi—1 — €)\, |z] < €\ and
observe that by (2.15), ® gives a constant x (loglogt)~'/? factor in front of the exponent.

(2) In case g; = gi_1, fifi—1 > 0, apply Lemma 2.5 with a = (f; —¢) X and use |z— f;_1A| <
EA.

(3) In case g; = g;_1, fifi_1 <0, apply Lemma 2.6 with a = (f; —¢)\ and use |z— f; 1| <
eA.

(4) In case ¢; = ¢;1, fi = 0, fi_1 # 0, apply Lemma 2.4 with @« = —2¢), use that
|z — fi—1A| < €A and replace § by 1 — 6.

(5) In case g; = gi—1, fi =0, fi_1 # 0, apply Lemma 2.7 with a = (f; — ), |2| < eA.

Assembling all these estimations, (4.4) follows. This combined with (4.3) gives

Plai <W(si) <biy i <Y(s:) = Y(sim1) < Bi, i =1,2,..., k)
(c21(9))"

2R exp(~T loglogt
(loglog )72 exp(—I'loglog?),

where I' < 1 is given by (4.2). Now the proof can be completed exactly the same way as
that of Theorem 1.1. O

5 Proof of Corollaries

The proof of Corollary 1.4 is obvious. To show Corollaries 1.5 and 1.6 we need the following

lemma.

Lemma 5.1 If f and g are absolutely continuous functions and f(z)g'(x) =0 a.e., then
1
(5.1) /O (f'(2))* Uyg @0y dz = 0.
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Proof: Let

A={z€l0,1]: f(z) =0, f'(z) # 0}.
For each = € A, there exists ¢, > 0 such that f(y) # 0 for all y € (z — 6, © + 6,)\{z}. The
intervals {(x — 0z,  + 0;) }ze4 being disjoint and thus containing each a different rational
number, they are at most countably many. This means A is a countable set. Now (5.1)
follows immediately.

This proof, more elegant than our original one, was kindly communicated to us by Omer
Adelman. O

Now we prove Corollary 1.6. It follows from Lemma 5.1 that if (f, g) € §§2), then

/0 (@) + ¢'(@))? dz < 1, / (F(2) - ') da < 1,

from which (cf. [18])
FM+g@) <l [f1)—g(1) <1

showing that a limit point cannot be outside the set given in the Corollary.

To show that every point is a limit point, define

B z(u—1+4+ |z|)
||

Yyu
L-jgj<ucty,  g(u) = m%s«em + Yl <u<iy-

f(u)

It is easy to see that (f,g) € :S'vgz) and f(1) =z, g(1) = y. So (z,y) is a limit point.

The proof of Corollary 1.5 is a straightforward modification of the above, so we omit it.[]

6 Further consequences: additive functionals

Consider the additive functional
t
AW = [ (s ds= [ st
0 R

where 1 is an integrable function such that ¢ := [, ¢(z) dz # 0. Then by the ratio ergodic

theorem (cf. [15], p. 228)
A(t)

lim ——~—
t—00 1/) L(t)

=1 a.s.
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Hence, introducing
~ Azt
Vi(z) = — A
Y +/2tloglogt

Theorem 1.1 implies

Corollary 6.1 With probability one, the set {(Uy, 17})}@1 is relatively compact in C?, with

limit set equal to

$@={Uw%feSAG&mA(ﬂ@f+@%%%®§1MWMﬂ@=0&e}

On the other hand, there are additive functionals which can be approximated by the

principal value Y (¢). Let ¢ be a function as above and consider its Hilbert transform:

HW) (@) = Lpv. [ LW

™ RT—Y

dy,

where p.v. indicates that the integral should be considered as a principal value. It was
shown in [11] that if ¢ is a Borel function on R such that

/ﬁwmw<w
R

for some k > 0, then for all sufficiently small € > 0, when ¢ — o0,

ERRSY

B(t) = /0 HE) W (s)ds = V(1) + o(t2),  as.

Introducing the notation

=, 7wB(xt)
Ziw) = ¥ /Stloglogt’

we have

Corollary 6.2 With probability one, the set {(Uy, Z)}@l is relatively compact in C?, with

limit set equal to

%”={mm:fe&ge&AlﬂmV+@mm%m6n,ﬂmﬂm=0ae}
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