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In this paper I prove good estimates on the moments and tail distribu-
tion of k-fold Wiener—Ito integrals and also present their natural coun-
terpart for polynomials of independent Gaussian random variables.
The proof is based on the so-called diagram formula for Wiener—It6
integrals which yields a good representation for their products as a
sum of such integrals. In a subsequent paper I shall show that this
method also enables us to prove a natural counterpart of these esti-
mates for U-statistics. The main result of this paper is a generaliza-
tion of the estimates of Hanson and Wright about bilinear forms of
independent standard normal random variables. On the other hand,
it is a weaker estimate than the main result of a paper of Latata [5].
But that paper contains an error, and it is not clear whether its result
is true. This question is also discussed here.

1. Introduction. Formulation of the main results.

The goal of this paper is to give good estimates on the tail-distribution and on high
moments of Wiener—Ito integrals. This problem can be reformulated in an equivalent
form to the estimation of polynomials of independent Gaussian random variables. The
results obtained in such a way will be also proved.

This paper can be considered as a continuation of my investigation in paper [9]
where good estimates were given for the tail-distribution and high moments of Wiener—
It6 integrals and (degenerate) U-statistics with the help of their variance. The results
of [9] were proved by means of the so-called diagram formula which yields a useful
expression for the moments of Wiener—Ito integrals or degenerate U-statistics. In the
present paper it is shown that this method can be applied also in cases when we have
more information about a Wiener—Ito6 integral than its variance and want to exploit this.
In a subsequent paper I shall show in a subsequent paper [10] that similar improvements
can be proved about the moments and tail-distribution of degenerate U-statistics.

Previous papers in this field (see [3] or [5]) dealt with the estimation of polynomials
of independent standard normal random variables and not of Wiener-It6 integrals. I
shall show that the result of [3] about the estimation of bilinear forms of independent
standard normal random variables is equivalent to the special case of the main result
in this paper when only two-fold Wiener—Ito integrals are considered. On the other
hand, paper [5] formulates sharper estimates about Gaussian polynomials of higher
order than our results. But the proof in [5] contains an error, hence some problems
arise with respect to this paper. I return to this question later.
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First I introduce some notations needed to formulate the results of the present
paper.

Let us have a o-finite non-atomic measure g on some measurable space (X, X)
together with a white noise pyy with reference measure p, i.e. a set of jointly Gaussian
random variables py (B) indexed by the sets B € X such that pu(B) < oo, whose joint
distribution is determined by the relations Euw (B) = 0, Euw (A)uw (B) = n(AN B)
for all sets A,B € X such that pu(A) < oo, u(B) < oco. Let us also introduce the
quantity

Vlz(f):/fZ(:z:l,...,xk)u(dxl)...u(dxk) (1.1)

for a function f of k variables on the space (X, X). The k-fold Wiener—It6 integral

Ik(f):%/f(ml,...,xk)uw(dxl)...uw(dxk) (1.2)

can be defined for all functions f such that Vi(f) < oco. (See e.g. [4] or [7].) Here
the knowledge of the definition of Wiener—Ito integrals is not assumed. We only need
the so-called the diagram formula which enables us to calculate the moments of these
random integrals. This result will be recalled in Section 3.

We are interested in good estimates on the probability P(k!|[I;(f)| > x) for large
numbers z > 0. This problem is closely related to the question about good moment es-
timates E(k!I;(f))*M for large values M. The results of paper [9] yield a good estimate
for these quantities with the help of Vi (f). I recall them in the following Theorem A.

Theorem A. Let a measurable space (X, X) be given together with a mnon-atomic o-
finite measure on it. Let puyw be a white-noise with reference measure p, and let such a
function f(x1,...,zr) of k variables be given on the space (X, X) for which V2(f) < o
with some o < oo, where the quantity Vi(f) was defined in (1.1). Then the k-fold
Wiener—Ito integral I (f) introduced in (1.2) satisfies the inequalities

kM
EEI(f)*M <C (2k6M> o?M  for all M =1,2,... (1.3)
and
I <C Lzy >0 1.4
P(ENIE(f)| > z) < Cexp —5 <;) for all x > (1.4)

with some appropriate universal C' > 0 depending only on the multiplicity k of the
Wiener—Ito integral.

This estimate is sharp in the following sense. There are functions f(x1,...,xk), (a
function of the form f(z1,...,zx) = g(x1)...g(zx), [¢*(x)u(dz) < oo, is an appro-
priate choice) for which the constant in the exponent of the probability estimate (1.4)
cannot be increased, i.e. the inequality P(K!|Ik(f)] > x) < Ce= K@/ does not hold
for K > %



Let me remark that EIZ(f) = %Vf(f), and EI;(f) = 0. So Theorem A gave a
good estimate on the moments and tail-distribution of Wiener-It6 integrals with the
help of their variance. If we have no more information about the kernel function f
of the Wiener—It6 integral I;(f), than a bound on Vi (f) then we cannot improve the
estimates in Theorem A. On the other hand, one may introduce new quantities to get
better estimates. In this paper such results will be proved. For this goal this first I
introduce some new quantities.

Let us fix a function f(z1,...,x%) on (X, X), introduce the set K = {1,...,k} of
the indices of its variables, and let P = P(K) denote the set of partitions of the set
K to non-empty sets. Given a P = {4;,...,As} € P(K) let us define the class of
appropriate sequences of functions denoted by Fp by the following formula:

Fp= {gr(acj, jeEA), 1<r<s:

(1.5)
/93(%'7 Jj€EA) H p(dz;) <1 foralll<r< 5}
.]GA’I‘

if P={A;,...,As} € P(K). This means that Fp consists of a sequence of functions g,
on (X, X') whose variables are indexed by the elements of corresponding sets A, in the
partition P, and with Ls-norm less than or equal to 1 with respect to the appropriate
product of the copies of the measure pu.

Let us define for all sets P = {A1,...,As} € P the quantity

Vo) = s / o) [ onws, g€ A) [ wldzy).  (1.6)

1<r<s JEK

Beside this, introduce the class P; = Ps(K) C P(K) of partitions of K which consist
of exactly s elements, and put

Vi(f) = Sup Vp(f). (1.7)

Let me remark that the definition of Vi (f) introduced in (1.1) agrees with the definition
of Vi(f) in (1.7) for s = 1. Beside this, the definition of the quantities Fp, Vp(f)
and Vi(f) were formulated in such a way that they are meaningful for any set K =

{u1,...,us} and square integrable function f(z,,,...,2,,) with variables indexed by
the set K. In the formulation of our results we can restrict our attention to the case
K ={1,...,k}, but in later considerations we shall also work with these quantities in

the case of more general sets K.

The main result of this paper, an estimate about the moments and tail distribution
of a Wiener—Ito integral I;(f), can be formulated with the help of the quantities V;(f)
introduced in formulas (1.5), (1.6) and (1.7).

Theorem about the tail-distribution of Wiener—It6 integrals. Let us consider
a k-fold Wiener—Ito integral I, (f), k > 2, defined in (1.1) by means of a white noise
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uw with a non-atomic o-additive reference measure 1 on a measurable space (X, X)
and a measurable function f(x1,...,zr) of k variables on the space (X,X) such that
V2(f) < oo for the quantity Vi(f) defined in (1.1). Then there exist some universal
constants C' > 0, C; > 0 and Cs > 0 depending only on the multiplicity k of the
Wiener—Ité integral It (f) such that

B(RI(f)? < CM max (I/s(f)ZMM[(S_l)(k_l)“]M) , forallM=1,2,..., (18)

and

T 2/[(s=1)(k=1)+1]
! < _ in [ —— .
Pk (f)] > x) < Crexpg —Cs 1I<n.912k(‘/5(f)> (1.9)
with the quantities Vs(f), 1 < s < k, defined in formulas (1.5), (1.6) and (1.7) with the
set K ={1,... k}.

It will be more convenient to prove first the following simpler version of this theorem
and to deduce the result in the general case from it.

Simplified version of the theorem about the tail distribution of Wiener—Ito
integrals. Let a k-fold Wiener—Ité integral I (f), k > 2, be considered with respect
to a white noise uy with reference measure p whose kernel function f satisfies the
imequalities

Vo(f) < M=6=DGE=D/2 0 forall1 < s < k (1.10)

with some positive integer M. Then the inequality
E(k I (f)*M <cMMM (1.11)

holds with some universal constant C' depending only on the multiplicity k of the Wiener—
1to integral.

Reduction of the theorem about the tail-distribution of Wiener—Ito integrals to its sim-
plified version. Let us introduce with the help of the kernel function f of a Wiener—Ito
integral I(f) the number B(M) = 1r£1aé<kVS(f)M(k_l)(s_l)/2), and put f = f(M) =

W f. Then the function f satisfies the conditions of the reduced theorem, hence it

implies that relation (1.11) holds for the Wiener-Ité integral with kernel function f.
This relation implies formula (1.8). Formula (1.9) can be proved in the standard way

by means of formula (1.8) and the Markov inequality P(|k!I;(f)] > x) < E(kqx’;#
with a good choice of the parameter M. The choice of the closest integer to

) o\ Y[=Dk=1+1]
C min [ ——
1<s<k (%(f))

for the parameter M with a sufficiently small C' > 0 (if x > 0 is sufficiently large)
supplies formula (1.9).



This paper contains the proof of the above result. But before turning to it I discuss
what kind of estimates it yields for polynomials of independent standard normal random
variables. This will be the subject of Section 2. Beside this, this section contains a
comparison of these estimates with earlier results in this field. In particular, a result of
Latata is discussed there together with the problem appearing in its proof. Section 3
contains a formula which helps to calculate the moments of a Wiener—Ito integral. This
formula is a consequence of the diagram formula for the product of Wiener—Ito integrals,
and it enables us to prove good moment estimates for Wiener—Ito integrals if we can
find good bounds on some integrals defined with the help of some diagrams. A closer
study showed that it is useful to consider a special class of the diagrams, the so-called
connected diagrams, and it is enough to estimate the integrals related to them. A result
about a good bound on such integrals, called the Basic Estimate is also formulated in
Section 3, and it is shown that the proof of the main result of this paper can be reduced to
that of the Basic Estimate. In Section 4 a result called the Main Inequality is proved,
and the Basic Estimate is proved with its help. Finally in Section 5 Latala’s result
about an improvement of our estimates is discussed in more detail, and the question is
investigated what kind of result has to be solved to decide whether it is true.

2. Bounds on random polynomials of Gaussian random variables.

The natural counterpart of the estimation of k-fold Wiener—Ito integrals is the estima-
tion of some special polynomials of order k£ of independent standard normal random
variables defined with the help of Hermite polynomials. In more detail, polynomials of
the following form will be considered. Let us take independent, standard normal random
variables &1, &5 ..., and introduce with their help the following random polynomials.

Zy = Z G((jl,l1>,...,(ju,lu))Hll(fjl)"'Hls(fjs). (21)

((j17l1)7"'7(j57l5))7
JuFEfyr if uFu’, i+ +ls=k

Here the coefficients a((j1,!01),- .., (ju,ls)) are some real numbers, and H;(x) denotes
the Hermite polynomial of order [ with leading coefficient 1. For the sake of simplicity
let us assume that the sum in formula (2.1) contains only finitely many terms. Infinite
sums could also be allowed in formula (2.1), but in such a case one should deal with
some convergence problems.

It is more convenient to rewrite the random polynomials 7 in formula (2.1) in a
different form. This new notation introduced below means to work with Wick poly-
nomials of Gaussian random variables, i.e. to apply a multivariate generalization of
Hermite polynomials. To introduce the new notation put

Hll(é-jl)"'Hls(é-js) ::gjla"'7£j15"'7€j57"'75j8: .
S——— S———
l1-times ls-times

At the right-hand side of the last formula there is the product of £ Gaussian random
variables &5, 1 < js < n, 1 < s <k, between the two signs :, and some of the terms
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§j, may agree. For the sake of a more convenient notation let us slightly extend the
definition of the above expression. Let us allow to write the terms in this product in an
arbitrary order, i.e. put

T S I SIRRRRRES

for all permutations m = (w(1),...,7(k)) of the set {1,...,k}. With such a notation
the random polynomials we are working with can be rewritten in the form

Zy =Y a(ni,...,np) & bng - ny (2.2)

with some real coefficients a(ni,...,ny) that can be calculated by means of the coeffi-
cients a((j1,01),-- -, (Ju,lw)) in formula (2.1). In the subsequent considerations I shall
estimate random polynomials presented in the form (2.2).

Let us consider the unit interval [0,1] together with the Lebesgue measure on
it denoted by u, and let uy be a white noise with this reference measure pu. Take a
complete orthonormal system of functions gol( ), p2(x), ... with respect to the Lebesgue
measure on [0,1] and put &, = [¢n(@)pw(dr), n = 1,2,.... Then &,&,... is a
sequence of independent, standard normal random variables, and we do not change the
distribution of the random polynomial Z; in (2.2) by choosing the above introduced
standard normal random variables &, in it. Thus we may assume that these standard
normal random variables appear in the definition of the random polynomial Zj, and
I shall exploit this liberty. With such a choice It6’s formula for multiple Wiener—Ito6
integrals (see e.g. [4]) enables us to rewrite the random polynomial Z in the form of
a k-fold Wiener—Ito integral. Such a representation of the random polynomial Zj is
useful, because it enables us to apply the results we know about Wiener—Ito integrals
in our investigations.

To find the above indicated representation observe that by Ito’s formula

by = / o (@1) -+ g (@) () - . pw (de),

hence

Zy =K\ (f /f Ty, xE) pw (dry) .o pw (day) (2.3)

with

F@r,.me) =Y a(na,...,ng)en, (21) - o, (Tk). (2.4)

We get an estimate for the moments and tail-distribution of the random polynomial
Z, with the help of the results formulated in Section 1 if we can express the quantities
Vi(f), 1 < s < k, for the function f introduced in (2.4) by means of the coefficients
a(ni,...,ng) in formula (2.2). We shall define some quantities Vi, 1 < s < k, with the
help of the coefficients a(nq,...,nx) and show that they are equal to Vi(f), 1 < s <k,
with the function f defined in (2.4).



To define the desired quantities let us first introduce the set Gp corresponding to
Fp defined in (1.5) for a partition P = {A;,..., A} € P(K) of the set K = {1,...,k}.

sz{bT(nj,jeAr), I1<nj<ooforallje A, 1<r<s:

Z bf(nj,jeAr)gl foralllgrgs}

1<n;<o0,1<5<r

if P ={A,...,As} € P(K). With the help of this notion define similarly to the
definition of Vp in (1.6) the quantity

Vpa(-)) = sup Y a(ny,...,m) [] br(ny, j € Ar) (2.5)

(b1,...,bs)EGP 1<r<s

for a partition P = {A,,...,As} € P(K) and a sequence a(ni,...,nx), 0 < n; < oo for
all 1 < j <k such that > a?(nq,...,ng) < oo. Finally, put, similarly to formula (1.7)

Vs(a(+) = Sup Ve(a(-). (2.6)
I claim that -
Vp(a(-)) = Vp(f) (2.7)

for all partitions P € P(K), and as a consequence

Vi(a(:)) = Vi(f) (2.8)

with the function f defined in (2.4) and the sequence a(nq,...,n;) appearing in for-
mula (2.2).

To show that relation (2.7) holds fix some partition P = {44, ..., As} € P(K) with
A = (jY)a e ,jl((rr))), 1 <r < s, take a set of sequences

(bl(nj;j S A1)7 SR 7bs(nj7j S As)) < gP7
and correspond to it the set of functions (g1, ..., g,) defined by the formula

I(r)
gr(zj, jE€A) = E br(nj@, e ,n].<(T>)) | | P (ry (xjm), 1<r<s.
(r Ju u
ng.u): 1<n (r) <oo, 1<u<i(r) u=1
Ju

(2.9)
Then it follows from the Parseval formula that

/g?(l‘j, jeAr) H M(dl‘]): Z bf(nj,jeAr), 1<r <,

JEA, n;: 1<n;<oo, jEA,
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(91,---,9r) € Fp, and the mapping b, — ¢g,, 1 < r < s, defined in formula (2.9) is a
one-to-one map from Gp to Fp. Beside this, the Parseval formula also implies that

s k
Za(nl,...,nk)Hbr(nj,jeA /fxl,... ngxj,jEA H (dxj)

r=1
(2.10)
with the sequences a(ny,...,nk) in (2.2) and the function f(x1,...,zx) in (2.4).

Then taking the supremum of both sides of formula (2.10) for all (b1,...,b,) € Gp,
and esploiting that the two suprema equal we get relation (2.5). Indeed, the supremum
of the left-hand side equals Vp((a(-) by definition. The supremum of the right-hand side
equals Vp(f), because as the properties of the above defined one-to-one mapping imply
that the supremum of the right-hand side equals the supremum of the same expressions
if supremum is taken for all (gi1,...,9s) € Fp. Finally, taking supremum in formula
(2.5) for all P € P, we get formula (2.6).

The above considerations together with the theorem about the tail-distribution of
Wiener—It6 integrals formulated in Section 1 supply the following result.

Theorem about the estimation of moments and tail distribution of polyno-
mials of independent standard normal random variables. Let us consider the
random polynomial Zy of standard normal random variables defined in formula (2.2)
There exist some universal constants C' > 0, C; > 0 and Cy > 0 depending only on the
order k of this random polynomial such that

EZM < cM [max (Vs(a(-))QMM[(Sfl)(kfl)Jrl]M) , forallM=1,2,...,

and

- 2/[(s—1)(k—1)+1]
P(|Zk‘ > .’L’) < Cl exp CQ 1I<ns<k: <m) (211)

with the quantities Vi(f), 1 < s <k, defined in formulas (2.5) and (2.6).

The paper of Hanson and Wright [3] contains some estimates on the tail distribution

of a bilinear form
n

ij=1
where &1, ..., &, are independent standard normal random variables, and A = (a(t, j)),
1 <1,7 <n,isan n xXn symmetric matrix. Hanson and Wright introduced the Hilbert—
Schmidt norm A% = > a(i,§)? and the usual norm ||A| = sup |Az| of the matrix
ij=1 lz|=1
A = (a(i, 7)), where |z| denotes the usual Euclidean norm of the vector x = (x1,...,zy,).

They proved the following estimate for the tail distribution of S5,,.

(2.13)

P(S,>z)<C; exp{ min —— oz sz }

1Al
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for all z > 0 with some universal constants C'; > 0 and Cy > 0.

This inequality agrees with the estimate (2.11) in the theorem about the estima-
tion of moments and tail distribution of polynomials of independent standard normal
random variables in the case k = 2. Indeed, the random polynomials Zj defined in (2.2)
agree with the polynomials S, in (2.12), if they contain the same coefficients a(i, j).
Beside this, in this case Vi((a(-)? = A%, and Va(a(-) = ||A|| for the terms V;(a(+)) and
Va(a(+)) defined in (2.5) and (2.6). The condition that the matrix A = ((a(i,5)) must
be symmetric does not mean a real restriction, because a general polynomial S,, can be
replaced by its symmetrization, which does not change its distribution. With such a
notation the estimate (2.13) agrees with the estimate (2.11) for k = 2.

Latala (see [5]) studied the estimation of polynomials of independent standard
normal random variables which have the following special form.

. . k
7y = ST a(.anes) e, (2.14)

1<js<n, 1<s<k

where §§S), ey ,,(f), 1 < s < k, are independent random sequences of independent
standard normal random variables. In this case he formulated an estimate sharper than
ours. But the proof of this result contains an error, and it is not clear whether Latala’s
estimate holds. Hence I present it as a conjecture. Its formulation presented here
slightly is slightly different from that of paper [5], but they are equivalent. They have
a similar relation to each other as the original and simplified versions of the theorem
about the tail distribution of Wiener-It6 integrals in Section 1.

Latala’s conjecture. Let the coefficients of the random Gaussian polynomial Zj of
order k defined in (2.14) satisfy the inequality V(a(-)) < M~=D/2 with some positive
integer M for all 1 < s < k, with the quantities Vi(a(-)) defined in formulas (2.5)
and (2.6). Then there ezists some universal constant C' depending only on the order k
of the random polynomial Zy such that

EZM < oM ppM, (2.15)

It follows from a result of de la Pena and Montgomery—Smith [1] that if Latata’s
conjecture holds for random polynomials of the form (2.14), then it also holds for poly-
nomials of the form

Zy = Z a(jl?"'?jk)gﬁ"'gjk?

1<js<n, 1<s<k, oo if s#s’

where &1, ...,&, are independent standard normal random variables. With the help of
this observation and some additional work Latala’s conjecture can be verified for general
polynomials of the form (2.2), provided that it holds in its original form. I omit the
details.



On the other hand, Latalas argument heavily exploited the special form of the
random polynomials in (2.14). In the study of these polynomials it was important that

the terms in the sum (2.14) contain such products fj(.i) e fj(f) whose terms are elements
of independent copies of a random sequences. This fact enabled Latala to apply a
conditioning argument, and he could reduce the original problem to the estimation of the
supremum of an appropriately defined class of Gaussian random variables with its help.
But the estimation of such a supremum is very hard, and at this point some problems
arise about Latala’s proof. A problem of the following type has to be considered.

Let us have a set of (jointly) Gaussian random variables, n(x), En(z) = 0, En?(z) <
1, x € X, indexed by a parameter set X, and try to give a good estimate on the expres-

oM
sion F (sup n(x)) for large positive integers M. To study this problem let us in-
reX
troduce the (pseudo)metric po defined by the formula p,(z,y) = (E(n(z) — n(y))2)1/2,
x,y € X, in the parameter space X. There is a natural way to give good estimates on
the moments of the supremum we are interested in if we can give for all € > 0 a good
estimate on the minimal number N (X, p,,¢e) of balls of radius ¢ with respect to the
distance p, which cover the whole parameter set X.

The value N (X, pa,€) can be estimated in the following special case. If a proba-
bility measure . can be introduced in the parameter set X (or on an extension of the
set X as it is done in Latata’s paper) for all £ > 0 in such a way that the estimate
pe(y: p(z,y) > €/2) > H(e) is valid with some function H(-) for all x € X, then the
inequality N (X, pq,e) < % holds. Latata claimed that such a construction is possible
in the problem he is investigating. He formulated two lemmas, Lemma 1 and Lemma 2
in his paper which supply a good estimate, presented in Corollary 2, on N (X, py,€).

However, the proof of these Lemmas 1 and 2 is problematic. Lemma 1 contains a
small inaccuracy (it states the upper bound e~t"/2 instead of /2", and this wrong
formula is written rather consequently), but this seems to be a corrigible error. The
main problem is that Lemma 1 supplies a much weaker estimate than Lemma 2 which
is not sufficient to get the results of the paper. At the explanation of this point I refer
to the notation of the paper [5].

The right formula in the first line of the proof of Lemma 2 for d = 1 (page 2319 in
paper [5]) would be

Bo(x, WX, 4t) = {y € R™: a(z —y) < W (a,4t)}
={y e R": a(x —y) < 4dta(zG,,)},

where G, = (z;9;, 1 < j < np), with a standard normal random vector G,, =

(g1,---,9n,). Hence in the proof of Lemma 2 with d = 1 Lemma 1 should be applied

with the parameter ¢ determined by the equation 4ta(G,,) = 4ta(xG,,) (instead of

the parameter ¢ as it is done in [5]). This number ¢ can be very small, since we have to
1

consider such vectors x for which > :1:? < 1. Hence Lemma 1 does not supply a good
j=1

estimate in such a case. In particular, the estimate we get, depends on the dimension
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ny of the space R"', i.e. of the space where the random vector G,,, takes its values. On
the other hand, we need such estimates which do not depend on this dimension.

The question arises whether the proof can be saved despite of this error. I think that
the hardest problem about Latata’s proof is hiding behind this question. In Section 5
I return to it. For the sake of simpler notations I shall consider only the case k = 3. 1
show that Latala’s conjecture is equivalent to a rather hard estimate on the expected
value of the supremum of some random multilinear forms whose study demands new
ideas.

3. The diagram formula for Wiener—It6 integrals.

In this section the diagram formula for products of Wiener—It6 integrals is formulated,
and it is shown how the proof of the simplified version of the theorem about the tail
distribution of Wiener—It6 integrals can be reduced with its help to an estimate that I
call the Basic Estimate.

The diagram formula makes possible to rewrite the product of Wiener—Ito integrals
as a sums of such integrals, and as a consequence, it supplies a formula about the
moments of Wiener—It6 integrals. It was shown in [8] that this formula yields a good
estimate on the moments of Wiener—Ito integrals. In this paper it will be shown that
if the quantities Vi(f), 1 < s < k, defined in (1.6) and (1.7) are very small, then this
method yields a better moment estimate. I recall this formula. It is the same result that
I presented in paper [8], only I made some small changes in the notation. The indices of
the arguments of the functions we are working with will be indexed in a different way,
because this simplifies the discussion.

The following problem is considered: Let us have m such real-valued functions

fj($(j,1)7"'7x(j,kj))a 1 S] Sm

with k; variables on a measure space (X, X, ;1) with some o-finite non-atomic measure
1 for which

/sz(x(j,l), conmGry)(drgy) oo pldege,)) <oo forall 1<j<m (3.1)

together with a white noise puy with reference measure p on the space (X, X). The
Wiener-It6 integrals k;!Ix, (f;), 1 < j < m, introduced in (1.3) can be defined with
the above kernel functions f; and white noise uy. We are interested in a good explicit

formula for the expectation E (H It;(fj) | This formula, which is a simple conse-
j=1

quence of the diagram formula for products of Wiener-It6 integrals (see [2] or [7]) will
be presented below.

The expectation of the above product can be expressed by means of some (closed)
diagrams introduced below. A class of (closed) diagrams denoted by I' = I'(ky, ..., k)
is defined in the following way. A diagram ~ € I'(ky,..., k) consists of vertices of the
form (j,1), 1 <j <m, 1 <1<k, and edges ((4,1),(5,1')), 1 < 4,5/ <m, 1 <1 <kj,
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1<l < k; The set of vertices (j,1), 1 <1 < k;, with a fixed number j is called the
j-th row of the diagram. All edges ((4,1), (j',1')) of a diagram ~ € ['(k1, ..., k) connect
vertices from different rows, i.e. j # 5. It is also demanded that exactly one edge starts
from all vertices of a (closed) diagram . The class T'(ki, ..., k) of (closed) diagrams
contains the diagrams v with the above properties. Beside this, I introduce the set U(7y)
containing the edges of the diagram ~ for all v € I'(ky,...,k,,) and enumerate their
elements. An arbitrary enumeration is allowed, it is only demanded that different edges
must get different labels. Let N () denote the set of indices attached to the elements
of U(7). In this section I shall consider only closed diagrams in which every vertex is
the end-point of some edge. In the next section we have to work with more general, not
necessarily closed diagrams. I introduce their definition there.

Let us fix a diagram v € T'(k1, ..., k). I introduce the following function u(+) on
the vertices (4,1), 1 <j<m, 1 <[ <k;.

For each vertex of v there is a unique edge ((4,1), (5/,1")) € U(y), i.e. an edge in
~ which connects (j,1) with some other vertex (j',1’) of the diagram. If this edge has
label n € N(v), then we put u,((4,1)) = n.

Given a fixed diagram v € ['(kq, ..., k) let us rewrite the functions f; with rein-
dexed variables as fj(xuw(jyl), e wuv(j,kj))a 1 < 5 < m, with the help of the above
defined function u,(-). (Two variables get the same index if the vertices related to them
were connected by an edge of the diagram ~.) Define the product of these reindexed
variables

Fy(@n, ne N(Y) =[] i@,y T k) (3.2)
j=1
together with the integral of these functions
B = Fy(fieee o) = [ By ne NG ] a(do) (3.3
neN(v)

for all v € T'(k1, ..., k).
The expected value of the product of Wiener-Ito integrals k;!Ix, (f;), 1 < j < m,
can be expressed with the help of the above quantities F), in the following way.

Formula about the expected value of products of Wiener—Ito integrals. Let us
consider the Wiener-Ito integrals k;'Iy, (f;) of some functions f;, 1 < j < m, satisfying
relation (3.1) with respect to a white noise uy with reference measure . The expected
value of this product satisfies the identity

eIkt )= X B (3.4)

with the numbers F., defined in (3.2) and (3.3).

To get a good estimate on the expectation of the product of Wiener—Ito6 integrals
by means of formula (3.4) we need a good bound on the quantities F,. For this goal
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it is useful to rewrite them by means of an appropriate recursive formula. To present
such a formula let us define the restrictions 7", 1 < r < m, of all (closed) diagrams
v € T(ky, ..., ky) toits first r rows, 1 <7 < m.

More explicitly, the diagram +" contains the vertices (j,1), 1 < j <r, 1 <1 < k;
and those edges of v whose end-points are vertices in one of the first » rows in . I shall
call v" also a diagram, although it may have vertices from which no edge starts. I return
to this point in the next section. Let U;(4") denote the set of edges and Us(4") the set
of those vertices of 4" from which no edge starts in 4", i.e. which are connected with
a vertex (j',1') with j° > r in . Let all vertices of 4" get the same enumeration that
they got as a vertex of 7. Let N1(7") denote the set of indices of the vertices which are
end-points of an edge in U1 (7"), and Na(y") the set of indices of the vertices in Ua(7").
Put N(y") = N1(7") U N2 (7).

Let us define, similarly to the quantities F7 and F,, the functions

Fyr(@n, n€ N(OY)) =[] i@y 1) - T Giky)) (3.5)
j=1
and
Pron n€ Na()) = [ Bt neNG) [ wtdz) (30
n€EN1(vr)

for all 1 < r < m, and v € T'(ky,..., k). In the case Ni(7") = 0 the integral at
the right-hand side equals F.r (2, n € N(y")). In general, the following convention is
applied. If we integrate a function with respect to a product measure, then in the case
when this product contains zero terms, then the integral equals the function itself.

It is not difficult to check that

F,yl (.I’n, n c NQ(’yl)) = f1($u7(171), . 7xu'y(17k1))7 (3.7)
and
Eyr(@n, n € N2(7"))

= /F,yr1<$n, n c N2<7T_1))fr(xu,y(r,1)a e 7$u7(r,kr)) H :u( d.’]?n)
nEN2(y")\N2(v"~1)
(3.8)
for all 2 < r < m. Beside this,

F, = Fym(xp, n € Na(y™)). (3.9)

(Actually, No(7™) = 0.) Relations (3.7), (3.8) and (3.9) yield a recursive formula for
the quantity F.

Next I introduce the notion of connected (closed) diagrams. They turned out to be
a useful object, because the quantity F, can be better bounded for a connected than
for a general diagram +, and it is enough to bound them to prove our results.
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Definition of connected (closed) diagrams. A (closed) diagram v € T'(ky, ..., kn)
is connected if for all sets of rows A C {1,...,m} of the diagram = such that 1 < |A| <
m — 1 there is such an edge ((j1,11), (j2,l2)) € U(7y) of the diagram ~ for which j; € A
and jo ¢ A.

The following result, called the Basic Estimate yields a bound on F,, for connected
diagrams . This estimate turned out to be sufficient for our purposes.

Basic Estimate. Let us consider a connected, closed diagram v € T'(ky,... k),
m > 2, and some functions f; of k; variables on a measure space (X, X, pn), 1 <j <m,
which satisfy the inequality Vs(f;) < R*™! with some 0 < R <1, for all1 < j <m and
1 < s < kj. (The quantities Vs(f) were introduced in formulas (1.6) and (1.7).) The
quantity Fy = Fy(f1,..., fm), introduced in (3.3) satisfies the inequality

|F’Y|:|F’Y(f17'~'7fm)|SRWL?Q' (310)

I show how the simplified version of the theorem about the tail distribution of
Wiener—Ito integrals can be proved with the help of the Basic Lemma. To do this
first I show that all diagrams v € T'(ki,...,kn,) can be decomposed to the union of
disjoint connected diagrams in a unique way, and the quantity F, equals the product
of the numbers Fy .y corresponding to these connected diagrams.

More explicitly, there is a unique partition 41 = A;(7), ..., As = As(y) of the set
of rows {1,...,m} of v € I'(ky1,...,k,,) in such a way that the diagram 7 equals the
union of the diagrams vy4,, 1 < u < s, where 4, is the restriction of v to the rows
in A,, i.e. it contains the rows of v with indices in the set A, together with the edges
connecting vertices from these rows. Beside this, all diagrams 74, of this decomposition
must be connected. Also the identity

=[] F.. (3.11)

holds.

In more detail, the restriction y4, of v to the rows with indices in A, consists of
vertices in the rows with index in the set of A,, and those edges whose both end-points
are among these vertices. The decomposition of v to the diagrams v4,, 1 < u < s,
means also that v has no such edge which connects vertices from v4, with vertices from
Ya,, with some u # «’. The connectedness of 74, means that for all subsets B C A,,
B # () and B # A, there is an edge of v4, which connects a vertex in a row with index
in B and a vertex in a row with index in A, \ B. The quantities F,, can be defined
similarly to F, for instance by a natural adaptation of the recursive formulas (3.7),
(3.8) and (3.9) in the calculation of F, to the calculation of F’,, . In this adaptation we
can write similar recursive relations, only the row indices 1, ..., m must be replaced by
rows with indices vy, ..., v, if Ay = {v1,..., 04,1} With vy <wvp <--- < s, Itis
not difficult to check that the Basic Estimate also implies that under the conditions of
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this result the inequality |F,,| < RI4I=2 also holds for any connected (closed) diagram
with rows in the set A C {1,...,m}.

To find the desired decomposition of a diagram v € T'(ky, ..., k) let us define the
graph G() with vertices 1,...,m in which two vertices j; and j, are connected with an
edge if and only if the diagram v contains an edge which connects two vertices from the
j1-th and jo-th rows. Let Ay, ..., As be the connected disjoint components of this graph.
Then it is not difficult to see that v4,,...,7v4, supplies the desired decomposition of
the diagram v, and also relation (3.11) holds.

Given a set A C {1,...,m} let ['.(k;, j € A) denote the class of those connected
(closed) diagrams whose rows are the sequences {(j,1),...,(4,k;)}, j € A. Put

KC(A) = Z F’YAv (3'12)
YA EFc(kj7 JGA)

and let us also introduce for a partition P = {Ay,...,As} € P({1,...,m}) of the
set {1,...,m} the class of diagrams T'(Ay,...,As) =T(A4,..., As|k1, ..., k) contain-

ing those diagrams v € I'(ky,..., k) whose decomposition to connected components
consists of diagrams with rows indexed by the sets A;, ..., and As, i.e. of diagrams
va, € Lc(kj, j € Ay), 1 <r < s. Define the quantity

K(Ay,..., A= Y F

for all partitions {A1,..., As} of the set {1,...,m}.
It is not difficult to see with the help of relations (3.11) and (3.12) that

K(Ar,...,A) = Ko(Ay) - Ko(Ay)

for all partitions {Aj, ..., As} of the set {1,...,m}. Summing up this identity for all
classes I'(41,..., A,) we get with the help of the identity (3.4) and the fact that each
diagram has a unique decomposition to connected diagrams that

E ﬁkjllkg(fj) = Z KC(AI)"'KC(AS) (313)

{A1,..., A YeP({1,...,m})

In the next calculations I shall restrict my attention to the case m = 2M, f; = f, k; =k
for all 1 < j < 2M. I give a good upper bound on EI(f)* with the help of relations
(3.12), (3.13) and the Basic Estimate in the case when Vi(f) < R*"!forall 1 <s <k
with R = M~(*~1/2_1In these calculations I also exploit that a connected closed diagram
has at least two rows, hence only such partitions {A;,..., A5} € P({1,...,m}) have
to be considered in the sum at the right-hand side of (3.13) for which |A,| > 2 for all
1 <r<s.
First I show that if Vi(f) < R~ ! for all 1 < s <k, then

|Ko(A)| < (EJADKAIZRIAIZZ for all A C {1,...,m} (3.14)
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for the quantity K.(A) defined in (3.12). Indeed, the Basic Estimate implies that
|F'(v4)|] < RI41=2 for all terms in the sum at the right-hand side of (3.12), and clearly
there are less than (k|A|)*I41/2 diagrams with |A| rows and in each rows k vertices. (At
this point we bounded the number of all (and not only the number of all connected)
diagrams.)

To estimate the expression at the right-hand side of (3.13) let us introduce the
class of those partitions Pg s, . 4., t1 + -+t = 2M, t, > 2, 1 < r < s, of the set
{1,...,2M} which consist of s sets A;,...,As, and the set A, has with ¢, elements,
1 <r <s. (The set Fsy, ..+, depends on the number s and the set {¢1,...,t5}, but it
does not depend on the order of the elements ¢, in this set.) Let us first estimate the
contribution of the partitions Ps;, .. ;. to the sum in (3.13). I claim that

(A1, AYEPs 4t (3.15)

S |P8,t1,...,ts| H(k)tr)ktr/QRtr_z S CMMM |:M(:l€—1)R2

r=1

-

with a universal constant C' > 0 depending only on the parameter k. In particular,

> K. (A)) - Kc(Ay)| < cMMmM (3.16)
{Alz“'vAs}eps,tl,...,tS

if Vo(f) < M~FB=D6E=D/2 for all 1 < s < k, because (3.15) holds with R = M~ (k=1)/2
in this case.

The first inequality in (3.15) is a straight consequence of relation (3.14). To prove
the second inequality we need a good bound on |Psy, . ¢ |. To get such a bound let
us first list the element Ay, ..., A5 of a partition in P, .+ in the following way. Let
A be the set which contains the number 1, A5 the set containing the smallest number
not contained in Ay, e.t.c.. Then let ¢,. denote the cardinality of the set A, with such
an indexation. Then the number [Py, . :. | can be given explicitly, but the following
estimate will be sufficient for our purposes.

s

S (2M)tr—1 M2M—s
|P57t15'“7ts S H ﬁ S C:{MS— (3.17)
r=1 r : H t?"
r=1

with some appropriate Cq; > 0.
The first inequality in relation (3.17) can be simply checked. To prove the second
S S s
inequality let us first observe that [] ¢, < (% > t,,> = (M)s < CM with some
r=1

S
r=1 =
universal constant C. This inequality together with the Stirling formula imply that
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S S S
[Tt — D! > Mt > C3™ [[t) with some appropriate values C3, hence
r=1 r=1 r=1

relation (3.17) holds.
It follows from relation (3.17) that

Patrota| [ [ (Rte) /2 RI2 < O MM 0 (H tgk—2>tr/2) RM=2 (3.18)

r=1 r=1

Let us consider the maximum of the right-hand side in the inequality (3.18) in the
parameters tq,...,ts with a fixed value s. Since kK — 2 > 0, this expression takes its
maximum if 1 = 2M —2s+ 2 and t,, = 2, 2 < r < s. Hence

S

H (k:tr)ktr/QRtr—Q

r=1

S Ci\/IMQM_S(2M . 28 + 2)(k—2)(M—S—|—1)2(5—1)(k—1)R2M—2S
< OM pp2M—s pp(k=2)(M—s) g2M~2s _ M j M [Mk_lRQ}Mfs

|P57t17"'5t5

with some C' > 0 depending only on the parameter k. This inequality finishes the proof
of relation (3.15).

Relation (3.16) is a simple consequence of (3.15). Finally, it follows from (3.4) (with
m=2M and f; = f for all 1 < j <2M) and (3.16) that

E(k' Iy ()M < 22MoM pyM

if Vo(f) < M~(k=D(=1/2 for all 1 < s < k, which means that the simplified version of
the theorem about the tail distribution of Wiener—Ito integrals is proved with the help
of the Basic Estimate.

To see that relations (3.4) and (3.16) really imply the last inequality it is enough to
observe that the class of sets P({1,...,2M?}) is the union of the classes of sets Ps ¢, .. +.,
and there are less than 22M classes Ps ¢, ;.. (The number of such classes is bounded
by the number of sets of positive integers {t1,...,ts} such that t; +---+t5s =2M.)

We could prove our result by means of a good estimate on the quantity F., for
connected diagrams. The introduction of connected diagrams was very important in
our considerations, because the Basic Estimate holds only for such diagrams. I show
an example of non-connected (closed) diagrams which satisfies only a much weaker
estimate. Let us consider a diagram v € I'(ky,...,k,,) and a function f; = f with
m = 2M, kj =k for all 1 < j < 2M. Beside this, let the f be a function, symmetric in
its variables and such that Vi (f) = 1. Let us consider such a diagram 7 whose rows can
be put into pairs in such a way that edges can connect only vertices from rows which are
paired. For such a diagram F, = Vi(f)*™ = 1, and this value is much larger than the
bound in the Basic Estimate. But there are relatively few such diagrams, their number
equals gé\ﬁi (k!)M. Hence the relatively great value of F,, for such diagrams causes no
problem.
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The estimation of the moments with the help of connected diagrams corresponds
to a classical method of probability theory, to the estimation of moments by means of
semi-invariants. The quantity K.(A) introduced in formula (3.12) is actually the semi-
invariant of the random variables k;!Ix, (f) for j € A, and the identity (3.13) is a special
case of the formula about the expression of the expectation of products of random
variables by means of semi-invariants. Since I shall not work with semi-invariants in an
explicit form in this paper, here I do not discuss this subject in more detail. Some useful
information about semi-invariants can be found in the second chapter of the book [11],
and I also return to this question in paper [10].

4. The proof of the Basic Estimate.

The Basic Estimate will be proved by means of an inductive proposition about the
behaviour of the functions F,~, 1 < r < m, where 7" is the restriction of the closed
diagram ~ to its first r rows. To formulate and prove this result the notion of diagrams,
introduced in Section 3, will be generalized. Such diagrams will be defined which may
have such vertices from which no edge starts. The definition of some other objects
related to these new diagrams will be also presented together with some results needed
in our further discussion.

A diagram with rows in a finite set A = {j1,...,dm}, 1 < J1 < jo < -+ < jm of the
positive integers and with row length j;, 1 <t < m, is a graph whose vertices are the
pairs (ji, 1) with 1 <t <m and 1 < < kj,. The set of points {(j;,{): 1 <1 < kj,} is
called the t-th row of the diagram. A diagram may contain such edges ((j,1), (ji, 1))
for which ji,jir € A, 1 <1<k, 1 <U'< k;,,, and j; # jp. In words this means that
edges can connect only vertices from different rows. Beside this, it is required that from
each vertex there starts either zero or one edge. Graphs satisfying all these properties
will be called diagrams. The class of diagrams with rows indexed by a set A and with
k; element in the row indexed by j € A will be denoted by I'(k;|j € A). The main
difference between diagrams and closed diagrams introduced in the previous section is
that a general diagram may contain vertices from which no edge starts. Those vertices
of a diagram ~ from which no edge starts will be called open vertices. The notion of
connected diagrams will be also introduced for this more general class of diagrams.

Definition of connected diagrams in the general case. A diagram vy € I'(k;|j € A)
is connected if for all sets B C A such that B # () and B # A there exists an edge
((Fe, 1), (Gery 1) of v such that j, € B and jy € A\ B.

Similarly to closed diagrams, general diagrams v € I'(k;|j € A) also have a unique
decomposition to connected diagrams. To formulate this statement precisely let us first
introduce the reduction of a diagram to some of its rows. Given a diagram v € I'(k;|j €
A), A ={j1,....,jm} and a set B C A let yp € I'(kj|j € B) denote that diagram
whose vertices are points of the form (j;,1), j: € B, 1 <[ < kj,, and two vertices in
~vp are connected by an edge if and only if they are connected by an edge in v. With
this notation we can state that for all diagrams v € I'(k;|j € A) there exists a unique
partition Ay, ..., A, of the set of rows A in such a way that all diagrams v4,, 1 < u < s,
are connected, and the diagram 4 is the union of the diagrams v4,, 1 < u < s. This

18



can be proved similarly to the case of closed diagrams. One has to take the graph whose
vertices are the points of the set A and draw an edge between two vertices j; € A, and
ju € A if there is an edge in the diagram  connecting some vertices from the j;-th and
the j-th row. By taking the decomposition of this graph to connected components we
also get the decomposition of the diagram + to connected components.

Given a diagram v € I'(kj|j € A) with A = {ji,...,jm} together with some
functions fi(z(;, 1, - - ,x(jt,kjt)), 1 <t < m, a natural generalization of the quantities
F., and F, defined in (3.2) and (3.3) can be introduced, and it can be shown that they
have properties similar to them. To introduce these quantities let us enumerate first the
edges and then the vertices of the diagram ~. A vertex from which an edge starts gets
the same label as the edge starting from it. The remaining vertices, from which no edge
starts get a new label. In this enumeration two vertices get the same index if and only
if they are connected by an edge. Let u,(j,[) denote the label of of the vertex (j,[) in
this enumeration of the vertices of a diagram . Let N () denote the set of labels of all
vertices and N1(7y) the set of labels of all open vertices in 7. Then we define, similarly
to formulas (3.2) and (3.3) the quantities

F’Y(ajRJ nc N(fy)) = H ft(aju'y(jul)? s 7$Uw(jt7kjt)) (41)
t=1

and
Ey(zn, n € N1(7)) = Fy(zn, n € Ni(V)[f1, ..., fim)

— [ B nene) T utdm) (42)

nENa(7y)

with Na(y) = N(v) \ N1(7)-

Given a diagram vy € I'(k;[j € A) with A = {j1,...,jm} let 7" denote its restric-
tion to its first r rows, i.e. to rows in A, = {j1,...,5-}, 1 < r < m. The natural
modification of the recursive relations (3.7), (3.8) and (3.9) remain valid also for general
diagrams . The only difference we have to make is to rewrite the indices u.(1,[) and
u~(r,1) by uy(j1,!) and u(jr,!) in the new relations. Beside this, the following natural
modification of formula (3.11) holds.

If the decomposition of a diagram v =4 € I'(k;|j € A) to connected components
consists of the diagrams v4,, ..., va,, where A;,..., Ay is the partition of the set A
we have to apply to get the desired decomposition to connected components, then the
above defined function F,(z,, n € Ni(7)) satisfies the identity

Fyy(@n, n € Ni(va)) = [ Fos, (@a, n € Ni(qa,)), (4.3)

where Ni(va4,) denotes the set of labels of the open vertices in v4,, and F,, is the
function defined in (4.2) with the diagram v = ~4,. Beside this, the sets of labels
Ni(vya,) are disjoint for different indices t. Here I make the convention that the label of
a vertex in the restriction vp of a diagram v4, B C A, agrees with its original label in
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the diagram v4. Formula (4.3) can be checked similarly to (3.8) with the help of (the
modified version of) the recursive relations (3.8) and (3.9).

Given a closed diagram -, its restriction 4" to its first » rows may be not a closed
diagram. But it is also a diagram, and the above mentioned results can be applied for
it. In particular, it has a decomposition to connected components, and the function F.,
defined by means of some functions f;, 1 < j < r can be factorized. The next result,
called A More Detailed Version of the Basic Estimate contains an estimate for the terms
in this factorization. The Basic Estimate is a part of this result for the parameter » = m.

A More Detailed Version of the Basic Estimate. Let us consider a connected,
closed diagram ~ € T'(k1,...,km), m > 2, and some functions f; of k; variables on a
measure space (X, X,p), 1 < j < m, which satisfy the inequality Vi(f;) < R*~' with
some 0 < R<1 foralll <j<mandl<s<kj Letvy" denote the restriction of the
diagram ~y to its first v rows and let F.» be the function defined in formula (4.2) with
the help of the diagram v = ~" and the functions fs, 1 < s <r. Take the decomposition
of the diagram " to the union of disjoint connected diagrams yar defined with the help
of an appropriate partition A7, ... ,AZ(T) of the set {1,...,r}, 1 <t < s(r), with some
number s(r). Consider the factorization (4.3) of the function F.» to
s(r)
F’W(x’m ne Nl(fyr)) = H F’YA: (:En, n e Nl(PYA{))'
t=1

For 1 <r <m—1 all diagrams yar, 1 <t < s(r), contain at least one open vertez, i.e.
Ni(yar) > 1, and
[Vs(Fy 1 (Tn, n € Ni(yar)))| < RAFS=2 forall1 <t <s(r) and 1 <s < |N1(var)l,

(4.4)
where |A}| is the cardinality of the set A}, i.e. it equals the number of rows in the
diagram Ay, and Ni(yar) denotes the set of indices of the free vertices in yar.

For r = m the decomposition of v = v to connected components consists of the
(closed) diagram -~y itself, and

|y | = [Fym| < R™2. (4.5)

The proof of the More Detailed Version of the Basic Estimate is based on the
following result called the Main Inequality.

The Main Inequality. Let f(x1,...,Tn, Untmt1s-- s Untmip) and

g(xn+17 -y Tntms Untm+1y - - - 7vn+m+p>

be two square integrable functions with m + p and n + p variables on a measure space
(X, X, 1), and define the function

F(xy,...,Tntm) = /f(xl, ey Ty Unbmetls - - - s Unbmtp)
n+m-+p (46)
9(93n+1, c sy n4ms Undm41, - - - 7'Un—|—m+p) H ,UJ( d'Uu)-
u=n+m-+1

20



Letm+n > 1, p > 1, and let the functions f and g satisfy the relation Vi(f) < Dy R*2
and Vy(g) < Do R*™2 with some A >0, B>0and 0 < R<1 foralll <s<m+p and
1 < s < n+ p respectively. Then the function F' satisfies the inequality

Vs(F (21, ..y Tpgm)) < DiDsR™2 forall 1<s<m+n. (4.7)

First I prove the More Detailed Version of the Basic Estimate with the help of the
Main Inequality.

Proof of the More Detailed Version of the Basic Estimate with the help of the Main
Inequality. Let us first observe that all components y4r, 1 < ¢ < s(r), of the diagram
~" contain at least one open vertex for » < m — 1. Otherwise the diagram ~ would not
satisfy the condition of connectedness with B = A}. Relation (4.4) clearly holds for
r = 1. It will be proved by induction with respect to r that it holds for all 1 < r < m—1.

Let us assume that relation (4.4) holds for » — 1 and let us prove it for r. Some

of the connected components v ,r-1 of ~"~1 may have a vertex connected with a vertex
t
of the r-th row {(r,1),...,(r, k.)} of the diagram ~. Let us make such an enumeration
r—1

of the connected components of ~ in which there is a constant 5(r) such that the
components 7y 4r—1 with 1 < §(r) have a vertex connected with a vertex of the r-th row
of 7, and the components v ,--1, 5(r) <t < s(r — 1), have no such vertices. To simplify
the following discussion let us introduce the notation Ypr—1r = {(r,1),...,(r, ky)} for

the r-th row of the diagram . Then the connected components of v" are the diagrams
5(r)

ver = U Var-: and Var-1s 5(r) <t < s(r—1). The latter diagrams satisfy relation
t=0

(4.4) by_induction, so it is enough to show that
Va(Eype )] < RPTHS2 for all 1 < s < [Ny (y5r)], (4.8)

where | N1 (7ypr)| denotes the number of open vertices in the diagram yg-. It is possible
that no vertex of the diagram +"~! is connected with a vertex from the r-th row of ~.
In this case 5(r) = 0, B" = A} ~', and relation (4.8) clearly holds.
J
To prove relation (4.8) let us introduce the following notations. Put B} = |J ATt
t=0
for all 0 < j < §(r). With such a notation By, ) = B" for j = §(r). I shall show that

\Vs(Fy 0 (zs, s € Nl(’}/B;“)| < RIBil+s=2 forall 1 <j<s§(r)and 1 <s< |N1(’yBjr)|.
(4.9)
Relation (4.9) for j = s(r) implies relation (4.8). Relation (4.9) holds for j = 0, and it

will be proved for a general parameter j, 1 < j < 5(r), by induction.

B”
J
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For this goal I write the following recursive relation for the functions F, .
J

FVB;_ (s, s € Ni(ypr)) = /FVArl (s, s € N1(y4m-1))
j J
F’)’B;_1 (x& s € NI(VB;A)) H N(de)

S€N1(7Af71)mN1(’7B;71)
j

(4.10)
for all 1 < j < §(r). I show that relation (4.9) follows from relation (4.10) and the
Main Inequality. Indeed, let us apply the Main Inequality with the functions f =
Ey - (zs, s € Nl('yAr 1)) and g = FWBT (xs, s € Nl(fyBr ). (More precisely, we

apply an equivalent version of the Main Inequahty where the indices of the variables
of the functions f and g may be different, and the variables by which we integrate and
by which we do not integrate may be listed in an arbitrary order.) By our inductive
hypothesis these functions f and g satisfy the inequalities V,(f) < D1 R*~2 and V,(g) <
DyR*~2 with D1 = R5 ' and Dy = RIB5i-1l. Beside this, [Ny (y,--1) N N (ysr )l =
| N1 ( Ar—l) NNy (y Ar—1)| > 1, because there is an edge connecting a vertex of Var-1 with
a vertex of the r- th TOW 7 gr—1 of the diagram . This inequality corresponds to the
condition p > 1 in the Main Inequahty This number p is the multiplicity of the integral
in formula (4.6). Beside this, the diagram ~,r—1 U VB, has an open vertex because of
the connectedness of the diagram ~. This cojrresponds to the condition m +n > 1 in
the Main Inequality.

The above considerations show that the Main Inequality can be applied in the
present case. It yields that |Vs(F, .| < RIATHIBI A Rs—2 RIBi1+5=2 and this is

'YB’"
what we had to prove.

The proof of relation (4.5) is similar. In the proof the above decomposition of
~"~1 is applied to the connected components for » = m. For this parameter r = m all
components y AT 1 <t < s(m —1) have a vertex which is connected with a vertex
of the m-th row of the diagram ~. (The m-th row of v will be sometimes denoted by
vy ~'.) Thus 5(m) = s(m — 1), the connected components v, m-1, 1 < j < s(m — 1),
can be listed in an arbitrary order, and the diagrams VB, 1 JS j < s(m —1) can be
defined similarly to the case r < m. Beside this, relation (4.9) can be proved for r = m
and j < s(m—1)—1, similarly as it was proved for r < m. The main difference between
the cases r < m and r = m is that in the latter case the proof of relation (4.9) works
only for j < s(m — 1) — 1, but not for j = s(m — 1). In the case j = s(m) the Main
Inequality cannot be applied in the proof, because B = is a diagram without
open vertices, and this property does not allow the application of the Main Inequality
in the case r =m, j = s(m —1).

On the other hand the identity

F :/Fngm_l)_l(a:s, s€N(ygma )

s(m—1)
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F, . (2 s€Ni(yms ) [[  wldes) — (411)

s(m— s(m—1)
(m-1) SENl(’YAm—l )
s(m—1)

holds, and the function integrated in (4.11) is the product of two terms whose Lo-norm
can be well bounded. Namely, since the Lo-norm of a function f of several variables
(defined on the measure space (X, X, p)) equals Vi(f), relation (4.9) with the choice
r=m and j = s(m — 1) — 1 together with formula (4.4) for r = m — 1 yield, with the

m—1

parameter s = 1, the bound RIBm—n-1171 and RISm-0I71 for the Lo-norm of these
terms. Hence relation (4.11) and the Schwarz inequality imply that

Y

m m—1 _
| < R FATL D=2 _ s

as it was stated.

It remained to prove the Main Inequality.

Proof of the Main Inequality. Let us fix a partition A; = Ag.l) U Ag.z), 1 <5 < sy,
B, 1 <k <sg,and C;, 1 <1 < s3, 51+ s2 + s3 = s of the set {1,...,n + m} such
that all sets Ag.l), A;Q), By and C) are non-empty, and A;l), B c{1,...,n}, A;Q), C) C
{n+1,...,n+m}. Define some functions u;(z4, ¢ € A;), 1 < j < s1, vg(z,, € By),

1 <k <s9and wy(z, t € Cy), 1 <1< s3such that fu?(:r;q, qge A;) [ pldzy) <1,
qEA;

[vi(zy, r € By) [[ p(dz,) <1, and [wi(ze, t € Cy) T[] wu(dzy) < 1. It has to be
r€ By teC
shown that for all such partitions and the functions f and g the inequality

/f(xlv <o s Ty UndmA1y - - - 7vn+m+p)g(mn+1a «o s Tndmy Undm+1,y - - - 7vn+m+p)

Huj(:vq, quj)Hvk(:cr, reBk)le(xt, te () (4.12)

j=1 k=1 =1
n+m n+m-+p
H w(dx;) H p(dv,) < Dy Dy R ™2
i=1 u=n-+m-+1

holds.

Let us first show that this inequality can be reduced to the case when so = s3 = 0,
that is when the partition of the set {1,...,n + m} consists only of such sets A; which
have a non-empty intersection with both sets {1,...,n} and {n+1,...,n+m}. To
carry out this reduction let us define the functions

f(.flfj, ] - {1, e ,n} \ Bavn—l—m—l—l; Ce 7vn—|—m—|—p)

= /f(xla e s Ty Unbm41s - - - 7vn—|—m—|—p) H vk(xTa T e Bk) H ,LL( d.fl?7«>,

k=1 reB

(4.13)
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g(xj7 J € {n_l_17"'7n+m}\cvvn+m+17'"7vn+m+;ﬂ)

S3
= /g(xn+1, oy Tpms Undtma1s - -+ Untmtp) le(xt, te () H p( dxy)

=1 teC
(4.14)
S92 S2
with B = |J By and C = | C) together with the function
k=1 =1
F(zj, je{l,....,n+m}\ (BUC)
= /f(x], j € {1, “e ,TL} \ B,Un+m+1, Ce 7vn—|—m—|—p)
n+m-+p
gxj, je{n+1,....,n+m}\ C,Vptms1,-- s Vntmtp) H p( dvuy,).
u=n+m-+1
(4.15)
With this notation inequality (4.12) can be rewritten as
/F’(xi, i€ {1, .ntmp\ (BUC) [[us(rq a € A4)
=1 (4.16)

H ,u( dl‘l) < D1D2R81+82+83_2.
1€{1,...,n+m}\(BUC)

Beside this, it is not difficult to check that the functions f and g satisfy the inequalities
Vi(f) < D1R*2foralll < s < n+p—|B|and V,(§) < DaR* 2 forall1 < s < m+p—|C|
with D; = DiR*? and Dy = D,R® respectively. For the parameter s = 1 these
inequalities yield the bounds D;R~" and DyR™! fpr the Ly-norm of the functions f
and g respectively. They imply together with relation (4.15) and the Schwarz inequality
that relation (4.16) holds in the special case s; = 0, i.e. when there is no set of the type
Aj in the partition we consider. (In this case F' is a function of zero variables, i.e. it is
a constant.)

This means that it is enough to prove relation (4.16) in the case s; > 1. This enables
us to reduce the proof of relation (4.12) to the case s; = s3 = 0, i.e. to the case when all
elements of the partition is such a set as the sets A;. To get this reduction it is enough
to work with the functions f, g and F defined in formulas (4.13), (4.14) and (4.15)
instead of the original functions f, g and F' in the proof of the Main Inequality, and
observe that these functions also satisfy its conditions (with an appropriate reindexation
of the variables in these functions). Hence the Main inequality follows from the following
reduced form of relation (4.12):

I = /f(xla e s Ty Undm41y - - - 7Un+m+p)g($n+17 c o s Tn4+ms Undm+1, - - - ;Un—i—m—i—p)
s n+m n+m-+p
[Twies g€ 4) [ wlde)  J]  wldvn) < DiDyR*
7j=1 =1 u=n+m-+1
(4.17)
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for a partition A; = Agl) U Aéj), 1 < j <s, of the set {1,...,n 4+ m}. To prove this
inequality let us introduce the functions

1/2

Uj(zg, g € A?) = / (g g€ Ay) [ nldey)

and

for all 1 < j < s together with the functions

G(:L‘n—i—la s an-i-m)
n+m-+p 1/2
- [/ 92(3771—1—17 <oy Tndmy Undm—41,5-- - avn-i-m-i-p) H ,U/( dvu)
u=n+m-+1
and
_ g(Tpi1,..., , U ooy U
g(vn+m+1, o 7Un—|—m—|—p>|1'n—|—17 o ’mn+m) _ ( n+1 n+msy Yn+m+1 n—i—m—i—p) )
G(:I:n—l-]J s 7xn—|—m)
Observe that
2
(/Uﬂ%,quy)]] p(dzy) <1, (4.18)

(2)
qGAj

/u?(:z:q, q€ Agl)\xq, q€ AS-Q)) H p(dry) =1 forall x ={x,, ¢ € Ag.z)} (4.19)
qug.l)

for all 1 < j <'s, because the Ly-norm of the functions u;(-) are less than 1. Similarly,

n+m

/G2(xn+1, ey Tntm) H p(drj) < D3R™? (4.20)

j=n+1

since the Lo-norm of the function G equals the Lo-norm of g which is Uy (g), and it is
bounded by DyR~!. Beside this,

n—+m+p

/gz<vn+m+17 <. 7Un+m+p‘xn+1; <. 7$n+m) H N( dvu) =1

it (4.21)

for all x = (zp41,- -+, Tntm)
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The function
Z(zm n+1<r §n+m) :/f(xla'"7$n7vn+m+17"'7vn+m+P)

H uj(zq, q € A§.1)|J;q, q € Agz))

j=1
n n+m-—+p
G(Vntm+1s- - Vntmetp| Tntls - -« s Tntm) H p(dw;) H p( dvy)
1=1 u=n+m-+1

satisfies the inequality
| Z(zp, n+1<r<n+m) <DR forallz= (2, n+1<r<n+m), (4.22)

because of the inequality Vi1 (f) < D1 R*™! (we consider the partition of the index set
consisting of the sets A(l), 1 < j < s. and the index set of the variables v;) and the
bounds (4.19) and (4.21) about the Lo-norm of the functions u;(-|-) and g(-|-).

By rewriting the integrand in formula (4.17) with the help of the identities u;(-) =
;i (-[)U;(-), 1 < j < sand g(-) = g(-|)G(-) we can rewrite the expression I in formula
(4.17) with the help of the above introduced quantities as

s n+m
- /Z(mr, n+1<r <ntm) [[Ui(zg g€ AP)G@nir,.anim) [] nldes).
j=1 i=n+1

Beside this, the La-norms of the functions

HUj(:I;q,qEAgQ)) and  G(Tpi1,-- s Tnim)

j=1

are bounded by 1 and Dy R~! respectively by relations (4.18) and (4.20), and the func-
tion Z(-) satisfies inequality (4.22). These inequalities together with the Schwarz in-
equality imply that I < D;DyR*72, i.e. relation (4.17) holds. The proof of the Main
Inequality is completed.

26



5. On Latala’s conjecture.

In this section I discuss Latata’s conjecture. I show, by working out the details of the
arguments leading to this conjecture that it is equivalent to an estimate about the ex-
pected value of the supremum of certain random multilinear forms. The original form
of this conjecture contains an estimate about the moments of certain Gaussian poly-
nomials. The would-be proof applies an inductive argument with respect to the order
of the polynomials we consider. It is known that the conjecture holds for polynomials
of order 2. I shall consider polynomials of order 3 whose study also reveals very much
about the general situation. First I formulate Latata’s conjecture for polynomials of
order three in an explicit form.

Latala’s conjecture for Gaussian random polynomials of order 3. Let us fix a
large positive integer M and consider a random polynomial of the form

4,9,k

where all random variables &;, n; and (i have standard normal distribution, and they are
independent of each other. Let the coefficients a(i, j, k) of the polynomial Z in formula
(5.1) satisfy the following inequalities depending on the fized parameter M :

> ali, g k)i, k) <1 if Y uP(i,j k) <1, (5.2)

1,5,k i,j,k
> ali, g kuli, j)o(k) < M7V2 i > WP (i,5) <1 and Y vP(k) <1,
4,5,k 1,5 k
> aling kui, ko) < M7Y2df Y w(i k) <1 and Y 0*() <1, (54
i,9,k i,k J '
> ali,j k(i k)v(i) < M7Y2if Y uP(G k) <1 and Y v3(i) < 1,
4,5,k J.k i

and

> ali, g, k)u@)v(j)w(k) < M~

ihj?k

if Y W) <1, ) () <1 and Y w(k) <1 (5.4)
A k

J
Then the random polynomial Z satisfies the inequality
EZ*M < oM pM (5.5)
with some universal constant C' > 0.

In the calculation of EZ?M it is useful to consider first its conditional expectation

under the condition that the value of all random variables &; are prescribed. This
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conditional expectation has a simple form which can be well bounded because of the
independence of the variables &;, n; and (. We get
2M 2M

B(ZM|G =a) = E Y a(i,j.k)xmiGe | =E|Y_AGkxnG | . (56)
1,5,k g,k
where
AZ(]a k‘|l‘) = Al(jv k|$1a T2, ... ) - Z a’<i7j7 k)xz
i

The moment estimates known for Gaussian polynomials of order two enables us to bound
the expression in formula (5.6). These estimates depend on the Hilbert—Schmidt norm
D1 (x) and usual norm Do (x) of the matrix A(j, k|x) appearing in formula (5.6). To get
a formula more appropriate for our investigations I give the value of these quantities by
means of the the following variational principle.

Di(z) = sup > AG, kl)v(j, k),
v(4.k): Y02 (5,k)<1 g
and
Dy (z) = sup > AG, kl)v(j)w(k).
(w(), w(k)): Y w2 ()<L, Y w(k)<1 g
In such a way we get the following estimate.
2M

E(Z*M|& = 2) = B Y A, klx)n; G
ik
oM

<CMMM [ sup ) A(G klx)u( k)

oGk h (5.7)
S v?(Gk)<1
oM
+ MM sup > AG, kl)v(i)w(k)
o(3), w(k) n
ST eP()<t, S wi(k)<t
Taking expectation in inequality (5.7) we get that
2M
E(Z*M) < CMMME up > AU K&, k)
u\g, -
S wGm<t
oM
+CMMPME sup > AG kg v()w(k)

v(5), w(k) ik
STvP()<1, Y wi(k)<1
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The last inequality can be rewritten in the form

2M
E(Z2M) <CMMME s(ulz) Z Bi1(u(y, k))&
u(g, i
Yo u(k)<1
2M
+CMMPME sup Y Bia(v(h), w(k))é
v(4), w(k) i
dovP()<1, Y wi(k)<1
with
Bia(u(j, k), g,k =1,2,...,) =Y a(i,j, k)u(j, k),
jk
and

Bio(v(j), wlk), jk=1,2,...) = a(i,j, k)v(j)w(k),
gk
or by introducing the notations v = (u(j, k), 7,k = 1,2,...), v = (v(j), j = 1,2,...)
and w = (v(k), k =1,2,...) together with the Gaussian random variables

X(u)zz (i,7,k ZB” ), 4ok =1,2,...)&,

.9,k

(5.8)
Y(v,w) =Y ali,j, k)v(j ZBM (k), G,k =1,2,...)&,
.9,k
this inequality can be written in the form
2M
E(Z*"y<cMMME s,(g;;) X (u)
u(j,
Yo ui(Gk)<1
. (5.9)
+CMMPME sup Y (v, w)
v(j), w(k)

S u?(5)<1, Y w?(k)<1

The right-hand side of (5.9) can be bounded by means of some concentration the-
orem type inequalities about the supremum of a Gaussian process. Ledoux has a result
about the supremum of Gaussian processes (Theorem 7.1 in the book [6] The Concen-
tration of Measure Phenomenon) which states that the supremum of a Gaussian process
U(t), EU(t) =0, t € T, takes a value larger than E sup U(t) with relatively small prob-

teT

ability. More explicitly, it states that P (Sup U(t) > EsupU(t) + x) < Cye=Caa®/X
teT teT
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where A\ = sup EU?(t). Some calculation with the help of this inequality yields the
teT
estimates

2M 2M

E sup  X(u) <DM|E sup  X(u)

u(j;k) u(j;k)
> u (G k)<1 > u?(.k)<1
+DM  sup  EX(u)*M
u(j;k)
Yo uP(hk)<1
2M
<D™ |E sup  X(u) + DM MM sup (EX(U)Q)M
u(j,k) u(j;k)
> u? (k<1 Yo uP(hk)<1
and
2M
E sup Y (v, w)
v(7), w(k)
S w?(5)<1, Y w(k)<1
2M
<DM|E sup Y (v, w)
v(5), w(k)
ST(5)<1, Y wi(k)<1
+ DM sup EY (v, w)*M
v(7), w(k)
S v?()<1, wi(k)<1
2M
<DM|E sup Y (v, w)
v(4), w(k)
S 0?(5)<1, Y wk)?<1
+ DM MM sup (EY(v,w)Q)M
v(4), w(k)

D)<, Y wi(k)<1

The content of the above inequalities is that to get a good estimate on the high
moments of the supremum of a Gaussian process with expectation zero it is enough to
have a good estimate on the expectation of the absolute value of this supremum and on
the moments of the single random variables in this stochastic process. The latter terms
can be expressed by means of the variance of these random variables.

A relatively simple calculation by means of the Schwarz inequality shows that under
conditions (5.3) and (5.4) the inequalities EX (u)? < M~!, and EY (v, w)? < M~2 hold
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if Yu(j,k)? <1, S20%(j) <1, and Y w?(k) < 1. Some calculation also shows that
under the condition (5.2) the inequality

oy 1/2
E sup Xw)|<|E sup  X(u) <C (5.10)
u(j,k) u(j,k)
> P (G,k)<1 > o (4,k)<1

holds. The second term in (5.10) can be well estimated, because the supremum of
the random variables X (u) can be explicitly calculated for all fixed random vectors &;,
i=1,2,..., and after this, the middle term in (5.10) can be well bounded with the help
of relation (5.2) because of the orthogonality of the random variables &;.

Because of the above inequalities to show that relation (5.5) holds under conditions
(5.2), (5.3) and (5.4) it would be sufficient to prove the inequality

C
E sup Y(v,w)| < —. (5.11)
v(5), w(k) VM
dT0P(5)<1, Y w(k)?<1

under the above conditions with the random variables Y (v, w) introduced in (5.8) and
some universal constant C' < co. This would mean that Latala’s conjecture holds for
Gaussian polynomials of order 3.

A more careful analysis would even show that the validity of relation (5.11) under
conditions (5.2), (5.3) and (5.4) is equivalent to Latala’s conjecture. This argument can
be adapted to the case of general parameter k, and it yields that Latata’s conjecture is
equivalent to Theorem 2 of his paper [5].

More generally, it can be said that even if we cannot prove inequality (5.11), the
bound we can give for the high moments of a random polynomial Z defined in (5.1)
depends on what kind of estimate we can prove for the expression in (5.11). But
the estimation of such an expression is a hard problem. The analogous problem in
formula (5.10) was much simpler.

The estimation of the left-hand side of (5.11) is much harder than that of for-
mula (5.10), because in this case the supremum of random trilinear forms had to be
considered (and not the supremum of random bilinear forms as in formula (5.10)).
Latata tried to get a good estimate for such an expression by means of a good bound
on a quantity N (X, ps,e) which was introduced also in Section 2 of this paper. But his
proof of the estimate for N(-) contained an error which seems to be serious. I do not
know whether the estimation of the quantity N (X, pa,€) is the right way to give a good
bound on the expression in formula (5.11). But the proof of such an estimate demands
a deeper analysis than the method of paper [5]. Such an analysis should exploit the
finer structure of the model we consider.
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