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CLASSICAL (UNWEIGHTED) AND WEIGHTED
INTERPOLATION

PETER VERTESI

1. INTRODUCTION

What is interpolation? “Perhaps it would be interesting to dig to the roots
of the theory and to indicate its historical origin. Newton, who wanted to
draw conclusions from the observed location of comets at equidistant times
as to their location at arbitrary times arrived at the problem of determining
a ‘geometric’ curve passing through arbitrarily many given points. He solved
this problem by the interpolation polynomial bearing his name ” (Pdl Turdn
{128, p. 23}.)

Interpolation theory has been one of the favorite subjects of the twenti-
eth century’s Hungarian approximators. The backbone (mainly of classical
interpolation) is the theory developed by Lipdt Fejér, Ervin Feldheim, Géza
Grinwald, Pdl Erdés and Pdl Turdn.

One can find hundreds of papers dealing with different interpolatory pro-
cesses (Lagrange-, Birkhoff (lacunary)-, Hermite-Fejér interpolation, etc.).

In the last 40 years or so there has developed a new branch in approxi-
mation theory: the so called weighted approzimation.

During those years, even in this relatively new area, many interpolatory
results were proved by the Hungarian school.

In Part A we quote the classical results while Part B considers the
weighted ones. Since weighted approximation is relatively new, Part B is
much shorter.

The interested readers may find many other details and results in the
booklet of Ervin Feldheim {49} and in the book of Jdzsef Szabados and
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Péter Vértesi, Interpolation of functions {111}. Generally, we concentrate
on the Lagrange interpolation. Analogous results may be proved for the
trigonometric and the complex case (see {111} again).

A
CLASSICAL CASE

2. LAGRANGE INTERPOLATION. LEBESGUE FUNCTION. LEBESGUE
CONSTANT. OPTIMAL LEBESGUE CONSTANT. DIVERGENCE OF
INTERPOLATION

2.1. Let us begin with some definitions and notation. Let C' = C(I) denote
the space of continuous functions on the interval I := [—1,1], and let P,
denote the set of algebraic polynomials of degree at most n. || - || stands for
the usual maximum norm on C. Let X be an interpolatory matriz (array),
ie.,

X:{:c,m:cosﬂ;m; k=1,...,n; n:0,1,2,...},
with
(2.1) 1< Tpn < Tp—1p < - < Toy < x1p <1

and 0 < Y, < m, and consider the corresponding Lagrange interpolation
polynomial

(2'2) Ln(fa X, l‘) = Zf(xkn)gkn(Xv J}), n e N.
k=1

Here, for n € N,

wn (X, x)

X =
len (X, ) W (X, xpn) (x — Tgp)’

1<k<n

with

wn (X, ) = H(x — Thp)s
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are polynomials of exact degree n — 1. They are called the fundamental
polynomials associated with the nodes {xg, : k = 1,...,n} obeying the
relations lp, (X, xjn) = 0kj, 1 < k,j < n.

The main question is: For what choices of the interpolation array X we
can expect that (uniformly, pointwise, etc.) L, (f,X) — f (n — o0)?

Since, by the Cebishov alternation theorem ({95} Chap. 2, Theorem 9),
the best uniform approximation, P,,_1(f), to f € C from P,_; interpolates

f in at least n points, there exists, for each f € C, an interpolation matrix,
Y, for which

HLn(fa Y) - f” = En—l(f) = Pglpiil,l Hf - PH

goes to 0 as n — oo. However, for the whole class C, the situation is
different.

To formulate the corresponding negative result, we quote some estimates
and introduce further definitions.

By the classical Lebesgue estimate,
(2.3)

’L f,X-T -T| } f7X$ nlfa }+‘Pn1fv ) f(:l?)‘
< | Ln(f = Poc1, X, 2)| + Enz1(f)

< (g\fk,n(Xa$)| +1>E _

therefore, with the notations

(2.4) An(X,2) = | lin n €N,
k=1
(2.5) An(X) = || An(X, 2)]|, n e N,

(Lebesgue function and Lebesgue constant (of Lagrange interpolation), re-
spectively,) we have for n € N

and

(2.7) | Lu(f, X) = f]| < {An(X)+1} Enca(f).
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“After ... the approximation theorem of Karl Weierstrass, it was hoped
that there exists a (non-equidistant) system of nodes for which the Lagrange
interpolation polynomials converge uniformly for every function continuous
in [—1,1]. The mathematical world was awakened from this dream in 1914
by Georg Faber who showed that there is no such system.” (Turdn {128,

p. 25})
Namely, he proved the then rather surprising lower bound

1
(2.8) A (X) > Tzlogn, n>1,

for any interpolation array X. Based on this result he obtained

Theorem 2.1 (Faber {40}). For any fixed interpolation array X there
exists a function f € C for which

(2.9) lim || L, (f, X)|| = oo.

n—oo

2.2. The previous estimates show clearly the importance of the Lebesgue
function, A, (X, z), and the Lebesgue constant, A, (X). During the last 90
years, very general relations concerning their behaviour were proved and
applied to obtain divergence theorems for L, (f, X).

First, we state the counterpart of (2.8). Namely, using an estimate of
L. Fejér {45} (cf. {127, Section 4.12.6})

A, (T) = %logn + O(1),

one can see that the order logn in (2.8) is best possible (here T' is the

Cebishov matrix, i.e. x, = cos %W)

A very natural problem, raised and answered in 1958 by Erdds, says that
An (X, x) is “big” on a “large” set.

Theorem 2.2 (Erdés {36}). For any fixed interpolation matrix X C
[-1,1], real € > 0, and A > 0, there exists ng = no(A,e) so that the
set

{z eR: \(X,2) < A for alln > ng(A,e)}

has measure less than ¢.

In 1978, P. Erdés and J. Szabados obtained a “best possible result in
order” for A\, (X, z). Namely one has
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Theorem 2.3 ({23}). For any interpolatory matrix X and subinterval
[a,b] C [—1,1] there exists ¢ > 0 such that

b
/ (X, z)dz > ¢(b—a)logn, n > no(a,b).

The next statement, the more or less complete pointwise estimation is
due to P. Erdds and P. Vértesi {31} from 1981.

Theorem 2.4. Let € > 0 be given. Then, for any fixed interpolation matrix
X C [-1,1] there exist sets H, = Hy(e,X) of measure < ¢ and a number
n =mn(e) > 0 such that

(2.10) (X, ) > nlogn
if z€[-1,1]\ H, and n > 1.

Closer investigation shows that (instead of the original n = c£3) n = ce
can be attained ({134}). The behaviour of the Cebishov matrix, T, shows
that (2.10) is the best possible in order.

2.3. Let us say some words about the optimal Lebesgue constant. In 1961,
P. Erdds, improving a previous result of P. Turdn and himself (see {24}
and {38}), proved that

A5

<c

)

2
— —logn
T

where

Ay = )glér}An(X), n>1,

is the optimal Lebesgue constant. As a consequence of this result, the closer
investigation of A} attracted the attention of many mathematicians.

In 1978, Ted Kilgore, Carl de Boor and Alan Pinkus proved the so—called
Bernstein-Erdds conjectures concerning the optimal interpolation array X

(cf. {8}, {9}, {14} and {62}).
Using this result P. Vértesi {139} obtained the value of A} within the
error o(1). Namely,

2 log1 2
(2.11) A::logn+x+0<<°gogn> )
T logn
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where y = 2(y + log %) = 0.521251... and v = 0.577215... is the Euler—

™

Mascheroni constant (cf. 2.8.3).

2.4. One of the most talented approximators, Géza Grinwald, was a
holocaust victim; he was killed in 1942 at the age 32. He was about 25
when, in two fundamental papers, he proved that the Lagrange interpolation
can be very bad even for the good matrix 7' = {cos %ﬂ} (see {53},

{54}, {81}).

Theorem 2.5 (Grinwald—Marcinkiewicz)*. There exists a function f € C
for which o
lim ’Ln(f,T,a:)‘ =00

n—oo

for every x € [—1,1].

In their second joint paper, {21} Erdds and Grinwald sharpen this
result. They construct a function f € C satisfying Theorem 2.5, where
at the same time, the even function f(cos®) has a uniformly convergent
Fourier series on [0, 7].

Marcinkiewicz {81} showed that for every z( there exists a continuous
f for which

— 1¢
(2.12) Jim > Li(f, T x0) = o
k=1
In other words, the arithmetic means of Lagrange interpolating polynomials
of a continuous function can diverge at a given point. This is in marked
contrast to the celebrated theorem of Fejér {47} for Fourier series.

In their third joint paper, {20} Erdds and Grinwald claimed to prove a

far-reaching generalization of (2.12), namely the existence of an f € C for
which

1
(2.13) lim —

n—oo n

= 00,

Z Lk(fv Ta ‘T)
k=1

* At the same time the same statement was proved by the Polish mathematician, Jozef
Marcinkiewicz. We must note some other similarities between them. Both were born in
1910; both included the above theorem into their PhD dissertations; they were submitted
in 1935; moreover Marcinkiewicz was also a victim of the war: as his teacher Antoni
Zygmund writes: “On September 2 [1939], the second day of the war I came across him
accidentally in the street in Wilno [Vilnius], already in military uniform... A few months
later came the news that he was a prisoner of war and was asking for mathematical books.
It seems that this was the last news about Marcinkiewicz” ({144, p. 4}).
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for all x € [—1,1]. However, as it was discovered later by Erdds himself,
there is an oversight in the proof and the method only gives the result with
the modulus sign inside the summation.

Only in {22}, where Erdds and Gdbor Haldsz (who was born four years

after the Erdés—Griinwald paper) were able to complete the proof and
obtained the following.

Theorem 2.6. Given a positive sequence {e,} converging to zero however
slowly, one can construct a function f € C such that for almost all x €
[_17 1]

n

> Liy(f,T,x)

k=1

1

(2.14) — > ep loglogn
n

for infinitely many n.
The right-hand side is optimal, for in the paper {39} Erdds has proved

Theorem 2.7.

1
— = o(loglogn)
n

Z Lk(fv Ta SU)
k=1

for almost all x, whenever f € C.

The proof was an ingenious combination of ideas from number theory,
probability and interpolation; it is not by chance that the authors are Erdds
and Haldsz!

2.5. After the result of Grinwald and Marcinkiewicz a natural problem
was to obtain an analogous result for an arbitrary array X. In {37, p. 384},
Erdds wrote: “In a subsequent paper I hope to prove the following result:

Let X C [-1,1] be any point group [interpolatory array]. Then there
exists a continuous function f(x) so that for almost all x

lim |L,(f, X, z)| = 00.”
n—oo

After 4 years of work, Erdds and Vértesi proved the above result ({28}—
{30}). Erdds writes in {29}: “[Here we prove the above| statement in full
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detail. The detailed proof turns out to be quite complicated and several
unexpected difficulties had to be overcome.”*

2.6. Another significant contribution of the Hungarian approximators to
interpolation is the so called “fine and rough theory” (a name coined by
Erdés and Turdn in their basic joint paper {27} dedicated to L. Fejér on
his 75th birthday in 1955).

In the class Lipa (0 < o < 1) (we give the exact definitions a little
later), a natural error estimate for Lagrange interpolation is

| Lu(f, X) = f|| < en™*An(X)

(cf. (2.7)). Erdds and Turdn raised the obvious question: How sharp is this
estimate in terms of the order of the Lebesgue constant as n — oo? They
themselves considered interpolatory arrays X where

A(X)~nP  (B>0).

(In the class Lip « this is the natural setting.) In the above paper {27} they
prove essentially

Theorem 2.8. Let X be as above. If a > (3, then we have uniform
convergence in Lipa. If a < 3/(+ 2), then for some f € Lip «, Lagrange
interpolation is divergent.

These two cases comprise what is called the “rough theory”, since solely
on the basis of the order of A, (X) one can decide the convergence-divergence
behavior. However,

Theorem 2.9. If 3/(8+2) < a < [ then anything can happen. That
is, there is an interpolatory array Yi with A, (Y1) ~ n® and a function
fi € Lip a such that lim,,_,o H L,(f1, Yl)H = o0, and another interpolation
array Y with A, (Y2) ~ nP, such that lim, oo || L (f, Y2) — f|| = 0 for every
f € Lipa.

*In a personal letter Erdds wrote about the main idea of the proof: [First] “we should
prove that for every fixed A and n > 0 there exists an M (M = M(A,n)) such that if we
divide the interval [—1,1] into M equal parts I1,..., Iy then

I
Zk [k (X,z)| > A, zel,

apart from a set of measure < 7. Here Z' means that k& takes those values for which
e S
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That is, to decide the convergence-divergence behavior we need more
information than just the order of the Lebesgue constant. The corresponding
situation is called “fine theory”.

This paper of Erdds and Turdn has been very influential. It left open a
number of problems and attracted the attention not only of the Hungarian
school of interpolation (Géza Freud, Otté Kis, Melania Sallay, Jozsef Szaba-
dos, Péter Vértesi), but also of others (including R. J. Nessel, W. Dickmeis,
E. van Wickeren).

We mention three generalizations. Let w,,(t) be an increasing continuous
function for ¢ > 0 with w,(0) = 0, wy(t) > 0 (t > 0), t"/wn(t) <
T™ /wn(T) (t <T); m > 1is a fixed integer. The function wy, is an m-th
modulus of smoothness. If m = 1, we write w(t) (modulus of continuity).

With wy, (t) we define the function-class C(wy,) as
C(Wm) = {f € C and wm(f,t) < Cm(f)wm(t)}a
where, with A7 f(z) := Y7L, (=1)"* (") f (@ + kh),

wn(f, )= sup  |ATf(x)],
z,z+mhe[—1,1]
|hl<t

is the m-th modulus of smoothness of f; if m = 1, w(f,t) is the modulus of
continuity of f. If w(t) =t%, 0 < a <1, then by definition C(w) = Lip .

In his paper {69} O. Kis proved the following

Theorem 2.10. For an arbitrary fixed interpolatory matrix X one can find
an f € C(wy,) with

lim > 1,
n—00  Ap(X)wn (dn(X))
provided that
(2.15) 21ir% wm (H)tT™ = o0
Here
= mi — > 9.
dn(X) 1g}€lgn(l'kn xk—i—l,n)» n =2

Here is another generalization, a strong pointwise-type divergence result
of P. Vértesi {111, Theorem 4.20}
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Theorem 2.11. Let X and w(t) be given. If

lim w(t)| logt| >0
t—0

then with an appropriate f € C(w)
i | Lo/, X,0) - f(@)] > 1

on a dense set of second category in [—1,1].

To state a new and rather deep theorem of G. Haldsz {57}, we define,
deviating somewhat from its previous meaning, the Lipschitz class Lip A of
exponent A =r+a (0 < a < 1), r = [A], as the space of functions f for
which f(") exists everywhere. Moreover

sup | 7 (tr) — f(t2)]/[tr — ta|* < o,
t17#t2

in particular, Lip O consists of the bounded functions. We define the char-
acteristic D(A) = D(A, X) by

— 2 “
D(A,X)szEpA{a;\Ln(f,X,x)—f(fv)\ §c<\/7+nlz> }
ip

where ¢ > 0 may depend on f and « but not on z and n.
It is clear that —oo < D(A) < A. Moreover (cf. {57, Part 2}) we have

Theorem 2.12. Let X be given. Then
(i) D(A) is concave from below.
(ii) D'(A) > § whenever D(A) is finite.
(iii) 2D(A1) + D(A2) < Ay +2A5 + 2 for any Ay, A2 > 0.

The trigonometric version of the above considerations is {57, Part 1.}.
However, as it was proved by J. Szabados {109, Theorem}, the correspond-
ing trigonometric characteristic of D is fully described by the corresponding
properties.

2.7. The Faber-theorem (2.9) is a special case of a general statement proved
by S. M. Losinskii and F. I. Harsiladze on (linear) projection operators
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(p.o.). (That means L, is a linear bounded operator with £,, : C' — P,_;
and L, (f) = f iff f € P,—_1). Namely, they proved that if

Enlll = sup [|La(f,2)]|,  feC,
[HIS!

then
logn

8y
(L is a p.o.). If £, = L,(X) (Lagrange interpolation), then, obviously
An(X) = [l[£nlll

In his paper {56}, G. Haldsz formulated some results on

I1£alll =

,Cn(.fﬁ) = sup ‘En(fax)
IflI<1

, fecC

(it generalizes the Lebesgue function A, (X, z)). Among others he states

Theorem 2.13. For any sequence of projections L,
(i) lim L£,(z) = oo on a set of positive measure in [—1,1];
n—oo

1
(ii) lim h(log Ly (x)) log Ln(z) dx = 0o whenever

n—oo [_4
I::/ @) dx
5 xlogx

(iii) If I < oo then there exists a sequence L, such that

1
sup/ h(log Ly (x)) log Ly (z) dz < .

n J-1

Let  be an integer, » > 0. We will be concerned with the investigation of

the norm of the derivative LY of the p.o. £y, i.c. LY (f, ) = L L, (f, ).
If

e[ = swp L7 (F o), fec

Irl<1

then, according D. L. Berman {7}, |H££:}|H > ¢,n?" (r > 1). However, we
can do better.
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Motivated by the Nikolskii-Timan—Gopengauz phenomenon in polyno-
mial approximation ({88}, say), let

@)= swp [LP(f,2)
|f(z)|<(1—a2)*

; fed, p>0;

(see N. S. Baiguzov {2}, L. Neckermann, P. O. Runck {88} and for arbi-
trary r > 3 J. Szabados {115}). We can prove (see {115}, {130}):

Theorem 2.14. For an arbitrary projection operator L, and fixed u > 0,
r=20,1,2,...,

1
/1 E%(m) dx > ¢(r, p)n" logn, n > 1.

By Theorem 2.13
@16) (Bl = ) MEsl = 5@ = ertr o togn

Moreover as a nice application of the “additional points method”, one
can prove that the estimation (2.16) is the best possible in order (see {115}).
Actually, the so called “additional point method” has a long history. Per-
haps Fejér was the first who noticed that restricting the interpolation at the
endpoints may improve its convergence behaviour ({44}, {43}). After some
other initial results due to E. Egervdry, P. Turdn, P. Szdsz, G. Freud, N. S.
Baiguzov and others, J. Szabados was the first who systematically applied
the method of adding some new points to the original interpolatory matrix
X to improve the behaviour of the interpolation.

2.8. Remarks. 1. Let us mention two basic relations concerning the
estimation of the Lebesgue function (see P. Erdds, P. Turan {26, p. 529}
and P. Erdéds, {36, p. 387}).

(a) For an arbitrary interpolatory matriz X C [—1,1]
U (X, 2) + U1 (X, 2) > 1 if 2 € [Tpp1 0, Thn, 1<k<n-1.

(b) Let y1,y2,-..,yt be any t (t > to) distinct numbers in [—1,1] not
necessarily in increasing order. Then for at least one u (1 < u <t)

1 tlogt
Z -1
i 8
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(The half-page proof is based on the inequality between the arithmetic
and harmonic means.)

2. An improvement of Theorem 2.3 that settles “small” intervals whose
lengths may depend on n is in {33} (see also {34}).

3. It may be instructive to compare some values of A} with the Lebesgue
constants A, (S) and A, (T), respectively (see Lev Brutman {10, p. 122}, the
values are of 7-digit precision) Here S is the matrix by which the estimations
(2.11) were obtained; T = {cos 2];—;17# cos %} is an extended Cebishov
matrix.

AL A [ aD)
1.422 920 1.448 083 | 1.429873
1.559490 | 1.575680 | 1.570167
1.672210 | 1.683646 | 1.685140
1.768 135 | 1.776834 | 1.782530
1.851599 | 1.858521 | 1.866999
1.925458 1.931112 | 1.941573
1.991685 | 1.996560 | 2.008 327

10 | 2.051706 | 2.056087 | 2.068 744
20 | 2.460788 | 2.463129 | 2.479193
30 | 2.708082 | 2.709645 | 2.726 693
40 | 2.885809 | 2.887067 | 2.904441
50 | 3.024619 | 3.025651 | 3.043229
60 | 3.138527 | 3.139389 | 3.157102
70 | 3.235120 | 3.235887 | 3.253659
80 | 3.318973 | 3.319660 | 3.337477
90 | 3.393058 | 3.393677 | 3.411530
100 | 3.459415 | 3.459973 | 3.477858
150 | 3.715393 | 3.715787 | 3.733720
200 | 3.897466 | 3.897772 | 3.915713

@OO\IOJU‘)J;OJ:

The above table shows that even for relatively small values of n, A, (S5)
is quite close to A¥; much closer than the corresponding values of A, (7).

4. The optimal matrix and the corresponding Lebesgue constants are well-
known in the trigonometric and complex cases (see {14}, {9}). For other
generalizations see {111}, Chapters III and IV.
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5. As O. Kis remarked in his paper {64}, there is a predecessor of the
fundamental work {27}. Namely S. M. Losinskii in 1948 stated some
analogous results in his short Dokladi paper {79}, but he never published
the proofs. On the other hand, their verifications are in the exhausting
paper {63}; for other developments see {111, Chapter 1}.

6. The characterization of the “trigonometric D(A)” can be found in the
papers {57} and J. Szabados {109}.

3. ON THE CONVERGENCE OF THE INTERPOLATORY PROCESSES

3.1. There are at least 4 simple possibilities to ensure convergence:
(a) raising the degree of the interpolatory polynomials (see Sections 3
and 4);
(b) using mean convergence (instead of the uniform one (see Section 5);
(¢) restricting ourselves to a part (subclass) of C' (see Sections 3.2-3.3);

(d) applying a combination of the fundamental functions g, (X, x) (see
Section 3.4).

3.2. Our first statement on “good” functions goes back to L. Fejér {42}
and Ldszlo Kalmdr {61}.

Theorem 3.1. Let f be analytic on [—1,1] (f € A, shortly). Then

Jim || Ln(f, X, 2) = f(2)]| =0 VfeA

iff the nodes {xy,} are uniformly distributed on [—1, 1]

We say that the nodes xp, = cosVy,, 1 < k < n, n € N, are uniformly
distributed on [—1,1] if for every subinterval I C [0, 7],
N, (I I
lim 771( ) = u,

n—oo n T

where N, (I) is the number of ¥, in I (cf. (4.4)).

Exactly 30 years after Kalmar in his Ph.D. dissertation O. Kis {66,
Theorem 5} proved the trigonometric version. Here is another statement on
the convergence of the trigonometric interpolatory polynomials 7T),(g, T, t)
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belonging to the set T, of trigonometric polynomials of order n, based on
the interpolatory matrix T = {tg,, 0 < k < 2n, n € N} C [0,27] for g € C
(g is 2m-periodic and continuous) (see {66, Theorem 6}). Let B = {g i g

is 27-periodic and analytic if | Im 2| < 2log (1+v2)}.
Theorem 3.2. For an arbitrary interpolatory T C [0, 2m)

Jim ([ 7,(9,T,) —g(®)[| =0 g(t) €C

iff g € B, where || - || = maxeg | - |.

3.3. Using the Lebesgue estimation (2.7), we obtained a convergence result
if f € Lipa and E,(f) = o(n™®) (see Section 2.6, too). Another, in a
sense analogous statement (see the proof), is as follows. Let f € CBV (f
is continuous and of bounded variation). Then (see {138}):

Theorem 3.3. Let —1 < v = max(«, 3) < 1/2 be fixed. Then

lim ||L{P)(f) - f||=0 if feCBV.

n—oo

The result, in a sense, is the best possible.

Above, L%a’ﬁ ) is the Lagrange interpolation (2.2) based on the n roots
of the Jacobi polynomials P}La’ﬁ) (), a, B > —1 (see [174, Chapter 4]).

3.4. In a series of paper O. Kis generalized some convergent processes of
G. Grinwald, S. N. Bernstein and others. Using fairly delicate considera-
tions, he obtained some “best possible” estimates (see {65}).

Let g € C'. Then for a fixed integer £ > 0 the trigonometric polynomials

n—1
Snk(g,x) :=ap + Z(aj cos jx + bjsinjx) + by, sinnx, n>1
j=1

are uniquely determined by

k . .
21—1 1 2% —2+k—1 ,

Jj=
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Let us see some examples.

g 2t —1 B 2t —1
no | 9, m ™) =4g m T,
2t —1 1 ) 1—1
Sn1 | 9, Tl =599(=7)+g|—7) ¢,
2n 2 n n
21 —1 1 21+ 1 21 —1 21— 3
s (0 550) = 34 (Bm) 2 (Bw) o (B w) |

(usual trigonometric interpolation, Griinwald-type process and Bernstein
process, respectively).

A natural setting is the investigation of

‘Skn(g7x) - g(CL')‘

Akn(x) == sup - ) Agp = H)\Im(ac)H
geC w(g’ %)
gF#const
The results are as follows:
Theorem 3.4. We have
1 1< 2 — 1 .
Aoy, = 3 + o Zz:ctg T (H. Ehlich, K. Zeller);
1 1
1+? ) n=246...;
n o
Aln — SIH%
1 T _ .
14— cte & n=13>5...;
+ on B9y
5
A2n - Z7 (= 2’
5 2
As, < — + — =246...;
3n > 4 + 3 ) n ) Xy )
23
A4’I’L TG, n > 3

3.5. Remarks. 1. The results in {42}, {61}, {66} say much more than the
quoted theorems. The interested reader may consult the original paper or
the book of Dieter Gaier {51}.
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2. The statement of Theorem 3.3 is valid for functions satisfying the so-
called one-sided Lipd conditions. A new theorem deals with nodes corre-
sponding to generalized Jacobi weights (see {16}).

3. There are many applications and generalizations of the idea in {65}
including algebraic, de la Vallée Poussin type procedures and saturation
problems.

4. This part is restricted to the investigation of uniform convergence.
There are, of course, many papers dealing with pointwise convergence.
Most of them use tools closely connected to the theory of the orthogonal
polynomials. The interested reader may consult the book of G. Freud [47]
and the monograph of Paul Nevai (Pdl Névai) {95}.

4. HERMITE-FEJER TYPE AND OTHER CONVERGENT
INTERPOLATORY PROCESSES

4.1. “After the discovery of Faber [cf. Theorem 2.1] the following question
naturally arose. Does there exist a procedure different from Lagrange’s
interpolation which is efficient for the class C7 Immediately after Faber’s
proof of his theorem Fejér discovered that the situation changes if we
consider the Hermite interpolation that is the polynomial H,(f, X,x) of
degree at most 2n — 1 characterized by the properties

(4.1) Ho(fs X, xpn) = f(25n), 1<k < n}

H;L(faXa:L‘k’n) = Ykn, 1<k<n.
These polynomials can be written as
n n
k=1 k=1

Here the fundamental functions of the first and second type satisfy the
conditions

h/E;?L(xjn) = 01;00i, f);@(%n) =001 (1<k,j<n), 0<i<lL
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Fejér found the relations
Rin (X, ) 1= v (X, 2)13, (X, 2) =

(1 ~ wi(X, )
w’;L(X7$kn)

(x — x;m)> l,%n(X, x), 1<k<n

bien (X, ) = (x — 2013, (X, ), 1<k<n”

(P. Turdn, {128, p. 39}.)

In his fundamental paper {41, Theorem XI} L. Fejér proved for the

matrix 1T = {cos %ﬂ}:

Theorem 4.1. Let f € C. Then

(43) lim || Ho(f.T.2) — f(a)]| =0

Here and later H,,(f, X, 2z) = > p_1 f(Trn)hin(X, x) (i. ygn = 0); this
is the classical Hermite—Fejér (HF) step-parabola reminding us that the
tangent lines to H,, at xy, are parallel to the z-axis; if yx, = f’'(2kn), then
we write H,(f, f’, X, z) (above 1 < k < mn).

In 1932 Gabor Szegd [174, Theorem 14.6] generalized the previous result:

Theorem 4.2. Supposing that —1 < o, 3 < 0,

lim HH}I""B)(f, x) — f(:n)” =0 whenever fec.

n—oo
Moreover, if ~ := max(a, 3) > 0, the result does not hold.

(cv,8)

(Above, H,(La’m stands for the H, process based on the roots w;,

(1<Ek<n)of P,ga’ﬁ)(:v).)

4.2. Let p > 0. If (the linear function) v, (X,2) > p (1 <k<mn,neN,

€ [—1,1]), then X is said to be p-normal if p > 0; when p = 0, X is normal.
An easy calculation shows that X (@) —= {xﬁﬁ)} is p = min(—a, —f)
normal if o, 8 < 0; the X (0 matrix (roots of the Legendre polynomials)
forms a normal point-system (see [174, §14.5]).

The name p-normal (or normal) point-system was coined by L. Fejér
{46, Part 5}. However, its real significance was revealed by G. Grinwald
{55} in 1942:
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Theorem 4.3. Let X be p-normal. Then

lim ||Hy(f,X,2) - f(z)]| =0 if feC.
n—oo
But, even in mathematics, there is no “free lunch”: The price of the
good convergence behaviour is the saturation of the process H,. In {113}
J. Szabados proved that || f — Hn(f,T)|| = o(n™!) iff f = const (at the
same time, he gives the saturation class, too); a more general result of
Y. G. Shi {104} says the following:

Let fi(z) = 2*. Then we have

Theorem 4.4. For an arbitrary interpolatory X

maws {|| Ho(f X.2) = fu(a)]| } # on ™).

k=1

4.3. The next natural problem was raised in {128, Problems XIX, XX}.
Do the Hermite—Fejér step-parabolas have a rough convergence theory?
(cf. Part 2.6). Now, if we use Ap2(X) = ” > ohet | hen (X, 2)] ||, the next
surprising result can be proved (see P. Vértesi {111, Corollary 6.18}).

Theorem 4.5. Using A,2(X) and Lip«, there is no rough convergence
theory for the Hermite—Fejér step-parabolas either on the whole interval
[—1,1] or on a closed subinterval [a, b].

It is worthwhile to compare this result with Theorems 2.8 and 2.9.

4.4. Fejér’s result (4.3) shows that if the degree of the interpolation
polynomial is about two times bigger than the number of interpolation
points, then we can get convergence. FErdds raised the following question.
Given € > 0, suppose we interpolate at n nodes, but allow polynomials of
degree at most n(1 + ). Under what conditions will they converge for all
continuous function?

The first answer was given by himself in {35}. Namely, he proved:

Theorem 4.6. If the absolute values of the fundamental polynomials
lkn (X, ) are uniformly bounded in x € [—1,1], k (1 < k <n) and n € N,
then for every € > 0 and f € C there exists a sequence of polynomials
on = on(x) = pn(f,e,x) with

(i) degpn < n(1+e),
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(i) on(zkn) = f(@gn), L <k <n,neN,
(iii) limy,— oo ||n — f|| = 0.

The answer for a more general system was given in the same paper and
{32}.

The story is typically Erdésian. In {35}, Erdds stated an answer to the
above problem, but instead of proving it, he just gave an indication that
“the proof is a simple modification of Theorem 3”. After some 45 years, as
a result of the joint effort of Frdds, Andrds Kroé and Szabados, the original

statement concerning the above problem was completed, even in a slightly
stronger form. The result is the following {32}:

Theorem 4.7. For every f € C and € > 0, there exists a sequence of
polynomials p,(f) of degree at most n(1 + ) such that

p'rl(f7 xk,n) - f(xk,n)7 1 S k S n,

and that
[f = pa(D < Bl (f)

holds for some ¢ > 0, if and only if

(4.4) lim sup

whenever I, is a sequence of subintervals of I such that lim n|I,| = co and
n—oo

(4.5) nh_}rgo {n 1§1;€n§17111_1(19k+17n - ﬁnk)} > 0.

Here N, (I,) is the number of the ¥ ,, in I, C I. Condition (4.4) ensures
that the nodes are not too dense, and condition (4.5) says that adjacent
nodes should not be too close.

4.5. Remarks. 1. First we call the reader’s attention to the comprehensive
bibliography on HF' interpolation compiled by H. H. Gonska and H-B.
Knoop {52} containing about 400 entries from the period 1914-1987. (Of
course, dozens of new papers were (and will be) written after 1987.)

2. It is appropriate to make some historical remarks. In his paper {58}
Dunham Jackson considered the discrete analogy of the famous Fejér means
and proved that J,(g, tkn) = 9(tkn), tkn = 2km/n, 1 < k < n, moreover

lim H Jn(g) — gH =0 for every geC,
n—oo
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where

. t— tkn
n simn

Jn(g7t) :Zg(t/@n) —2

k=1 b= thn

n sin

(today they are called “Jackson polynomials”).

As we know, Bernstein and Fejér {41, (85)} were the first to point out
the property J/ (g,tkn) = 0, 1 < k < n. For other details, see {52, p. 148}
and {143, p. 21}.

3. The almost unbelievable popularity of the HF interpolation lies at least
in 3 facts:

simple form,

— easy to compute and (last but not least),

it serves in many textbooks as a transparent proof of the Weierstrass
approximation theorem.

4. The behaviour of H,Sf“’ﬁ) near at the endpoints +1 if max(a,3) > 0,
was first investigated by L. Fejér {44}, {43}. Actually, in the previous,
Hungarian version of {44}, he considered the Legendre roots only (i.e.
when o = = 0), where the uniform convergence for the whole interval
was ensured by the additional conditions f(1) = f(—1) = %fil f(x)dx
(see {43}). A solution for arbitrary max(a,3) > 0 is given in Szabados
{112}, {113}.

Here we quote a simple special case:
If "€ C, then lim, HHT(L1/2’1/2)(f) - f“ = 0 whenever

[\ 2 g [ o),
\/17x2 1 V1—22

Another approach is given by Vértesi {132} and P. Nevai, P. Vértesi
{89}. Namely,

if a>0,0>-1, f e, then

x = 0.

lim HH ”8)

lim ()=l ey =0 (O<e<2) iff

lim H9(f,1) = f(1) and  (if a>1)

n—oo

(Héa,ﬂ)(f’ x))g:)1 _ O(TlQT), r=1,2,..., [a]
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For other details see {111, Ch. V/3}.

5. The previous theorem was proved using the idea of the so called quasi-
Hermite-Fejér interpolation (qHFi): In their paper {17} Jend Egervdiry
and P. Turdn observed that if the HF step-parabolas are replaced by the
polynomials of degree 2n + 1 (sic!) taking the values and zero derivatives
at the Legendre nodes and the wvalues of the function at +1, then the
convergence of this so called qHF polynomials becomes uniform in [—1,1]
(f € O)! le., adding two points with multiplicity one, we improve the
convergence behaviour. This idea has many natural generalization (see the
papers of A. Schinhage, G. Freud and others in {111, p. 199-200}.

6. Another generalization is the so called HF-type interpolation. Let m € N,
X C [-1,1] be given. If f € C, then I, (f, X,z) € Ppm—1 is defined by

IO (f, X, 2en) = f(xpn)dor, 1<k<n, 0<t<m-—L

(a) If m is odd, the processes will be denoted by Ly, (obviously L, = Ly,
(Lagrange interpolation)). As it turns out, they behave similarly to the
Lagrange interpolation: One can prove a Faber type result if n — oo
(m is fixed); the corresponding Lebesgue constant, Ay, (X) > clogn
for any X (see Szabados {116}; actually in this sophisticated paper the
exact lower bound for other fundamental functions are given, too); the
Lebesgue function A\, (X, z) > clogn on a “big” set (Vértesi {133}).
Results on I, (f,T,z) are in the papers Terry M. Mills, P. Vértesi
{80} and Simon J. Smith {105}.

(b) If m is even, we use the notation H,,, (clearly, H,» = H, (HF
interpolation)) because the behaviour is similar to the HF process.
Here is a convergence result: Using obvious notations, one can prove
that the following statements are equivalent.

(i) limo || Hii” (/) — ]| =0 VfeC,
(i) 4 -2 <aB<-i+Land|a—p|< 2.
(see the survey paper P. Vértesi {135} and its references).

7. Let us say some words about Grinwald’s celebrated results (Theorem
4.3). First, today it may be proved using the result of Pavel P. Korovkin
on positive linear operators (obviously, if X is p-normal, then H,(f, X) is a
positive linear operator; cf. {70}). Secondly, as it turned out from the paper
Janos Baldzs {5}, the p-normality is not necessary to the good behaviour
of H,(f,x) (cf. {44} and {131}).
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8. There is a wide variety of the form of the error estimations. We refer to
{111, Ch. V/2 Corr. 7.16}; another interesting question is the comparison
of the process L, (f,x) and H,(f, X) (cf. {111, Ch. VIL.}).

9. Around 1960, Paul Butzer raised the problem of proving the Jackson
theorem by interpolatory processes. Many interesting papers were written
by G. Freud, O. Kis, M. Sallay and others (see {111, Ch. II./ 5,6}).

10. After 1975, following a short paper of J. Baldzs, the mathematical
world rediscovered the simple but efficient rational interpolatory Shepard
type operators. In the last 25 years dozens of papers were completed. Here
we quote a nice result of the very talented young Hungarian mathematician
Gabor Somorjai*:

Let f € C[0,1], a > 2 real, and let

. k k|
Zi=o (n) "
Sn(f,z) = o
> k0 |7 — n

We have
(i) Hsn(f) - fH 1] =© (%) iff f = const,
(i) [ Su() — fll oy = O (L) iff fLipL.

(Cf. {106}; other relevant results are in the survey paper of Bianca Della
Vecchia {15} and in {140}.)

5. LACUNARY OR BIRKHOFF INTERPOLATION

5.1. In the classical Hermite interpolation we prescribe the consecutive
derivatives of the interpolatory polynomials. Dropping this, we arrive at
lacunary interpolation.

“While polynomials of the previous kind always exist, in Birkhoff’s case,
polynomials satisfying his conditions do not necessarily exist. Hence, we
have the basic question:

“He died at the age 26, in 1978.
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existence,
b

)
) uniqueness,
(¢) possibly, explicit representation,
(d)

)

(a
(

d

(e) applications.”

convergence,

(P. Turdn {128, p. 48}).

P. Turdn and his collaborators, Jdnos Surdnyi, J. Baldzs then G. Freud
in a series of papers investigated the so-called (0,2) interpolation on the

roots of P57V (@) (see {3}, {4}, {50} and {108}).
It turned out that for n =even, the (0,2) interpolatory polynomial
Rn(fv x) = 22:1 f(xkn)'rkn(l') S ,P2n71 SatiSfying

is uniquely defined (f € C, the zy, are the roots of Py(L_l’_l)), moreover

Theorem 5.1. If wa(f,t) = o(t), then

lim HRn(f,:L‘)—f(x)H:O, n=246....

Furthermore, one can see that the condition wa(f,t) = o(t) is the
best possible using that the corresponding (0, 2)-Lebesgue constants sat-

isfy || Py {r;m(:c)‘ H > cn.

5.2. The theory of lacunary interpolation became very popular (again) not
only in Hungary, but everywhere on the world:

This popularity resulted in the monograph of G. G. Lorentz, Kurt Jetter
and Sherman D. RiemenSchneider {75}.

During the years many questions concerning the existence of the lacu-
nary polynomials were answered. Among them we mention the relatively
new paper of A. A. Chak, A. Sharma and J. Szabados {12}, solving the ex-

istence, uniqueness and representation on the roots of PT(La’ﬂ ) (x), o, 8 > —1.

5.3. The investigation of the (0, m) trigonometric interpolation on equidis-
tant nodes (m > 2) was initiated by O. Kis {67}. While O. Kis investigated
the case m = 2, soon after, A. Sharma and Arun K. Varma settled the other
values of m ({102}).
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Their significant achievements were the simple explicit forms of the
fundamental polynomials. Using these formulas and J. Szabados {111,
Theorem 7.12}, we state the following:

Let t, = 2]“7”, k=0,41,42,.... We are looking for a trigonometric
polynomial T, (g, (0,m),t) € Tn_1 (g € C, say) satisfying

Tu(g, (0,m), ten) = g(ten) TS (g,(0,m),th) =0 k=0,%£1,...

Theorem 5.2. The above (0,m) problem is uniquely solvable iff
(i) m=odd and n is arbitrary; or
(ii) m =even and n =odd.

Moreover,
n
o)~ o, 0.7).0) | 55 > - PHE

+ C{ 1+ (_1)m}nE[%] (g)

In general the above conditions are also necessary (see {111, p. 252}).

Above, E,(g) := min,e7, ||g — 7]

Let us note that when m is odd the second term does not appear and
since the first term tends to 0 (as n — o0) the procedure is convergent for
all g € C. When m is even, the condition, wo (g, %) = 0(%) ensures uniform
convergence.

5.4. As Turdan suggested to him, O. Kis investigated the (0,2) complex
interpolation at the roots of unity. It turned out that existence and unicity
always hold. Moreover, he proved the following (cf. {68}):

Theorem 5.3. The corresponding Lebesgue constants (operator-norm) has
the exact order logn.

The result is in striking contrast to Theorems 5.1 and 5.2, where the
exact orders were n.*

The result was generalized by A. S. Cavaretta, A. Sharma and R. S.
Varga {11} proving that in any case the (0,my,mo,...,m,) interpolation

*As O. Kis frequently told us, first Turdn did not believe him: they sat down and
Turdan checked every small detail. And after some busy hours Turdn was convinced. . .
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on the roots of unity exists uniquely (n > ¢m,) and the exact order of the
corresponding operator norm is again logn.

5.5. The next nice and surprising statement of G. Somorjai {107} shows
that the above order logn is optimal.

Let I' = {z : |2| = 1} be the unit circle and let C(T') be the Banach
space of continuous functions on I" endowed with the supremum norm || - ||.
The closed subspace AC C C(I') consists of the restriction to C(I') of
those functions which are analytic in |z| < 1 and continuous on |z| < 1.
B(C, A) will denote the space of bounded linear operators mapping C(T")
into AC endowed with the usual norm |L[|o = supsccry,f<1 Hﬁ(f, z)H

(£ € B(C, A)). We shall say that the operator L € B(C, A) is determined
on the set H C T'if f € C(T'), f|; = 0 (i.e., the restriction of f to H is
identically zero) implies £(f, z) = 0.

Theorem 5.4. Let H, C I' be closed sets of angular Lebesgue measure
zero, and suppose that L,, € B(C, A) are determined on H,, (n=1,2,...).
Then there is an f € AC for which

lim || f(z) — La(f, 2)|| > 0.

n—oo

In particular whatever is the set {zx, };_; C T', there do not exist discrete
linear operators of the form

Ln(f,2)= Zf(zkn)a;m(z), arn(2) € AC, k=1,...,n,
k=1

n

which would uniformly converge to every f € AC.

5.6. In 1975 L. P4l {98} investigated a special Birkhoff interpolation which
today called as Pdl-type interpolation. His main idea was to prescribe the
derivatives of the corresponding interpolation at points which are different
from the nodes where the function values were given.

These simple idea was very fruitful in many cases. After getting the
first convergence result in 1983 L. Szili {124}, in the last 20 years or so
more than 50 papers have been written in this topic. A part of them
consider regularity problem on quite general point-system,the other ones
prove convergence theorems using special nodes-system.
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While generally the “Lebesgue constants” tend to infinity,in their paper
J. Szabados and A. K. Varma {118} obtained a process which converge for
arbitrary continuous function.

Theorem 5.5. For n = 1,...,n let zy, (k = 1,...,n) resp. 7, (j =

1,...,n — 1) be the roots of pihy resp. SR f € C[—1,1] then
there exists a unique polinomial R, (f,-) of degree < 2n which satisfies

Rn(faxkn):f(xkn) (kzlv"'an)v
R,(f,£)=Ry(f,2},)=0 (j=1,....,n—1),
moreover we have
lim || Rn(f,z)— f(z)|| =0.

n—oo

Other interesting results are in the short survey paper {119}.

5.7. Remarks. 1. If somebody uses a more systematic and detailed treat-
ment of lacunary interpolation and tries to dig to the roots, the name of
Gyorgy Pdlya must be mentioned (see the book {11}). Also, {111, Ch. VII}
is a good source of some further results and proofs.

2. The T,,((0,m)) process is saturated with the order n™™ (see {111,
Theorem 7.14 and 7.15}).

3. One can consider (0, 2) interpolation on the infinite interval or weighted
(0,2) polynomials ({111, p. 234} and J. Baldzs {11}).

6. ON THE MEAN CONVERGENCE OF INTERPOLATION

6.1. The negative results in Part 2 (cf. Theorems 2.1, 2.5 and Part 2.5)
motivate the fact that the attention turned to the mean convergence of
interpolation. The first such result is due to P. Erdds and P. Turdn {25}
from 1937.

Theorem 6.1. For an arbitrary weight w and f € C,

! 2
(6.1) lim /_1 {L,(f,w,2z) — f(z)} w(®)dz = 0.

n—oo
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Here and later w is a weight if w > 0 and 0 < f_ll w < o0; Ly (f,w) is
the Lagrange interpolation with nodes at on the roots of the corresponding
orthogonal polynomials (ONP) p,(w) (see [47] or [174]).

Using the Cebishov roots, P. Erdds and Ervin Feldheim proved much
more {19}:
Theorem 6.2. Let f € C' and p > 1. Then

lim 1 | f(z) — Ln(f,T,x)\p# dx = 0.

n=—oo 1 1 — .1'2

6.2. However, as E. Feldheim {48} showed, one can have divergence type
results in the Ly-metrics, too:

Namely, for a suitable f1 € C,

1

(6.2) T [ |La(f1, X072V 2) — fi(2)|"V1 - 22 dz > 0.

n—oo J_4

The results (6.1) and (6.2), justify the problem of Erdds, Turdn and Freud
(see {25}, [47]): Investigate the expression

1
|f = La(fw)],, = /_1 | (@) — Lo(f,w, 2)| Pu(e)de.

Here p > 0, u and w are weights.

After the initial results of Richard Askey and V. M. Badkov, P. Nevai
{94} proved the next fairly general

Theorem 6.3. Assume that w € GJ, 0 < p < oo, u > 0, 0 <
f_11 u(z) 10g+ u(z)dr < co. Then

lim ||[f = Lo(f,w)]ul| =0  VfeC

n—oo

iff
u(z)
w(z)V1 — x?

€ L,

Here w € GJ if w(z) = H}éié\x—tur’“, I'y >-1,0<k<v+1and
1=ty <ty <--- <ty <tg=1 are fixed.
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6.3. Let us say some words about the proof. First we mention a result
of J. Marcinkiewicz {82} on the trigonometric case. Namely, using the so
called Marcinkiewicz—Zygmund inequalities

. om » 1/p
<l>( Z\Tn@kn)!) <el|Tl,, 1<p<oo,
k=0

2n+1

oI o p
(i) |1 Tnll, < ¢ <2n+1 kzo \Tn(tkn)‘P> ,1<p<oo

(t;m = 235“—_:1, T, € Tn), one can prove that for p > 1 lim,,_,+ H I,(9) —ng =

0 for every g € C.
Here I, is the trigonometric interpolatory polynomial based on {tx,},
0 <k < 2n (compare with Theorem 6.2).

So if we try to prove an “algebraic” mean convergence result, first, as did
Richard Askey, we may try to find the analogue of (i) and (ii). The method
works if both v and w € GJ. On the other hand, for an arbitrary weight
u, Nevai, using a different approach, considered Lagrange interpolation as a
mapping from the space of bounded functions into the appropriate weighted
LP spaces (and not as a mapping from LP into LP). Using this philosophy
and some delicate arguments, he proved the above result.

6.4. Theorem 6.1 is a reasonable motivation of the problem raised by
Turdn {128, Problem VIII}:

Does there exists a weight w and f € C such that

n—o0 pw

for every p > 27

The “yes” answer was conjectured by R. Askey, however the rather
complicated proof solving a more general problem is due to P. Nevai from
1985 (see {1} and {97}).

Newai’s proof requires a lot of difficult and far-reaching statements on
orthogonal polynomials. But as it turned out from a paper of Y. G. Shi,
using a new approach, many considerations can be saved and at the same
time more general results can be obtained. Among others he proves in {103,
Corr. 14}
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Theorem 6.4. Let v and w be weights. If with a fixed py > 2

= 00 for every P > po,

1
H Vwvl — x?

then there exists an f € C satisfying

p7u

lim HLn(f,w)H = 0 whenever D > po.

n—00 pu

6.5. Because of the good uniform convergence behaviour of the HF1i, the
investigation of its mean convergence is relatively new. In 1985, Neva: and
Vértesi proved ({90})

Theorem 6.5. Let u,w € J. Then

(6.3) lim || Hn(f,w) — pru =0 for all fecC

iff w™Pu € L.

Let u=w = 1. By (6.3), ", |HV(f) — f|dz — 0 for all f € C; on

the other hand if fi(z) = 1 — =, then lim, .o || f1 — HO” (f1)]| > 0 ([174,
(14.6.17)]), i.e. mean convergence may improve the convergence behaviour
of HF%, too.

6.6. Remarks. 1. In paper {85} “very general” Jacobi weights have been
considered and statements connected to Theorem 6.3 have been proved.

2. The main formal distinction between Theorem 6.4 and Newvai’s result in
{97} is that Newvai must suppose log w(cost) € Li; however the ideas of the
proofs are totally different:

Shi uses some ideas of the Erdds-Vértesi’s paper, where A\, (X, z) was
estimated ({31}, {134}). For other related results., see {84} and {141}.

3. Finally we mention two results: the first is due to J. Prasad and A. K.
Varma {99}. We have with w(z) = 1/v1 — 22

HHn(f,w)—prwgcw <f’711> if fec,
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i.e., the result is better than the well-known uniform estimation

| Huhiw) — Al <8 fia) = ol

The second one is due to G. Mastroianni and P. Nevai {83}, Theo-
rem 3.2.

Letu,w € GJ, r>0,0<p<oo. If X(w,r) is an interpolatory matrix
obtained by adding an appropriate number of points to X (w) near £1, then
under certain conditions

fO_r® f, X (w,r) = O(nl_’")w f(r), 1 , 0<i<r,
n pu n
whenever f() e C.

I.e., mean convergence eliminates the “logn” factor in the above two
theorems!

The proof of the last statement heavily uses the additional points
method.

4. For other related results you may consult {110}.
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B
WEIGHTED CASE

7. WEIGHTED LAGRANGE INTERPOLATION, WEIGHTED LEBESGUE
FuncTioN, WEIGHTED LEBESGUE CONSTANT

7.1. Let f be a continuous function, say. If, instead of the interval [—1, 1],
we try to approximate it on R = (—o0, 00), we have to deal with the obvious
fact that polynomials (of degree > 1) tend to infinity if |z| — oco. So to get a
suitable approximation tool, we may try to moderate their growth applying
proper weights.

If the weight w(z) = e~9(®), z € R, satisfies

Q(z)

11m =
|z]=c0 log ||

)

as well as some other mild restrictions and the Akhiezer—-Babenko—Carleson—
Dzrbasjan relation

—0o0

then for f € C'(w,R), where

C(w,R) := {f; f is continuous on R and lim f(x)w(z) = 0},

|z|—00
we have, if || - || denotes now the supnorm on R,

En(fyw) = mf [|(f —pol| = inf |fw—puw| -0  asn—oo.

So, instead of approximating f € C' by L, (f, X) on [—1, 1], we may estimate
{f(@)w(x) = Ly(f,w,X,2z)} on the real line R for f € C(w,R). Here
X CR,

w(z)wn (X, )

te(z) == tgn(w, X, ) == w(zg)wh (X, zp)(x — 28)’

1<k <n,



Classical (Unweighted) and Weighted Interpolation 103

and

Ly(f,w, X, x) Z{f Tp)w Jck)}tk(:v), n € N.

The Lebesgue estimate now has the form
(7.1) | Ln(f,w, X, z) — f(z)w(z)| < {A(w, X,2) +1} B, 1(f,w)

where the (weighted) Lebesgue function is defined by

(7.2) An(w, X, z) := Z‘tka:E , r€R, neN

(cf. Part 2.1); the existence of r,_1(f,w) for which E,_i(f,w) = H
rn—1)w|| is well-known.

Formula (7.2) implies the natural definition of the (weighted) Lebesque
constant

(7.3) Ap(w, X) = H An(w, X, m)”, n e N.
Estimation (7.1) and its immediate consequence
| Ln(f,w, X) = fwl| < {Ap(w,X) +1} Epi(f,w),  néeN,

show that, analogous to the classical case, the investigation of A\, (w, X, x)
and A, (w, X) is of fundamental importance to get convergence-divergence
results for the weighted Lagrange interpolation.

To expect reasonable estimations, as it turns out, we need a consider-
able knowledge about the weight w(z) and on the behaviour of the ONP
pn(w?, ) corresponding to the weight w?.

7.2. As Newvai writes in his instructive monograph {92, Part 4.15}, about
40 years ago there was a great amount of information on orthogonal polyno-
mials on infinite intervals, however as G. Freud realized in the sixties, there
had been a complete lack of systematic treatment of the general theory; the
results were of mostly ad hoc nature. And G. Freud, in the last 10 years of
his life, laid down the basic tools of the systematic investigation.

During the years a great number from the approximators and/or or-
thogonalists joined G. Freud and his work, including many Hungarians. As
a result, today our knowledge is more comprehensive and more solid than
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before. On the other hand, this branch is relatively young; a lot of new,
exciting problems remain to be solved!

Let us return to Freud’s work. His first natural step was taking the
Hermite polynomials as a prototype of ONP with weights whose support
is noncompact. Later, he introduced Q(z) (instead of the Hermitian x2/2)
and ¢,. (It corresponds to the MRS number — see 7.3.)

Nowadays these “Hermite type” weights bear Freud’s name. To be more
precise, here is a quite general definition of the so called Freud-type weights.

We say that w(z) = e~ 9@ ¢ Fif Q : R — R is even and differentiable
in R, @” is continuous in (0,00), @ > 0 in (0,00) and for some A, B > 1

Q' (z))’
Ag(Q/i())gB, z € (0,00).
Q' (x)

Clearly, if w € F then w? € F, too (see A. L. Levin, Doron S. Lubin-
sky {137}, say).

The simplest cases are the so-called Freud weights w(x) = e 1% o> 1.
Here w € F with A = B = a.

Let w € F and denote by {yk = ykn(wQ)}Zzl the n different roots of

the ONP {pn(wQ,x)}ZO:O (with respect to the weight w? € F). We index
them in decreasing order as

(7.4) —00 < Ynn < Yn—ip < --- < Yo < Yin < 00.
IfwekF
(7.5) Ap(w,Y (w?)) ~ nt/6

where Y (w?) = {ygo(w?); 1 < k < n, n € N} (see D. M. Matjila and
J. Szabados {86}, {117}).

However, one can do better (see {117, Theorem 1}).

Applying the “additional points method”, J. Szabados {117, Theorem 1}
improved (7.5) as follows.

Let yo = yon, > 0 denote a point such that
| pn(w?, yo)w(yo)| = || pn(w?)w||.
Now if

(76) V(W) = {{yrn(w?),1 <k <n} U{yon, —yon},n € N},
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one can prove the following:
Let w e F. Then

(7.7) Ap(w,V(w?) ~ logn.

7.3. To make the choice of +yy more clear, we introduce the so—called
Mhaskar—Rahmanov-Saff (MRS) number. From now on let I = (—1,1) or
R and w = e~ 9 where Q : I — R is even and convex in I and has limit co
at the endpoints of I.

Let u > 0 be fixed; then the (unique) a satisfying

(7.8) u:2/1ath(at)dt
0

m 1—¢2

is by definition the MRS number. It is denoted by a,(w). A very important
and useful property of a,(w) is that

rpW|| = MaX<q, (w) | Tn(z)w(x)]|,
79) o] (el <anw) | (2)w(2)
|lrnw]| > |Tn(a:)w(a:)‘ for |z| > ap(w)
if r, € Py, (rn, Z0; || - || is the supnorm on I) and that asymptotically

(as n — o0) an(w) is the smallest such number. Relation (7.9) may be
formulated such that r,w “lives” on [—ay, a,].

As an ezample, let Q(z) = |x|*. Then

an(w) = c(a) n'/®, a>1,

and as one can see, y1, and yo, are “close” to a,: namely, |yon — y1n| <
can(w)

n2/3 °

7.4. A very natural question is whether the order logn in (7.7) is optimal
(see the Faber result (2.8)). J. Szabados {117, Theorem 2} verified this hint
for the special Hermite weight w(z) = e~*"/2 (actually, he proved it also for
other projection operators).

Generalizing the method and ideas of our common paper with Erdds,

one can prove a statement on the weighted Lebesgue function A, (w, X, x)
(see P. Vértesi {136}).
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Theorem 7.1. Let w € F. If € > 0 is an arbitrary fixed number, then
for any interpolatory matrix X C R there exist sets H,, = Hy(w, e, X) with
|H,| < 2a,(w)e such that

(7.10) An(w, X, 7) >

if x €[ —an(w),an(w)] \ Hy, n>n4(e).

This statement is a complete analogue of Theorem 2.4. Roughly speak-
ing, it says that the weighted Lebesgue function is at least clogn on a “big
part” of [—ay, ay] for arbitrary fixed X C (—o00,00) and w € F.

7.5. The previous consideration can be developed for other weights. We
mention some relations without going into the details.

We say that w = e~ is an Erdds weight (w € &) if Q(z) ~ expy, (|z]%),
a > 1 (see A. L. Levin, D. S. Lubinsky and T. Z. Mthembu {74} for the
meaning of “~”). Using definitions and notations analogous the previous
parts we have the following:

Let w € £. Then
an(w) = flogn} (L +o(1))  if  Q(z) = expy Ja];
Ap(w, Y (w?)) ~ (nT)"*, where T, /0o, T, =o(n?),
{An(w,V(wQ)) ~ logn
(see {74} and Steve Damelin {13}).

7.6. Analogous theorems can be proved if w € £ (w(z) ~ z8e™*", g >
-1, a > 1, z € (0,00) (Laguerre type weights)); w € EXP (Q(m) ~
expp (1—2%)"%), z € (—1,1)); w € GSJ (w(z) =~ []|x — tx|, where
T, ~n? z € (-1,1)) or w € M (w = uv where v € FUE U L and
v € GSJ). Further, we have {137}.

Theorem 7.2. Let w € EJLYEAXPJGSJT\JM. Then the estimation
analogous to (7.10) can be proved.

7.7. Remarks. 1. First we formulate a useful relation analogous to 2.8.1
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Let (a,b) C R and w = e~ 9 : (a,b) — (0,00). Assume that Q' exists
and increasing in (a,b). Then for 1 <k <n—1,

tkn(vavx) +tk+1,n(w7X7x) Z 1 Zf WS [$k+1,n7xkn]
for arbitrary interpolatory X C (a,b) (see D. S. Lubinsky {130}).

2. There are a lot of problems to be solved: the weighted version of
the Grinwald—Marcinkiewicz, Erdés—Haldsz, Erdds—Vértesi, Erdés—Krod—
Szabados results. Other ones can be formulated according to Part A.

8. GETTING CONVERGENCE BY RAISING THE DEGREE

8.1. Using Theorems 7.1 and 7.2, one can easily get Faber type results.
To improve the behaviour of the weighted interpolation, one may try to
apply the analogue of the HFi (cf. Part 4). However, as it turned out
from the papers of D. S. Lubinsky, P. Rabinowitz, J. Szabados and others,
the corresponding results are not quite satisfactory: one has to take the
function class C'(wz,R) to get convergence for le ( f—- H f Y (w )H
where wy(z) = o(w?(z)), w?(z) = o(wa(z)) (|z| — co, w € F) instead of
the “natural” w; = we = w? (see {123} and its references).

8.2. Very recently V. E. Sdndor Szabé {123} realized this “natural” set-
tlement by taking a Griunwald type process. He proved

Theorem 8.1. Let w € F and f € C(w? R). Then with G,(f,z) =
>t S (Uen(w?)) G, (Y (w?), 2) € Pon—s

lim Hw f- G(f))” 0.

n—oo

Vértesi {129} refers to an arbitrary matriz X and proves the analogue
of the Erdds theorem (see Theorem 4.6).

Theorem 8.2. Let w € F. If ‘tkn(w,X, x)‘ < A uniformly in x € R, k
and n, then for every ¢ > 0 and to every f € C(w'*¢ R), there exists a
sequence of polynomials a(z) = pa(f,e,2) € Pa such that

(i) A<n(l+e+cen2/3),

(ii) oa(zrn) = f(xgn), 1 <k <n,n €N,

(ii) [|w'*e(f = a)| < cBa(f,w').
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8.3. Remarks. 1. The main problem in proving Theorem 8.2 (which is a
far-reaching generalization of Theorem 8.1) is that now H ten(w, X, 2)|| < A
does not involve the nice property ¥j_1, — Ugp ~ % (which holds true at
the classical case whenever || {4, (X, 2)|| < A).

2. Statements analogous to Theorem 8.2 for other weights have been proved
in {126}.

9. MEAN CONVERGENCE

9.1. The results of this part originally were formulated for the classical
L,(f,X,z) =5 f(xpn)len(X, z) Lagrange interpolatory case. However by

| f(2) = La(f, X, 2)|" wP(2) = | f(z)w(z) — La(f,w, X, 2)|"

they can be transformed into the weighted case. We shall use both for-
mulations. First a counterpart of Theorem 6.1 due to Shohat ({77, ref.

{65}}):

Theorem 9.1. Let f? € C(w? R). Then

nh_{& wa — Ln(f,w,Y(w 0.

%) HLQ(R) -

Here and later Y (w?) (or V(w?)) is analogous to (7.4) (or (7.6));
1
Il ) = (S 12I7) "

9.2. In many respects the Hermite weight on R corresponds to the Cebishov
weight 1/v/1 — 22 on (—1,1). In spite of this, a result similar to (6.2) does
not hold. For simplicity, we quote a rather special case of a paper of Lubinsky
and Matjila, from 1995 {77, ref. {63}}.

Theorem 9.2. Let w e F, 1 <p<4,0< a<1. Then

=0

Jim |[(f = Lu(£.Y (@) w-s), Ly ()

for every f € C(wa,R) iff A > —a+ 1/p. Here ws(x) = w(z)(1+ |z|) ’
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9.3. The situation is more satisfactory if we use the matrix V (w?) instead of
Y (w?). We quote two recent results of D. S. Lubinsky and G. Mastroianni

{76}, {78}.

Theorem 9.3. Let w € F and 1 < p < co. Then for every f € C(w,R),

lim wa — Lp(fyw,V(w

oo Nz@ =0

The analogous statement holds true if w € EXP.

The basic ideas are analogous to the ones in the previous theorem.
However, the main emphasis was to get a general Marcinkiewicz—Zygmund
inequality using the fairly sophisticated Konig method.

9.4. Finally here is a result of Nevai {91} analogous to Theorem 6.4.

Theorem 9.4. Let w(z) = exp ( — |z[™), m > 0, even. Let u (> 0) and
Jgu <oo. If 0 <p < oo and

J LGt (14 16)] ey e = o,

then there exists a function f supported on a finite interval such that

lim b = 0.
lim /R|Ln(f,X(w),t)‘ u(t)dt =

n—oo
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