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Abstract

Let K be a finite field and let X™ be an affine algebraic toric set parameterized by
monomials. We give an algebraic method, using Grébner bases, to compute the length and
the dimension of Cx=(d), the parameterized affine code of degree d on the set X*. If Y
is the projective closure of X™, it is shown that Cx~(d) has the same basic parameters
that Cy (d), the parameterized projective code on the set Y. If X™* is an affine torus, we
compute the basic parameters of Cx=(d). We show how to compute the vanishing ideals
of X" and Y.

1. Introduction

Let K =T, be a finite field with ¢ elements and let y“*,... ,y” be a
finite set of monomials. As usual if v; = (vi1,...,vy) € N, then we set

vi vt s -
yl_yll”'ynln7 7’_1>°"757
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where 1, ...,y are the indeterminates of a ring of polynomials with coeffi-
cients in K. Consider the following set parameterized by these monomials

X* = {(aczl’“---xﬁln,...,xi’“---xzm) € A% | z; € K* for alli},

where K* = K \ {0} and A® = K* is an affine space over the field K. We
call X* an affine algebraic toric set parameterized by y“*,...,y". The set
X* is a multiplicative group under componentwise multiplication.

Let S = Klt1,...,ts] = @32 ,54 be a polynomial ring over the field K
with the standard grading, let Pi,..., P, be the points of X*, and let S<,
be the set of polynomials of S of degree at most d. The evaluation map

(1.1) evg: S<q— KX fs (F(P),..., f(Pn),

defines a linear map of K-vector spaces. The image of evy, denoted by
Cx~+(d), defines a linear code. We call Cx+(d) a parameterized affine code of
degree d on the set X*. As usual by a linear code we mean a linear subspace
of KX"I. Parameterized affine codes are special types of affine Reed—Muller
codes in the sense of [24, p. 37]. If s =n =1 and v; = 1, then X* =F; and

we obtain the classical Reed-Solomon code of degree d [21, p. 42].

The dimension and the length of Cx+(d) are given by dimg Cx+(d) and
| X*| respectively. The dimension and the length are two of the basic pa-
rameters of a linear code. A third basic parameter is the minimum distance
which is given by

Sx+(d) = min{ lv| : 0 #v € CX*(d)}7

where ||v]| is the number of non-zero entries of v.
The basic parameters of Cx«(d) are related by the Singleton bound for
the minimum distance

(1.2) Sx+(d) < |X*| — dimg Cx-(d) + 1.

The contents of this paper are as follows. Let P be the projective space
over the field K. In Theorem 2.4, it is shown that Cx«(d) has the same pa-
rameters that Cy(d), the parameterized projective code of degree d on Y
(see Definition 2.1), where Y is the image of X* under the map A% — P*,
T [(x, 1)] . It is also shown that the dimension and the length of a param-
eterized affine code can be expressed in terms of the Hilbert function and
the degree of the vanishing ideal I(Y') of Y.

As an application, if T is an affine torus we compute the basic param-
eters of Cp(d) (see Corollaries 2.7 and 2.9). The basic parameters of other
types of Reed—Muller codes (or evaluation codes) over finite fields have been
computed in a number of cases. If X = P, the parameters of Cx(d) are de-
scribed in [19, Theorem 1]. If X is the image of A® under the map A% — P*,
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z 5 [(z,1)], the parameters of Cx (d) are described in [3, Theorem 2.6.2]. If
X C P is a set parameterized by monomials arising from the edges of a clut-
ter and the vanishing ideal of X is a complete intersection, the parameters
of Cx(d) are described in [18].

In Theorem 3.4, we show how to compute the vanishing ideal of X*.
Then, we show how to compute the vanishing ideal of Y using Grébner bases
(see Lemma 3.7). We obtain a method to compute the dimension and the
length of Cx+(d) using the computer algebra system Macaulay2 [12] (see
Corollary 3.8 and Procedure 3.9).

For all unexplained terminology and additional information we refer to
[2, 20, 22] (for the theory of Grébner bases, Hilbert functions, and toric ide-
als), [15, 21, 24] (for the theory of linear codes), and [8, 9, 10, 11, 17] for the
theory of Reed—Muller codes and evaluation codes.

2. Computing the length and dimension of an affine parameterized code

We continue to use the notation and definitions used in the introduction.
In this section we study parameterized affine codes and show how to express
its dimension and length in terms of the Hilbert function and the degree of
a certain standard graded algebra.

Let P° be a projective space over the field K. Consider the algebraic
toric set

YVo={ (2P apn, 2l apn 1) ] [ @ € K* foralli} C PP,

n )

where K* = K \ {0}. Notice that Y is parameterized by y*',..., y%, y’s+1,
where vs11 = 0. Also notice that Y is the projective closure of X* because K
is a finite field (see Section 3). The sets X* and Y have the same cardinality
because the map p: X* - Y, 2 — [(3:, 1)] , is bijective.

The vanishing ideal of Y, denoted by I(Y), is the ideal of S[u] gener-
ated by the homogeneous polynomials that vanish on Y, where u =ty is a
new variable and Sfu] = ©4>0S[u], is a polynomial ring, with the standard
grading, over the field K. Let Q1,..., Q. be a set of representatives for the
points of Y and let fo(t1,...,ts11) = t¢. The evaluation map

ev'd: S[u]d SN [(|Y|7 f — <f(Q1) f(Qm) ) ,

fo(@1) 7 fo(Qm)

defines a linear map of K-vector spaces. If Q),...,Q,, is another set of
representatives, then there are Ai,...,\, in K* such that Q, = \Q; for
all i. Thus, £(Q)/fo(@}) = F(Qi)/fo(Qs) for f € S[ul, and 1 =i < m. This

means that the map ev/, is independent of the set of representatives that we
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choose for the points of Y. In what follows we choose (P1,1),...,(Pny,1) as
a set of representatives for the points of Y.

DEFINITION 2.1. The image of ev/,, denoted by Cy (d), defines a linear
code that we call a parameterized projective code of degree d.

DEFINITION 2.2. The Hilbert function of S[u]/I(Y) is given by
Hy (d) == dimg (S[uly/I(Y) N S[ul,) ,
and the Krull-dimension of S[u]/I(Y’) is denoted by dim (S[u]/I(Y)).
The unique polynomial hy (t) = ;:01 cit' € Z[t] of degree
k—1=dim (S[u]/1(Y)) -1

such that hy(d) = Hy(d) for d>> 0 is called the Hilbert polynomial of
S[u]/I1(Y), see [20]. The integer cx—1(k — 1)!, denoted by deg (S[u]/I(Y)),
is called the degree or multiplicity of S[u]/I(Y).

PROPOSITION 2.3 ([14, Lecture 13|, [7]). hy(d) =|Y| ford =2 |Y| — 1.

Recall that the vanishing ideal of X*, denoted by I(X™), consists of all
polynomials f of S that vanish on the set X™*. Given f € S<4, we set

Ot te,u) = ulf(t1/u, ... ts/u).

The polynomial fY is homogeneous of degree d. The polynomial fY is called
the homogenization of f with respect to v and d.

THEOREM 2.4. (a) There is an isomorphism of K-vector spaces ¢ :
Cx+(d) — Cy(d),

o (PPLY) PPN (FP) f(P)
H <fo<P1,1>"“’ fo<Pm,1>> - (fo<P1>"“’fo<Pm>>‘

(b) The parameterized codes Cx«(d) and Cy(d) have the same parame-
ters.
(¢c) The dimension and the length of Cx~(d) are
Hy(d) and deg(S[u]/I(Y))

respectively.
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PROOF. (a) Weset I(X™)<, = I(X*)NS<4. The kernel of evg is precisely
I(X™*)<,; Hence, there is an isomorphism of K-vector spaces

(2.1) S<a/I(X )<y~ Ca(X*) = {(f(P1),..., f(Pm)) | f € S<a}

The kernel of ev/, is the homogeneous part I(Y"), of degree d of I(Y'). No-
tice that I(Y"), is equal to I(Y') N S[u],;. Therefore, there is an isomorphism
of K-vector spaces

(2.2) Slul, /1Y), ~ Cy(d).

The homogenization map 1 : S<q—S[u],, f — fP, is an isomorphism of
K-vector spaces (see [13, p. 330]) such that ¢ (I(X*)o,;) = I(Y),;. Hence,
the induced map

(2.3) & Sey— Sluly/ 1Y)y fr— P17,

is a surjection. Thus, by Egs. (2.1) and (2.2), it suffices to observe that
ker (@) = I(X*)<,-
(b) From part (a) it is clear that Cx-(d) and Cy(d) have the same di-

mension and length. To show that they have the same minimum distance
it suffices to notice that the isomorphism ¢ between Cx-(d) and Cy (d) pre-

serves the norm, i.e., [[v]| = ||¢(v)]| for v € Cx-(d).

(c) The ring S[u]/I(Y’) has Krull-dimension 1 (see [16, Theorem 2.1(c),
p. 85]), thus its Hilbert polynomial hy (t) = ¢ is a non-zero constant and its
degree is equal to cg. Then, by Proposition 2.3, we get

Y| = hy(d) = co = deg (S[u]/I(Y))

for d 2 |Y| — 1. Thus, |Y| is the degree of S[u]/I(Y’). Hence, from part (b),
we get that the length of Cx+(d) is equal to the degree of S[u]/I(Y") and the
dimension of Cx+(d) is equal to Hy (d). O

From this result it follows at once that the codes Cx+(d) and Cy (d) are
equivalent in the sense of [21, p. 48].

REMARK 2.5. If Hx~(d) is the affine Hilbert function of the affine K-
algebra S/I(X™*), given by

Hx+(d) == dimg S<q/1(X™) <y

then, by Eq. (2.3), Hy(d) = Hx+(d) for d 2 1 (see [13, Remark 5.3.16]).
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COROLLARY 2.6. (a) The dimension of Cx+(d) is increasing, as a func-
tion of d, until it reaches a constant value equal to | X*|.

(b) The minimum distance of Cx=«(d) is decreasing, as a function of d,
until it reaches a constant value equal to 1.

PROOF. The dimension of Cy (d) is increasing, as a function of d, until
it reaches a constant value equal to |Y| (see [7, Remark 1.1, p. 166] or [4,
p. 456]). The minimum distance of Cy(d) is decreasing, as a function of d,
until it reaches a constant value equal to 1. This was shown in [16, Propo-
sition 5.1, p. 99] and [23, Proposition 2.1]. Therefore the result follows from
Theorem 2.4. O

Next, we give an application by computing the basic parameters of a
certain family of parameterized affine codes. Let X* be an affine algebraic
toric set parameterized by y1,...,ys. In this case we denote X* by T and Y
by T. We call T (resp. T) an affine (resp. projective) torus. Recall that T
and T are given by

T={(21,...,25) | w € K*} CA® and
T = [(.%'1,...,2}5,1)] |1‘Z‘€K*}CPS,

respectively.

COROLLARY 2.7. The minimum distance of Cp(d) is given by

s—k—1 .
5T(d):{(q_1) (q—l—f) %fdé(q—Q)S—l,
L if d=(q—2)s,

where k and £ are the unique integers such that k20, 1< /0<q¢—2 and
d=Fk(qg—2)+¢.

PROOF. It was shown in [18] that the minimum distance of Ct(d) is given
by the formula above. Thus, by Theorem 2.4, the result follows. O

A linear code is called mazimum distance separable (MDS for short) if
equality holds in the Singleton bound (see Eq. (1.2)). As a consequence of
this result we obtain the well-known formula for the minimum distance of a
Reed—Solomon code [21, p. 42].

COROLLARY 2.8 (Reed-Solomon codes). Let T be an affine torus in Al
Then the minimum distance 07(d) of Cr(d) is given by

q—1—d if 1=d=q-3,
5T(d)={

1 if d=q—2,

and Cr(d) is an MDS code.
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PROOF. In this situation s = 1. If d < ¢ — 3, we can write d = k(¢ —2) +
¢, where k = 0 and ¢ = d. Then, by Corollary 2.7, we get ér(d) =q—1—d
ford < qg—3and 6p(d) =1ford=q—2. O

COROLLARY 2.9. The length of Cr(d) is (¢ —1)° and its dimension is

dimg Cr(d) = L:Zdj (-1y (j> (8 " _‘j(q _ 1)>.

PROOF. The length of Cr(d) is clearly equal to (¢ —1)° because T =
(K*)®. It was shown in [4] that the dimension of Cp(d) is given by the for-
mula above. Thus, by Theorem 2.4, the result follows. O

EXAMPLE 2.10. Let T be an affine torus in A? and let Cp(d) be its
parameterized affine code of degree d over the field K = Fi;. Using Corol-
laries 2.7 and 2.9, we obtain:

d 1172|3456 7|89 |10]11]12]13

|T| 100|100 | 100 | 100 | 100| 100|100 | 100 | 100 | 100|100 | 100|100
dimCpr(d)| 3 | 6 | 10|15 |21 |28 [ 36|45 |55 |64 | 72|79 |85
or(d) 90 [ 80 | 70 |60 |50 |40 (302010 9 | 8 | 7| 6

3. Computing the dimension and length of Cy-«(d)

We continue to use the notation and definitions used in Sections 1 and
2. In this section we give expressions for I(X™*) and I(Y') — valid over any
finite field K with ¢ elements — that allow to compute some of the basic
parameters of a parameterized affine code using Grobner bases.

THEOREM 3.1 (Combinatorial Nullstellensatz [1, Theorem 1.2]). Let
R = Klyi,...,yn] be a polynomial ring over a field K, let f € R, and let
a = (a;) € N".  Suppose that the coefficient of y* in f is non-zero and
deg(f)=a1+---+an. If S1,...,Sn are subsets of K, with |S;| > a; for
all i, then there are s1 € S1,...,8, € S, such that f(s1,...,8n) # 0.

LEMMA 3.2. Let K =T, and let G be a polynomial in Kyi,...,yn]. If G
vanishes on (K*)" and deg, (G) < q—1 fori=1,...,n, then G = 0.

PrROOF. We proceed by contradiction. Assume that G is non-zero.
Then, there is a monomial y* that occurs in G with deg (G) = a1 + -+ - + ap,
where a = (a1,...,a,) and a; > 0 for some i. We set S; = K* for all 7. As
deg,, (G) < ¢—1for all i, then a; < |S;| = ¢ —1for all i. Thus, by Lemma 3.1,
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there are x1,...,z, € K* so that G(z1,...,z,) # 0, a contradiction to the
fact that G vanishes on (K*)". O

A polynomial of the form t* — t°, with a,b € N*, is called a binomial of S.
An ideal generated by binomials is called a binomial ideal.

LEMMA 3.3. Let B = K|[t1,...,ts,y1,...,Yn] be a polynomial ring over
an arbitrary field K. If I' is a binomial ideal of B, then I' N K[ty,...,t]
15 a binomial ideal.

PROOF. Let S = K[ti,...,ts] and let G be a Grobner basis of I’ with
respect to the lexicographic order y1 > -+ > yn > t1 > --- = t5. By Buch-
berger algorithm [2, Theorem 2, p. 89] the set G consists of binomials and by
elimination theory [2, Theorem 2, p. 114] the set G N S is a Grobner basis of
I'N'S. Hence I' N S is a binomial ideal. See the proof of [22, Corollary 4.4,
p. 32| for additional details. O

THEOREM 3.4. Let B = K[t1,...,ts,y1,--.,Yn] be a polynomial ring over
a finite field K with q elements. Then

I(X*) = (t1—y™, .t — oyt

—1,...,yg_1—1) ns
and 1(X*) is a binomial ideal.

PROOF. We set I' = (t; —y**,... b5 — yveyd T =1,y — 1) C B.
First we show the inclusion I(X*)C I'NS. Take a polynomial F =
F(t1,...,ts) that vanishes on X*. We can write
(3.1) F=Xt™ 4o N8 ()\1 EK*; m; ENS).

Write m; = (my1,...,m;s) for 1 < i < r. Applying the binomial theorem to
expand the right hand side of the equality

79 = [(t; —y%) +y7]™, 1Zisr 1555,

we get the equality
mij 1 -
G = ( 2 (n:g><(tj —y”j)m”k(?/””')k)> +(y7) "
k=0
As a result, we obtain that ¢ can be written as:

= g e =y ()™ (yP) T,
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where p; is a polynomial in the ideal (t1 —yv Lt — y”S) . Thus, substi-
tuting ¢, ..., ¢t™" in Eq. (3.1), we obtain that F' can be written as:

(3.2) F= Zgz (ti —y™) + F(y™, . ™)

for some g1,...,gs in B. By the division algorithm in K[yi,...,yn] (see [2,
Theorem 3, p. 63]) we can write

(33) F(y™,. Zh 1) + Gy, Yn)
for some hq,...,hy in K[y1,...,ys], where the monomials that occur in G =
G(y1,. .., yn) are not divisible by any of the monomials y?~',... y2™" ie.,

deg, (G) < q—1fori=1,...,n. Therefore, using Egs. (3.2) and (3.3), we
obtain the equality

(3.4) F:Zgi(ti— +Zh 1) + Gy, Yn).

Thus to show that F' € I’ NS we need only show that G = 0. We claim that
G vanishes on (K*)". Take an arbitrary sequence x1,...,x, of elements
of K*. Making t; = a2 for all 7 in Eq. (3.4) and using that F' vanishes on X*,
we obtain

(35) 0=F(a™, ... a"%)

S n

= Zgg(x”i —y”i) —{—Zhi(y;]*l — 1) + Gy, Yn),

=1 =1

where ¢} = gi(z",...,2%,y1,...,Yyn). Since (K*, -) is a group of order ¢ — 1,
we can then make y; = x; for all i in Eq. (3.5) to get that G vanishes on
(x1,...,2yn). This completes the proof of the claim. Therefore G vanishes
n (K*)" and deg, (G) < ¢ — 1 for all 4. Hence G = 0 by Lemma 3.2.
Next we show the inclusion I(X*) D I'NS. Take a polynomial f in
I'n'S. Then we can write

(3.6) f=Zgi(ti—y”i) Jrz:hi(yZ
i=1 i=1
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for some polynomials g1, ..., gs, h1,...,hy in B. Take a point P = (m”l, cen
:U“S) in X*. Making ¢t; = 2" in Eq. (3.6), we get

S n
Flatha™) =Ygl =)+ YoM 1),
=1 i=1

where ¢} = gi(x’”l, e xSy, ,yn) and hl = h,-(a:”l, co xSy, ,yn) )
Hence making y; = x; for all i, we get that f(P)=0. Thus f vanishes
on X*. O

In this paper we are always working over a finite field K. If K =C is
the field of complex numbers and X is an affine toric variety, i.e.,

X=V(p)={PeK"|f(P)=0forall fep}

is the zero set of a toric ideal p, then by the Nullstellensatz [5, Theorem 1.6]
we have that I(X) = p. This means that I(X) is a binomial ideal. For infi-
nite fields, we can use the Combinatorial Nullstellensatz (see Theorem 3.1)
to show the following description of I(X*). We refer to [22] for the theory
of toric ideals.

PROPOSITION 3.5. Let B = K|[t1,...,ts,Y1,--.,Yn] be a polynomial ring
over an infinite field K. Then

I(X*)=(ti—y",... . ts—y”) NS

and 1(X™) is the toric ideal ofK[yvl, . ,y”s} .

Our next aim is to show how to compute I(Y). For f € S of degree e
define

fh= uCf(tr/u, ..., ts/u),

that is, f* is the homogenization of the polynomial f with respect to u. The
homogenization of I(X*) C S is the ideal I(X*)" of S[u] given by

1Y = ({ | f € 1(X)}).

Let > be the elimination order on the monomials of S[u] with respect
to t1,...,ts tsy1, where u = t,, 1. Recall that this order is defined as t* >~ t*

if and only if the total degree of t* in the variables ti,...,ts.1 is greater
than that of t*, or both degrees are equal, and the last nonzero component
of b — a is negative.

'DEFINITION 3.6. The projective closure of X*, denoted by X*, is given
by X* :=Y, where Y is the closure of Y in the Zariski topology of P?°.
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LEMMA 3.7. If f1,..., fr is a Grobner basis of I(X*), then fl, ..., fh
form a Grébner basis and the following equalities hold:

1Y) = I(X)" = (. f1).

PROOF. In our situation X* =Y =Y because K is a finite field. Thus,
the result follows readily from [25, Propositions 2.4.26 and 2.4.30]. O

COROLLARY 3.8. The dimension and the length of Cx~+(d) can be com-
puted using Grobner basis.

PROOF. By Lemma 3.7 we can find a generating set of I(Y") using Grob-
ner basis. Thus, using the computer algebra system Macaulay2 [6, 12], we
can compute the Hilbert function and the degree of S[u]/I(Y), i.e., we can
compute the dimension and the length of Cy (d). Consequently, Theorem 2.4
allows to compute the dimension and the length of C'x+(d) using Grébner
basis.

Putting the results of this section together we obtain the following pro-
cedure.

PROCEDURE 3.9. The following simple procedure for Macaulay2 com-
putes the dimension and the length of a parameterized affine code Cx+(d)
of degree d.

R=GF(q) [y1,...,yn,tl,...,ts,u,MonomialOrder=>Eliminate n]
’=ideal(tl-y1~{v_1},...,t_s-y {s},y1"{qg-1}-1,...,yn"{gq-1}-1)

I(X"*)=ideal selectInSubring(l,gens gb I’)

I(Y)’=homogenize (I(X"*),u)

S=GF(q) [t1,...,ts,u]

I(Y)=substitute(I(Y)’,S)

degree I(Y)

hilbertFunction(d,I(Y))

ExamMpPLE 3.10. Let X™* be the affine algebraic toric set parameterized
by y1y2, Y2y3, y1y3 and let C'x+(d) be its parameterized affine code of order
d over the field K = F5. Using Macaulay2, together with Procedure 3.9, we
obtain:

I(X*) = (té - 1>t%t§ - t%,t%t% - t%at% - 17t%t% - t§7t11L - 1)7

444 42,2 2.2 2.2 2.9 4 4 2.2 2.2 4 4
I(Y) = (ts — Uy, Uaty — 111y, 1113 — toty, ty — Ty, 17ty — 1314, t] — t4),

d 1] 2]3|4]5

| X~ 3232323232
dimCx-(d) | 4 | 1020 [ 29 | 32
5x-(d) 23] 8 1
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The minimum distance was also computed with Macaulay?2.
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