Graphs



Graphs

Definition
A graph is an ordered pair (V, E) of disjoint sets such that E is a
subset of the set of unordered pairs of the elements of V.



Graphs

Definition
A graph is an ordered pair (V, E) of disjoint sets such that E is a
subset of the set of unordered pairs of the elements of V.

The elements of V and E are called vertices and edges of the
graph, resp.



Graphs

Definition

A graph is an ordered pair (V, E) of disjoint sets such that E is a
subset of the set of unordered pairs of the elements of V.

The elements of V and E are called vertices and edges of the
graph, resp.

If G=(V,E)is a graph then V = V(G) and E = E(G) are the
vertex set and the edge set of G, resp. An edge {x, y} is said to
join the vertices x and y and denoted by xy.



Graphs

Definition

A graph is an ordered pair (V, E) of disjoint sets such that E is a
subset of the set of unordered pairs of the elements of V.

The elements of V and E are called vertices and edges of the
graph, resp.

If G=(V,E)is a graph then V = V(G) and E = E(G) are the
vertex set and the edge set of G, resp. An edge {x, y} is said to
join the vertices x and y and denoted by xy.

If xy € E(G) then x and y are said to be adjacent (in G) and the
vertices x and y are incident with the edge xy.
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Isomorphism

Definition
Two graphs G and H are isomorphic if there is a one-to-one
correspondence between their vertex-sets that preserves adjacency
(G~ H).
Proposition
If two graphs G and H are isomorphic, they

» have the same number vertices

> have the same number of edges

> share the degree sequence
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Degree sequence
Definition
The set of vertices adjacent to a vertex V € V(G) is denoted by
lc(v) or Ng(v). The degree of a vertex v is given by
Dg(v) = [Fe(v)l-
Definition
If every vertex of G has degree k then G is said to be k-regular. A
vertex of degree zero is said to be an isolated vertex.
Definition
The degree sequence of a graph is the sequence of the degrees of it
ordered nondecreasing.

Proposition
Since each edge has two endvertices (the vertices incident to the
edge), the sum of the degrees is exactly twice the number of edges:

S de(v) = 21E(6)] .
#
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Proposition

If two graphs G and H are isomorphic, they
> -have-the-samepumbervertices
> -have-the-samenumber-of-edges
> share the degree sequence

> they have the same number of connected components
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Connectedness

Definition

A walk in a directed or undirected graph is a sequence

(X0, €1,X1,€2, X2, . - .,

Xk—1, €k, Xk) in which xo,x1, ..., Xk are vertices and e; is an edge
from x;_1 to x; (i=1,2,...,k). The length of the walk above is
k. A walk is a trail if no edge is used more than once. A walk is a
path if no vertex is used more than once.

Proposition
A path is a trail and a trail is a walk.

Proposition
If two vertices of a graph are connected by a walk, they are also
connected by a path
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Connectedness cont'd.

Definition
Two vertices of a graph are called connected if they connected by
a path.

Proposition

Connectedness of the vertices is an equivalence relation.

Definition

The equivalence classes are called the (connected) components of
the graph. A graph is connected if it consists of one connected
component.
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Isomorphism (cont.)

Proposition

If two graphs G and H are isomorphic, they
> -have-the-samepumbervertices
> havethesamenumber-of-edges

> share the degree sequence
> they have the same number of connected components
> they share the same connected component sequence
> they have the same cycle length sequence

Definition

A walk (xo, X1, %2,...,Xk—1) Is a circuit or cycle if

X0, X1, X2, ..., Xk—1 are distinct vertices and x; = xg.
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Additional definitions

Definition

We say that the graph G' = (V', E') is a subgraph of G = (V,E)
if V' C V and E' C E. If G’ contains all edges of G joining two
vertices in V' then G’ is called the subgraph induced or spanned by
V' and denoted by G[V'].If V' = V then G’ is said to be a
spanning subgraph of G.

Definition

The complement of a graph G is the graph G defined by

V(G) = V(G), E(G) = {xy: x,y € V(G),x #y, xy & E(G)}.
Definition

The complete graph of n vertices, denoted K,, is the graph in
which every pair of vertices is joined by an edge.
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Chromatic number

Definition

A coloring of the vertices of a graph G is an assignment of colors
to the vertices in such a way that adjacent vertices get distinct
colors. The (vertex) coloring number or chromatic number x(G) is
the minimal number of colors in a (vertex) coloring of G.

Proposition

Clearly, x(Kn) = n and x(G) = |V(G)| iff G = K.

The chromatic number is monotone, thta is fro G C H we have
x(G) < x(H).

If a graph G contains Ky, as a subgraph then x(G) > m.

Definition

A graph G is a bipartite graph with vertex classes Vi and V5, if
V(G) = ViU Vs, ViN Vo =0 and each edge joins a vertex of V4
to a vertex of V5.

Notice that a graph G is bipartite if and only if x(G) < 2.



