ot

© 0N

MULTIPLE WIENER-ITO INTEGRALS
with applications to limit theorems

Péter Major

Lecture Notes in Mathematics 849
Springer—Verlag, Berlin, Heidelberg, New York (1981)

TABLE OF CONTENTS

Introduction. . ....... o

On a limit problem. ...... ... ... . .
Attachment to Section 1. A brief overview about some results on
generalized functions. ........... ...

Wick polynomials. ........
Random spectral measures. ........... ... ...
Attachment to Section 3. A more detailed discussion about the
spectral representation of the covariance function of stationary
random fields. ... ... .

Multiple Wiener—Ito6 integrals. .......... ... .. ..o i i,
The proof of 1t6’s formula. The diagram formula and some of its
CONSEQUETICES.  + + vttt ettt e ettt ettt ettt
Subordinated random fields. Construction of self-similar fields. .
On the original Wiener—Ito integral. ...........................
Non-central limit theorems. ................. ... ... ..........
History of the problem. Comments. ...........................

References. . ...

i

18
23

36
52
64
69
87

95



Introduction.

One of the most important problems in probability theory is the investigation of the
limit distribution of partial sums of appropriately normalized random variables. The
case where the random variables are independent is fairly well understood. Many results
are known also in the case where independence is replaced by an appropriate mixing
condition or some other “almost independence” property. Much less is known about
the limit behaviour of partial sums of really dependent random variables. On the other
hand, this case is becoming more and more important, not only in probability theory,
but also in some applications in statistical physics.

The problem about the asymptotic behaviour of partial sums of dependent ran-
dom variables leads to the investigation of some very complicated transformations of
probability measures. The classical methods of probability theory do not seem to work
for this problem. On the other hand, although we are still very far from a satisfactory
solution of this problem, we can already present some nontrivial results.

The so-called multiple Wiener—Ito integrals have proved to be a very useful tool
in the investigation of this problem. The proofs of almost all rigorous results in this
field are closely related to this technique. The notion of multiple Wiener—It6 integrals
was worked out for the investigation of non-linear functionals over Gaussian fields. It is
closely related to the so-called Wick polynomials which can be considered as the multi-
dimensional generalization of Hermite polynomials. The notion of Wick polynomials
and multiple Wiener—It6 integrals were worked out at the same time and independently
of each other. Actually, we discuss a modified version of the multiple Wiener—It6 inte-
grals in greatest detail. The technical changes needed in the definition of these modified
integrals are not essential. On the other hand, these modified integrals are more ap-
propriate for certain investigations, since they enable us to describe the action of shift
transformations and to apply some sort of random Fourier analysis. There is also some
connection between multiple Wiener—It6 integrals and the classical stochastic It6 inte-
grals. The main difference between them is that in the first case deterministic functions
are integrated, and in the second case so-called non-anticipating functionals. The con-
sequence of this difference is that no technical difficulty arises when we want to define
multiple Wiener—Ito integrals in the multi-dimensional time case. On the other hand,
a large class of nonlinear functionals over Gaussian fields can be represented by means
I, 1 (f) of multiple Wiener-It6 integrals.

In this work we are interested in limit problems for sums of dependent random
variables. It is useful to consider this problem together with its continuous time version.
The natural formulation of the continuous time version of this problem can be given by
means of generalized fields. Consequently we also have to discuss some questions about
generalized fields.

I have not tried to formulate all the results in the most general form. My main
goal was to work out the most important techniques needed in the investigation of such
problems. This is the reason why the greatest part of this work deals with multiple
Wiener—It6 integrals. I have tried to give a self-contained exposition of this subject and
also to explain the motivation behind the results.
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I had the opportunity to participate in the Dobrushin—Sinai seminar in Moscow.
What I learned there was very useful also for the preparation of this Lecture Note.
Therefore I would like to thank the members of this seminar for what I could learn from
them, especially P. M. Bleher, R. L. Dobrushin and Ya. G. Sinai.

Some remarks to this text.

This text is a slightly modified version of my Lecture Note Multiple Wiener—Ito integrals
with applications to limit theorems published in the Lecture Notes in Mathematics series
(number 849) of the Springer Verlag in 1981. I decided to make a special lecture on
the basis of this work in the first semester of the university course in 2011-2012 at the
University of Szeged. Preparing for it I observed how difficult the reading of formulas
in this Lecture Note is. These difficulties arose because this Lecture Note was written
at the time when the TRX program still did not exist, and the highest technical level of
typing was writing on an IBM machine that enabled one to type beside the usual text
also mathematical formulas. But the texts written in such a way are very hard to read.
To make my text more readable I decided to retype it by means of the TEX program.
This demanded some changes. It implied e.g. to follow such partly typographical partly
linguistic rules by which one does not start a sentence with a formula. Beside this, it
suggested to formulate the basic definitions in a (typographically) more explicit form
and not as an explanation inside the text. When typing this work I also tried to rethink
what I had written, to correct the errors and to make the proofs more understandable.
It was surprising and a little bit shocking to meet my old personality by studying my
old Lecture Note and to recognize how much I have changed. Now I would expose many
details in a different way. Naturally I would also make many changes by taking into
account the results proved since the time I wrote this note. Nevertheless I decided to
make no essential changes in the text, to restrict myself to the correction of the errors I
found, and to give a more detailed explanation of the proofs where I felt that it is useful.
(There were many such places.) In doing so I was influenced by a Russian proverb which
says: ‘Luchshe vrag khoroshego’. I tried to follow the advice of this proverb. (I do not
know of an English counterpart of it, but it has a French version: ‘Le mieux est ’ennemi
du bien’.)

I made only one exception. I decided to explain those basic notions and results in
the theory of generalized functions which were applied in this work in an implicit way. In
particular, I tried to explain how one gets with the help of this theory those results about
the so-called spectral representation of the covariance function of stationary random
fields that I have formulated under the name Bochner’s theorem and Bochner—Schwartz
theorem. This extension of the text is contained in the attachments to Sections 1 and 3.
In the original version I only referred to a work where these notions and results can be
found. But now I found such an approach not satisfactory, because these notions and
results play an important role in some arguments of this work. Hence I felt that to
make a self-contained presentation of the subject I have to explain them in more detail.

Budapest, 15 August 2011

Péter Major
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1. On a limit problem.

We begin with the formulation of a problem which is important both for probability
theory and statistical physics. The multiple Wiener—Ito integral proved to be a very
useful tool at the investigation of this problem.

We shall consider a set of random variables &,, n € Z,, where Z, denotes the
v-dimensional integer lattice, and we shall study their properties. Such a set of random
variables will be called a discrete (v-dimensional) random field. We shall be mainly
interested in so-called stationary random fields. Let us recall their definition.

Definition of discrete (strictly) stationary random fields. A set of random vari-
ables &, n € Z,,, is called a (strictly) stationary discrete random field if (§nyy-- - &n,) 2

(Enytms -« Enptm) forallk =1,2,... and nq,...,ng, m € Z,, where 2 denotes equal-
ity in distribution.

Let us also recall that a discrete random field &,, n € Z,, is called Gaussian if
for every finite subset {ni,...,nt} C Z, the random vector (§,,,...,&,,) is normally
distributed.

Given a discrete random field &,,, n € Z,, we define for all N = 1,2,... the new
random fields
ZY =AY &, N=12,..., nei, (1.1)

jeBY

where . . '
BN ={j:jez, n9IN<;OD<mD+1)N,i=1,2,...,0v},

and Ay, Ay > 0, is an appropriate norming constant. The superscript ¢ denotes the
i-th coordinate of a vector in this formula. We are interested in the question when the
finite dimensional distribution of the random fields ZY defined in (1.1) have a limit as
N — oo. In particular, we would like to describe those random fields Z, n € Z,,, which
appear as the limit of such random fields ZY. This problem led to the introduction of
the following notion.

Definition of self-similar (discrete) random fields. A (discrete) random field &,,
n € Z,, is called self-similar with self-similarity parameter o if the random fields ZY
defined in (1.1) with their help and the choice Ay = N satisfy the relation

A
Enrs-sbny) = (20,0 Z0) (1.2)
forall N =1,2,... andny,...,ng € Z,.

We are interested in the choice Ay = N® with some o > 0 in the definition
of the random variables ZY in (1.2), because under slight restrictions, relation (1.2)
can be satisfied only with such norming constants Ayx. A central problem both in
statistical physics and in probability theory is the description of self-similar fields. We
are interested in self-similar fields whose random variables have a finite second moment.



This excludes the fields consisting of i.i.d. random variables with a non-Gaussian stable
law.

The Gaussian self-similar fields and their Gaussian range of attraction are fairly
well known. Much less is known about the non-Gaussian case. The problem is hard,

because the transformations of measures over RZ» induced by formula (1.1) have a very
complicated structure. We shall define the so-called subordinated fields below. (More
precisely the fields subordinated to a stationary Gaussian field.) In case of subordinated
fields the Wiener—It6 integral is a very useful tool for investigating the transformation
defined in (1.1). In particular, it enables us to construct non—-Gaussian self-similar fields
and to prove non-trivial limit theorems. All known results are closely related to this
technique.

Let X,,, n € Z,, be a stationary Gaussian field. We define the shift transformations
T, m € Z,, over this field by the formula 7,,X, = X,+, for all n, m € Z,. Let
‘H denote the real Hilbert space consisting of the square integrable random variables
measurable with respect to the o-algebra B = B(X,,, n € Z,). The scalar product in
H is defined as (§,n) = Eén, £, n € H. The shift transformations 7,,, m € Z,, can be
extended to a group of unitary shift transformations over H in a natural way. Namely,
if £ = f(Xn,,...,Xpn,) then we define T,,& = f(Xn,4m,---s Xn+m)- 1t can be seen
that ||€|| = ||Tm&]|, and the above considered random variables £ are dense in H. (A
more detailed discussion about the definition of shift operators and their properties will
be given in Section 2 in a Remark after the formulation of Theorem 2C. Here we shall
define the shift 7;,£, m € Z,, of all random variables ¢ which are measurable with
respect to the o-algebra B(X,,, n € Z,), i.e. £ does not have to be square integrable.)
Hence ||T},|| can be extended to the whole space H by Ly continuity. It can be proved
that the norm preserving transformations 7;,, m € Z,, constitute a unitary group in
H,ie. Thym =T,T,, for all n, m € Z,, and Ty = Id. Now we introduce the following

Definition of subordinate fields. Given a stationary Gaussian field X,,, n € Z,, we
define the Hilbert spaces H and the shift transformations T,,, m € Z,,, over H as before.
A discrete stationary field &, is called a random field subordinated to X, if &, € H, and
Thém = Enam for alln, m € Z,,.

We remark that & determines the subordinated fields &, completely, since &, =
T,.&. Later we give a more adequate description of subordinates fields by means of
Wiener—It6 integrals. Before working out the details we formulate the continuous time
version of the above notions and problems. In the continuous time case it is more natural
to consider generalized random fields. To explain the idea behind such an approach we
shortly explain a different but equivalent description of discrete random fields. We
present them as an appropriate set of random variables indexed by the elements of a
linear space. This shows some similarity with generalized random fields.

Let ¢, (z), n € Z,, n = (ny,...,n,), denote the indicator function of the cube
[ny — %,nl + %) X oo X [Ny, — %,nu + %), with center n = (ny,...,n,) and with edges
of length 1, ie. let ¢, (z) =1, z = (21,...,2,) € RY, if nj; — % <z; <nj+ % for all
1 <j <v,and let p,(x) = 0 otherwise. Define the linear space ® of functions on R”

consisting of all finite linear combinations of the form } c;p,,(z), n; € Z,, with the

2



above defined functions ¢, (x) and real coefficients c;. Given a discrete random field
&ny n € Zy,, define the random variables £(p) for all ¢ € ® in the following way. Put
E(p) = Do cibn, if ©(x) = > cjon,(x). In particular, {(p,) = &, for all n € Z,. The
identity £(c1o + c2v0) = c1€(p) + c2£() also holds for all ¢, € ® and real numbers ¢;
and cs.

Let us also define the function @A~)(z) = ﬁgp(%) for all functions ¢ € ®
and positive integers N = 1,2,..., with some appropriately chosen constants Ay > 0.
Observe that f(go,(lN’AN )) = ZY with the random variable Z' defined in (1.1). All
previously introduced notions related to discrete random fields can be reformulated
with the help of the set of random variables {(¢), ¢ € ®. Thus for instance the
random field &,, n € Z, is self-similar with self-similarity parameter « if and only if

E(@N) 2 E(p) for all p € & and N = 1,2,.... (To see why this statement holds
observe that the distributions of two random vectors agree if and only if every linear
combination of their coordinates have the same distribution. This follows from the fact
that the characteristic function of a random vector determines its distribution.)

It will be more useful to define the continuous time version of discrete random
fields as generalized random fields. The generalized random fields will be defined as a
set of random variables indexed by the elements of a linear space of functions. They
show some similarity to the class of random variables {(¢), ¢ € ®, defined above. The
main difference is that instead of the space ® a different linear space is chosen for the
parameter set of the random field. We shall choose the so-called Schwartz space for this
role.

Let S = S, be the Schwartz space of (real valued) rapidly decreasing, smooth
functions on R”. (See e.g. [15] for the definition of S,. I shall present a more detailed
discussion about the definition of the space S in the adjustment to Section 1.) Gen-
erally one takes the space of complex valued, rapidly decreasing, smooth functions as
the space &, but we shall denote the space of real valued, rapidly decreasing, smooth
functions by S if we do not say this otherwise. We shall omit the subscript v if it leads
to no ambiguity. Now we introduce the notion of generalized random fields.

Definition of generalized random fields. We say that the set of random vari-
ables X (p), p € S, is a generalized random field over the Schwartz space S of rapidly
decreasing, smooth functions if:

a) X(a1p1 + azp2) = a1 X (¢1) + a2 X (p2) with probability 1 for all real numbers ay
and ay and p1 € S, pa € S. (The exceptional set of probability 0 where this identity
does not hold may depend on a1, as, @1 and @3.)

b) X(¢n) = X(p) stochastically if p, — ¢ in the topology of S.
We also introduce the following definitions.

Definition of stationarity and Gaussian property of a generalized random
field. On the notion of convergence of generalized random fields in distribu-

tion. The generalized random field X = {X (¢), ¢ € S} is stationary if X (p) 2 X (Typ)
forallp € S andt € R”, where Typ(x) = p(x—t). It is Gaussian if X () is a Gaussian
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random variable for all ¢ € §. The relation X, A Xo as n — oo holds for a sequence
of generalized random fields X,,, n =0,1,2,..., if X;,(¢) LA Xo(p) for all o € S, where

D o
— denotes convergence in distribution.

Given a stationary generalized random field X and a function A(t) > 0, t > 0,
on the set of positive real numbers we define the (stationary) random fields X;* for all
t > 0 by the formula

XAe) =X (), peS,  where pf(z) = A ¢ (T)- (1.3)

We are interested in the following

Question. When does a generalized random field X* exist such that X B X* as
t— o0 (orast—0)?

In relation to this question we introduce the following

Definition of self-similarity. The stationary generalized random field X is self-similar

with self-similarity parameter o if X () 2 X(p) for all o € S and t > 0 with the
function A(t) = t.

To answer the above question one should first describe the generalized self-similar
random fields.

We try to explain the motivation behind the above definitions. Given an ordinary
random field X (¢), t € R”, and a topological space £ consisting of functions over R
one can define the random variables X (¢) = [n, ¢(t)X(t)dt, ¢ € £. Some difficulty
may arise when defining this integral, but it can be overcome in all interesting cases. If
the space € is rich enough, and this is the case if £ = S, then the integrals X (¢), ¢ € &,
determine the random process X (¢). The set of random variables X (¢), ¢ € S, is a gen-
eralized random field in all nice cases. On the other hand, there are generalized random
fields which cannot be obtained by integrating ordinary random fields. In particular,
the generalized self-similar random fields we shall construct later cannot be interpreted
through ordinary fields. The above definitions of various properties of generalized fields
are fairly natural, considering what these definitions mean for generalized random fields
obtained by integrating ordinary fields.

The investigation of generalized random fields is simpler than that of ordinary
discrete random fields, because in the continuous case more symmetry is available.
Moreover, in the study or construction of discrete random fields generalized random
fields may play a useful role. To understand this let us remark that if we have a
generalized random field X (¢), ¢ € S, and we can extend the space S containing
the test function ¢ to such a larger linear space 7 for which ® C 7 with the above
introduced linear space ®, then we can define the discrete random field X (¢), ¢ € ®, by
a restriction of the space of test functions of the generalized random field X (¢), ¢ € 7.
This random field can be considered as the discretization of the original generalized
random field X (¢), p € S.



We finish this section by defining the generalized subordinated random fields.
Let X(¢), ¢ € S, be a generalized stationary Gaussian random field. The formula
T. X () = X(Typ), Tip(x) = @(x —t), defines the shift transformation for all ¢t € R.
Let H denote the real Hilbert space consisting of the B = B(X(¢), ¢ € S) measurable
random variables with finite second moment. The shift transformation can be extended
to a group of unitary transformations over H similarly to the discrete case.

Definition of generalized random fields subordinated to a generalized sta-
tionary Gaussian random field. Given a generalized stationary Gaussian random
field X (), ¢ € S, we define the Hilbert space H and the shift transformations T,
t € RY, over H as above. A generalized stationary random field £(¢), ¢ € S, is subor-
dinated to the field X (¢), ¢ € S, if &(p) € H and T:{(p) = {(Tp) for all ¢ € S and
t € RY, and E[€p,) — &(0)]? — 0 if o, — @ in the topology of S.

Attachment to Section 1. A brief overview about some results on generalized func-
tions.

Let us first describe the Schwartz spaces S and S¢ in more detail. The space S¢ = (S,)°
consists of those complex valued functions of v variables which decrease at infinity,
together with their derivatives, faster than any polynomial degree. More explicitly,
@ € 8¢ for a complex valued function ¢ of v variables if

. L ontta
1

zt ...q;yumgp(xl,...,xy) <Ok, kv, quy -5 q0)

for all point x = (z1,...,2,) € R” and vectors (ki,...,k,), (q1,...,q,) with non-
negative integer coordinates with some constant C(ki,...,ky,,q1,...,q,) which may
depend on the function (. This formula can be written in a more concise form as

|kaqu(:L')| < C(k,q) with k= (ky,...,k,) and ¢ = (q1,.--,qv),

991+ tav
83:(111...8333”

S are defined similarly, with the only difference that they are real valued functions.

where z = (z1,...,x,), 2F = 2% ... 2% and D7 = . The elements of the space

To define the spaces S and §¢ we still have to define the convergence in them. We
say that a sequence of functions ¢,, € §¢ (or ¢,, € §) converges to a function ¢ if

lim sup (1 + |2[*)*| D%, (z) — Dlp(x)| = 0.

n—oo rERY

forall k=1,2,... and ¢ = (q1,.-.,¢,). It can be seen that the limit function ¢ is also
in the space §¢ (or in the space S).

A nice topology can be introduced in the space S¢ (or §) which induces the above
convergence. The following topology is an appropriate choice. Let a basis of neighbour-
hoods of the origin consist of the sets

Ulk,q,2) = {io: max(1 +[af")"| D% ()| < <}
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with £k =0,1,2,..., ¢ = (¢1,-..,¢,) with non-negative integer coordinates and ¢ > 0,
where |z|? = 23 4+ --- + 22. A basis of neighbourhoods of an arbitrary function ¢ € §¢
(or ¢ € §) consists of sets of the form ¢ + U(k, q, ), where the class of sets U(k,q,¢)
is a basis of neighbourhood of the origin. The fact that the convergence in S has such
a representation, (and a similar result holds in some other spaces studied in the theory
of generalized functions) has a great importance in the theory of generalized functions.
We also have exploited this fact in Section 6 of this Lecture Note. Topological spaces
with such a topology are called countably normed spaces.

The space of generalized functions S’ consists of the continuous linear maps F: S —
C or F: §¢ — C, where C denotes the linear space of complex numbers. (In the study
of the space 8’ we omit the upper index ¢, i.e. we do not indicate whether we are
working in real or complex space when this causes no problem.) We shall write the map
F(p), Fe€S8 and ¢ € S (or p € §°) in the form (F, ).

We can define generalized functions F' € S’ by the formula (F, ) = [ f(z)@(x) dx
for all p € S or p € 8¢ with a function f such that [(1+|z|?)?|f(z)| dz < oo with some
p > 0. (The upper script ~denotes complex conjugate in the sequel.) Such functionals
are called regular. There are also non-regular functionals in the space S’. An example
for them is the d-function defined by the formula (§,¢) = ©(0). There is a rather good
description of the generalized functions F' € §’, (see the book I. M. Gelfand and G.
E. Shilov: Generalized functions, Volume 2, Chapter 2, Section 4), but we do not need
this result, hence we do not discuss it here. Another important question in this field
that we omit is about the interpretation of a usual function as a generalized function in
the case when it does not define a regular functional because of its strong singularity
in some points. In such cases some regularization can be applied. It is an important
problem to find the appropriate generalized functions in such cases, but it does not
appear in the study of the problems of this work.

The derivative and the Fourier transform of generalized functions are also defined,
and they play an important role in some investigations. In the definition of these notions
for generalized functions we want to preserve the old definition if nice regular functionals
are considered for which these notions were already defined in classical analysis. Such
considerations lead to the definition (%F, ) = —(F, a%%) of the derivative of general-
ized functions. We do not discuss this definition in more detail, because here we do not
work with the derivatives of generalized functions.

The Fourier transform of generalized functions in S’ appears in our discussion,
although only in an implicit form. The Bochner-Schwartz theorem discussed in Section 3
actually deals with the Fourier transform of generalized functions. Hence the definition
of Fourier transform will be given in more detail.

We shall define the Fourier transform of a generalized function by means of a natural
extension of the Parseval formula, more explicitly of a simplified version of it, where the
same identity

— 1 —
- J@gla)de = @7 o ! (u)g(u) du

is formulated with f(u) = [, e!(“% f(z)dz and §(u) = [, €/“® g(z) dz. But now we

6



consider a pair of functions (f,g) with different properties. We demand that f should
be an integrable function, and g € §¢. (In the original version of the Parseval formula
both f and g are Ly functions.)

The proof of this identity is simple. Indeed, since the function g € S¢ can be
calculated as the inverse Fourier transform of its Fourier transform g € S¢, i.e. g(z) =
ﬁ [ e~ "2 §(u) du, we can write

= [ §(u) 1V ei(w2) f(z) da duz% F(u)i(u) du.
(2) (2)

Let us also remark that the Fourier transform f — f is a bicontinuous map from
S¢ to 8¢ (This means that this transformation is invertible, and both the Fourier
transform and its inverse are continuous maps from S§¢ to §¢.) (The restriction of the
Fourier transform to the space S of real valued functions is a bicontinuous map from &
to the subspace of S¢ consisting of those functions f € §¢ for which f(—z) = f(z) for
all z € R".)

The above results make natural the following definition of the Fourier transform F
of a generalized function F' € §’.

(F,9) = (2m)"(F,p) forall p € S°.

Indeed, if F € 8’ then F is also a continuous linear map on §€, i.e. it is also an element
of §’. Beside this, the above proved version of the Parseval formula implies that if we
consider an integrable function f on RY both as a usual function and as a (regular)
generalized function, its Fourier transform agrees in the two cases.

There are other classes of test functions and spaces of generalized functions studied
in the literature. The most popular among them is the space D of infinitely many differ-
entiable functions with compact support and its dual space D’, the space of continuous
linear transformations on the space D. (These spaces are generally denoted by D and D’
in the literature, although just the book [15] that we use as our main reference in this
subject applies the notation K and K’ for them.) We shall discuss this space only very
briefly.

The space D consists of the infinitely many times differentiable functions with
compact support. Thus it is a subspace of S. A sequence ¢, € D, n = 1,2,...,
converges to a function ¢, if there is a compact set A C R” which is the support of all
these functions ¢,,, and the functions ¢, together with all their derivatives converge
uniformly to the function ¢ and to its corresponding derivatives. It is not difficult to
see that also ¢ € D, and if the functions ¢,, converge to ¢ in the space D, then they
also converge to ¢ in the space S. Moreover, D is an everywhere dense subspace of S.
The space D’ consists of the continuous linear functionals in D.

The results describing the behaviour of D and D’ are very similar to those describing
the behaviour of S and S’. There is one difference that deserves some attention. The
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Fourier transforms of the functions in D may not belong to D. The class of these
Fourier transforms can be described by means of some results in complex analysis. A
topological space Z can be defined on the set of Fourier transforms of the functions
from the space D. If we want to apply Fourier analysis in the space D, then we also
have to study this space Z and its dual space Z’. T omit the details.

2. Wick polynomials.

In this section we consider the so-called Wick polynomials, a multi-dimensional gen-
eralization of Hermite polynomials. They are closely related to multiple Wiener—Ito
integrals.

Let X, t € T, be a set of jointly Gaussian random variables indexed by a parameter
set T. Let EX; = 0 for all t € T. We define the real Hilbert space H; and H in the
following way: A square integrable random variable is in H if and only if it is measurable
with respect to the o-algebra B = B(X;, t € T'), and the scalar product in H is defined
as (&,n) = E¢n, £, n € H. The Hilbert space Hy C H is the subspace of H generated by
the finite linear combinations ) ¢; Xy,, t; € T. We consider only such sets of Gaussian
random variables X; for which H; is separable. Otherwise X;, t € T', can be arbitrary,
but the most interesting case for us is when 7' =S, or Z,,, and Xy, t € T, is a stationary
Gaussian field.

Let Y71,Y5,... be an orthonormal basis in H;. The uncorrelated random variables
Y1,Y3,. .. are independent, since they are (jointly) Gaussian. Moreover, B(Y1,Y3,...) =
B(X:, t € T). Let Hy,(z) denote the n-th Hermite polynomial with leading coefficient 1,

i.e. let H,(z) = (—1)"ex2/2$—nn(e_x2/2). We recall the following results from analysis
and measure theory.

Theorem 2A. The Hermite polynomials H,(x), n = 0,1,2,..., form a complete or-

thogonal system in Lo (R, B, \/%76*%2/2 d:z:). (Here B denotes the Borel o-algebra on

the real line.)

Let (X;, X}, 1), j = 1,2,..., be countably many independent copies of a prob-
ability space (X, X, u). (We denote the points of X; by x;.) Let (X, A, u>) =
IT(X;,&;, pj). With such a notation the following result holds.

71=1

Theorem 2B. Let g, p1,..., wo(x) = 1, be a complete orthonormal system in the
o

Hilbert space Lo(X,X,p). Then the functions ] o, (x;), where only finitely many
j=1

indices k; differ from 0, form a complete orthonormal basis in Lo(X %, X, u°).

Theorem 2C. Let Y1,Ys, ... be random variables on a probability space (2, A, P) taking
values in a measurable space (X, X). Let & be a real valued random variable measurable
with respect to the o-algebra B(Y1, Ya,...), and let (X°°, X>°) denote the infinite product
(X XX X+, XXX X ) of the space (X, X) with itself. Then there exists a real
valued, measurable function f on the space (X, X°°) such that £ = f(Y1,Ya,...).
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Remark. Let us have a stationary random field X, (w), n € Z,. Theorem 2C enables us
to extend the shift transformation 7}, defined as 7,, X, (w) = Xp4m(w), n, m € Z,, for
all random variables £(w), measurable with respect to the o-algebra B(X, (w), n € Z,).
Indeed, by Theorem 2C we can write {(w) = f(X,(w), n € Z,), and define T,,£(w) =
[(Xnt+m(w), n € Z,). We still have to understand, that although the function f is not
unique in the representation of the random variable £(w), the above definition of 7},,&(w)
is meaningful. To see this we have to observe that if f;(X,,(w), n € Z,) = fo(Xn(w), n €
Z,) for two functions f; and fo with probability 1, then also f1(X,im(w), n € Z,) =
fo(Xpnim(w), n € Z,) with probability 1 because of the stationarity of the random

field X,,(w), n € Z,. Let us also observe that &(w) = Tmé(w) for all m € Z,,. Beside this,
T,, is a linear operator on the linear space of random variables, measurable with respect
to the o-algebra B(X,,, n € Z,). If we restrict it to the space of square integrable random
variables, then T, is a unitary operator, and the operators T,,, m € Z,, constitute a
unitary group.

Let a stationary generalized field X = {X(¢), ¢ € S} be given. The shift T}
of a random variable &, measurable with respect to the o-algebra B(X(¢), ¢ € S)
can be defined for all ¢ € RY similarly to the discrete case with the help of Theo-
rem 2C and the following observation: If £ € B(X(p), ¢ € S) for a random vari-
able &, then there exists such a countable subset {p1,p2,...} C S (depending on
the random variable £) for which £ is B(X(¢1), X(®2),...) measurable. (We write
E(w) = f(X(p1)(w), X(p2)(w),...) with appropriate functions f, and ¢ € S, w2 €
S, ..., and define the shift T3¢ as Ty (w) = f(X(Tip1)(w), X (Trp2)(w),...), where
Tio(z) = p(x —t) for ¢ € S.) The transformations T3, t € R, are linear operators over
the space of random variables measurable with respect to the o-algebra B(X (¢), ¢ € S)
with similar properties as their discrete counterpart.

Theorems 2A, 2B and 2C have the following important consequence.

Theorem 2.1. Let Y7,Y5,... be an orthonormal basis in the Hilbert space H1 defined
above with the help of a set of Gaussian random variables X, t € T. Then the set of
all possible finite products H;, (Yy,)--- Hj, (Y1) is a complete orthogonal system in the
Hilbert space H defined above. (Here H;(-) denotes the j-th Hermite polynomial.)

The proof of Theorem 2.1. By Theorems 2A and 2B the set of all possible products

Hy,(z;), where only finitely many indices k; differ from 0, is a complete orthonor-
j=1

S —z2/2
mal system in Lo | R, B>, [] e\/QLW dxj). Since B(X;, t € T) = B(Y1,Ys,...),
j=1

Theorem 2C implies that the mapping f(x1,x2,...,) — f(Y1,Y2,...) is a unitary trans-
o 71'2./2
formation from Lo [ R*°, Boo,jl;[l 3 \/2% dz; | to H. (We call a transformation from a

Hilbert space to another Hilbert space unitary if it is norm preserving and invertible.)
Since the image of a complete orthogonal system under a unitary transformation is
again a complete orthogonal system, Theorem 2.1 is proved.
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Let H<, C H, n = 1,2,..., (with the previously introduced Hilbert space H)
denote the Hilbert space which is the closure of the linear space consisting of the elements
P, (X¢,,..., Xt ), where P, runs through all polynomials of degree less than or equal
to n, and the integer m and indices ¢1,...,t, € T are arbitrary. Let Ho = H<o
consist of the constant functions, and let ‘H,, = H<, © H<p—1, n = 1,2,..., where
© denotes orthogonal completion. It is clear that the Hilbert space H; given in this
definition agrees with the previously defined Hilbert space Hi. If &,...,&n € Hi,
and P,(z1,...,%,) is a polynomial of degree n, then P,(&1,...,&y,) € H<,. Hence
Theorem 2.1 implies that

H=Ho+Hi+Hat", (2.1)

where + denotes direct sum. Now we introduce the following

Definition of Wick polynomials. Given a polynomial P(x1,...,2,) of degree n
and a set of (jointly Gaussian) random variables &1, ..., &, € Hi, the Wick polynomial
:P(&1,...,&n): is the orthogonal projection of the random variable P(&1, . ..,&m) to the
above defined subspace H,, of the Hilbert space H.

It is clear that Wick polynomials of different degree are orthogonal. Given some
&1,...,&n € Hy define the subspaces H<,, (&1, ...,&m) C H<pn, n=1,2,..., as the set of
all polynomials of the random variables &, ...,&,, with degree less than or equal to n.

Let HSO(&I, e 7€m) = H0(£17 e 7£m) = Ho, and Hn(fl, Ce 7€m) = Hgn(fl, e 7§m) @
H<n-1(&1,---,&n). With the help of this notation we formulate the following

Proposition 2.2. Let P(x1,...,%y) be a polynomial of degree n. Then : P(&1, ..., &m):
equals the orthogonal projection of P(&1,...,&m) to Hu(&1y- -+ &m)-

The proof of Proposition 2.2. Let : P(&1,...,&m): denote the projection of P(£1,. .., &y)
to Hn(&1, - &m). Obviously

P(gl, ... ,Sm)—tp(fl, . ,§m): € Hgn_l(fl, e ,fm) C Hgn_l.
Hence in order to prove Proposition 2.2 it is enough to show that for all n € H<,,—1
E:P(&,...,6m):n =0, (2.2)

since this means that : P(&y,...,&,): is the orthogonal projection of P(¢1,...,&,) €
Hgn to Hgn_l.

Let €1,e2,... be an orthonormal system in Hj, also orthonormal to &i,...,&n,,
m oo

and such that &,...,&mn,€1,€2,... form a basis in Hy. If n = [] 521 11 5? with such
i=1  j=1

exponents l; and k; that > [, + > k; < n—1, then (2.2) holds for this random variable
1 because of the independence of the random variables §; and e;. Since the linear
combinations of such n are dense in H<,_;, formula (2.2) and Proposition (2.2) are
proved.
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Corollary 2.3. Let &y, ..., &y be an orthonormal system in Hq, and let P(x1,...,2m) =
Y Cirreim @l be a homogeneous polynomial, i.e. let j1 + - -+ jm, = n with some
fized number n for all sets (ji,...,Jm) appearing in this summation. Then

P&, ... &m): :chl ,,,,, ijj1(£1>"'Hjm<£m)'

In particular,
& = H, (&) if€ €My, and B =1.

Remark. Although we have defined the Wick polynomial (of degree n) for all polynomi-
als P(&1, ..., &) of degree n, we could have restricted our attention only to homogeneous
polynomials of degree n, since the contribution of each terms c(jy, .. jm) o Elmoof
the polynomial P(&q,...,&,) such that [y +---+1,,, < n has a zero contrlbutlon in the
definition of the Wick polynomial : P(&1,...,&m): .

Proof of Corollary 2.3. Let the degree of the polynomial P be n. Then

P(fla--wfm) _chl ~~~~~ ]1(51) jm(fm) € HSn—l(glv"me)v (2'3)

since P(&1,. .., Tm)— . Cjy....im Hjy (&1) - - - Hj, (&m) 1s a polynomial whose degree is less
than n. Letn— b gl S, <n—1. Then
i=1

EnHj, (&) Hj,, (ém) = HE& Hj,(&) =0,
since [; < j; for at least one index i. Therefore

ENY  ciygn iy (&) Hj, (&) = 0. (2.4)

Since every element of H<,_1(&1,...,&y,) can be written as the sum of such elements
n, relation (2.4) holds for all n € H<p—1(&1,...,&m). Relations (2.3) and (2.4) imply
Corollary 2.3.

The following statement is a simple consequence of the previous results.

Corollary 2.4. Let &1,&s,... be an orthonormal basis in Hy. Then the random vari-
ables Hj, (&1)---H;, (&), k = 1,2,..., j1 + -+ + jx = n, form a complete orthogonal
basis in H,,.
Proof of Corollary 2.4. 1t follows from Corollary 2.3 that

Hj (&) Hj, (&) =:&"---&* €M, forallk=1,2,...
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if j1 + -+ 4+ jr = n. These random variables are orthogonal, and all Wick polynomials
:P(&1,...,&n): of degree n of the random variables &1, &5, ... can be represented as the
linear combination of such terms. Since these Wick polynomials are dense in ‘H,,, this
implies Corollary 2.4.

The arguments of this section exploited heavily some properties of Gaussian random
variables. Namely, that the linear combination of Gaussian random variables is again
Gaussian, and in Gaussian case orthogonality implies independence. This means, in
particular, that the rotation of a standard normal vector leaves its distribution invariant.
We finish this section with an observation based on these facts. This may illuminate
the content of formula (2.1) from another point of view. We shall not use the results of
the subsequent considerations in the rest of this work.

Let U be a unitary transformation over H;. It can be extended to a unitary trans-
formation U over H in a natural way. Fix an orthonormal basis £1,&s,... in Hi, and
define U1 =1, I/{fﬁ o féz = (U&;,)h - (UE;,)t. This transformation can be extended
to a linear transformation U over H in a unique way. The transformation U is norm
preserving, since the joint distributions of (§;,,&,,,...) and (U¢;,,UE,,,...) coincide.
Moreover, it is unitary, since U&;,U&s, ... is an orthonormal basis in H;. It is not
difficult to see that if P(x1,...,x,,) is an arbitrary polynomial, and 71,72 ..., nmy € H1,
then UP(n1,...,Mm) = P(Un,...,Uny). This relation means in particular that the
transformation U does not depend on the choice of the basis in H;. If the transfor-
mations U; and Us correspond to two unitary transformations U; and U on Hq, then
the transformation U;Us corresponds to U;Us. The subspaces H<,, and therefore the
subspaces H,, remain invariant under the transformations /.

The shift transformations of a stationary Gaussian field, and their extensions to
‘H are the most interesting examples for such unitary transformations U and U. In
the terminology of group representations the above facts can be formulated in the fol-
lowing way: The mapping U — U is a group representation of U(H;) over H, where
U(H;) denotes the group of unitary transformations over H;. Formula (2.1) gives a
decomposition of H into orthogonal invariant subspaces of this representation.
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3. Random spectral measures.

Some standard theorems of probability theory state that the correlation function of a
stationary random field can be expressed as the Fourier transform of a so-called spectral
measure. In this section we construct a random measure with the help of these results,
and express the random field itself as the Fourier transform of this random measure in
some sense. We restrict ourselves to the Gaussian case, although most of the results in
this section are valid for arbitrary stationary random field with finite second moment
if independence is replaced by orthogonality. In the next section we define the multiple
Wiener—It6 integrals with respect to this random measure. In the definition of multiple
stochastic integrals the Gaussian property will be heavily exploited. First we recall two
results about the spectral representation of the covariance function.

Given a stationary Gaussian field X, n € Z,, or X(¢), ¢ € S, we shall assume
throughout the paper that EX,, = 0, EX2 = 1 in the discrete and EX(¢) = 0 in the
generalized field case.

Theorem 3A. (Bochner) Let X,,, n € Z,, be a discrete (Gaussian) stationary field.
There exists a unique probability measure G on [—m, )" such that the correlation func-
tion r(n) = EXoX,, = EXxXkin, n € Z,, k € Z,, can be written in the form

r(n) = /ei(”’m)G( dz), (3.1)

where (-,-) denotes scalar product. Further G(A) = G(—A) for all A € [—m,7)".

We can identify [—m,7)” with the torus R”/27Z,. Thus e.g. —(—m,...,—7) =
(—my...,—m).

Theorem 3B. (Bochner—Schwartz) Let X(p), ¢ € S, be a generalized (Gaussian)
stationary random field over S = S,,, which satisfies the condition E(X (¢,)— X (¢))? —
0 if v, — @ in the topology of the Schwartz space S. There exists a unique o-finite
measure G on RY such that

EX(0)X (1) = / S@)p(@)G(dr)  for all g, b €S, (3.2)

where ~ denotes Fourier transform and =~ complex conjugate. The measure G has the

properties G(A) = G(—A) for all A € BY, and

/(1 +|z])7"G(dx) < oo with an appropriate r > 0. (3.3)

Remark. The above formulated results are actually not the Bochner and Bochner—
Schwartz theorem in their original form, they are their consequences. In an Adjustment
to Section 3 I formulate the classical form of these theorems, and explain how the above
formulated results follow from them.
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The measure G appearing in Theorems 3A and 3B is called the spectral measure
of the stationary field. A measure G with the same properties as the measure G in
Theorem 3A or 3B will also be called a spectral measure. This terminology is justified,
since there exists a stationary random field with spectral measure G for all such G.

Let us now consider a stationary Gaussian random field (discrete or generalized one)
with spectral measure G. We shall denote the space Lo([—m, m)”, BY, G) or Lo(R",BY,G)
simply by L%. Let H; be the real Hilbert space defined by means of the stationary
random field, as it was done in Section 2. Let H{ denote its complexification, i.e. the
elements of H{ are of the form X +:Y, X, Y € H;, and the scalar product is defined as
(X14+1Y1, Xo+1Ys) = EX1 Xo+ EY 1Yo +i(EY1 Xo — EX1Y3). We are going to construct
a unitary transformation I from L% to H{. We shall define the random spectral measure
via this transformation.

Let §¢ denote the Schwartz space of rapidly decreasing, smooth, complex valued
functions with the usual topology of the Schwartz space. (The elements of S¢ are of
the form ¢ + i, ¢, ¥ € §.) We make the following observation. The finite linear
combinations 3" ¢,e" (™) are dense in L2, in the discrete field, and the functions ¢ € S¢
are dense in L% in the generalized field case. In the discrete field case this follows from
the Weierstrass approximation theorem, which states that all continuous functions on
[, )" can be approximated by trigonometrical polynomials. In the generalized field
case let us first observe that the continuous functions with compact support are dense
in L2G. We claim that also the functions of the space D are dense in L%, where D
denotes the class of (complex valued) infinitely many times differentiable functions with
compact support. Indeed, if ¢ € D isreal valued, ¢(z) > 0 for allz € R”, [ ¢(z)dx =1,
we define pi(z) = tYp (%), and f is a continuous function with compact support, then
f * ¢y — f uniformly as ¢ — oo. Here * denotes convolution. On the other hand,
f*¢r €D forall t >0. Hence D C S¢ is dense in L.

Finally we recall the following result from the theory of distributions. The mapping
¢ — @ is an invertible, bicontinuous transformation from §¢ into §¢. In particular, the
set of functions ¢, ¢ € S, is also dense in LZ,.

Now we define the mapping

I (Z cnei("’m)> =Y eX, (3.4)

in the discrete case, where the sum is finite, and

I(p+i) = X() +iX(), o0 €S (3.4)

in the generalized case.
Obviously,

HZ Cnei(n,x)

=Y e [
G
=S e BX X = B[ X,
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and

lio +itll7 Z/[<ﬁ(x)s3($)—M(w)w(ﬂﬁ)ﬂi(x) (#) + (@) ()]G ( dx)
= EX(¢)? —iEX(9)X($) +iEX ()X () + EX(¥)* = E (IX(¢) +iX(¥)]).

This means that the mapping I from a linear subspace of LZ, to H$ is norm preserv-
ing. Beside this, the subspace where I was defined is dense in L2, since the space of
continuous functions is dense in LZ if G is a finite measure on the torus R”/27Z,,, and
the space of continuous functions with a compact support is dense in L% (R") if the
measure GG satisfies relation (3.3). Hence the mapping I can be uniquely extended to
a norm preserving transformation from L%; to H{. Since the random variables X, or
X () are obtained as the image of some element from L2, under this transformation,
I is a unitary transformation from L% to H$. A unitary transformation preserves not
only the norm, but also the scalar product. Hence [ f(z)g(x)G(dz) = EI(f)@ for
all f, g € L2,

Now we define the random spectral measure Zg(A) for all A € B such that
G(A) < oo by the formula

ZG(A) = I(XA);

where y 4 denotes the indicator function of the set A. It is clear that

(i) The random variables Zg(A) are complex valued, jointly Gaussian random vari-
ables. (The random variables Re Zg(A) and Im G(A) with possibly different sets A
are jointly Gaussian.)

(ii) EZa(A) =0,

(iii) EZ¢(A)Za(B) = G(ANB),

(iv) > Za(4)) =Zg ( U Aj> if Ay,..., A, are disjoint sets.
j=1 j=1

Also the following relation holds.
(V) Za(A) = Za(—A).
This follows from the relation

(V') I(f) = I(f_) for all f € L%, where f_(x) = f(—x).

Relation (v’) can be simply checked if f is a finite trigonometrical polynomial in the
discrete field case, or if f = @, ¢ € S, in the generalized field case. (In the case f = ¢,
¢ € §¢ the following argument works. Put f(x) = ¢1(x) + iga(z) with ¢1,02 € S.
Then I(f) = X (1) +iX(¢2), and [ (z) = @y (~2)—i(—2) = 31 (2)+i(—pa(w), hence
I(f-) = X(p1)+iX(—¢2) = X(p1)—iX(p2) = I(f).) Then asimple limiting procedure
implies (v') in in the general case. Relation (iii) follows from the identity £Zg(A)Zq(B) =
EI(xa)I(xB) = [ xa(z)xp(z)G(dz) = G(AN B). The remaining properties of Zg(-)
are simple consequences of the definition.

Remark. Property (iv) could have been omitted from the definition of random spectral
measures, since it follows from property (iii). To show this it is enough to check that if
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Aq,..., A, are disjoint sets, and property (iii) holds, then

E(Y Za(4) - Za | | 4; Y Za(A)-zZa [ A4 ] | =0
j=1 j=1 j=

Now we introduce the following

Definition of random spectral measure. Let G be a spectral measure. A set of
random variables Zg(A), G(A) < oo, satisfying (i)—(v) is called a (Gaussian) random
spectral measure corresponding to the spectral measure G.

Given a Gaussian random spectral measure Zg corresponding to a spectral measure
G we define the stochastic integral [ f(x)Zg(dz) for an appropriate class of functions f.
Let us first consider simple functions of the form f(z) =" ¢;x4,(x), where the sum is
finite, and G(A;) < oo for all indices i. In this case we define

/f(m)Zg(d:L‘) = ciZa(A).
Then we have

B|[ 1@zetan)| =S cecianay) = [iwPcta. 65

Since the simple functions are dense in L%, relation (3.5) enables us to define
[ f(z)Zg(dx) for all f € L% via Lo-continuity. It can be checked that the expressions

X, = /ei(”’x)Zg(dx), n € Zy, (3.6)

and
X(p) = / 5(@)Za(dr), pES, (3.6)

defined with the help of the above defined (random) integral and spectral measure Zg
are Gaussian stationary random discrete and generalized field with spectral measure G.

We also have
/f(:z:)Zg(dx) =I(f) forall fe L%

if we consider the previously defined mapping I(f) with the stationary random fields
defined in (3.6) and (3.6"). Now we formulate the following

Theorem 3.1. For a stationary Gaussian random field (a discrete or generalized one)
with a spectral measure G there exists a unique Gaussian random spectral measure Zg
corresponding to the spectral measure G on the same probability space as the Gaussian
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random field such that relation (3.6) or (3.6') holds in the discrete or generalized field
case respectively.

Furthermore
B(X,, n € Z,) in the discrete field case,

. : (3.7)
B(X(p), ¢ € 8S) in the generalized field case.

B(Za(A), G(A) < 00) = {

We shall say that the random spectral measure Zg satisfying Theorem 3.1 together
with a Gaussian random field is adapted to this random field.

Proof of Theorem 3.1. Given a stationary Gaussian random field (discrete or stationary
one) with a spectral measure GG, we have constructed a random spectral measure Zg
corresponding to the spectral measure GG. Moreover, the random integrals given in
formulas (3.6) or (3.6") define the original stationary random field. Since all random
variables Zg(A) are measurable with respect to the original random field, relation (3.6)
or (3.6") implies (3.7).

To prove the uniqueness, it is enough to observe that because of the linearity and
Lo continuity of stochastic integrals relation (3.6) or (3.6") implies that

Za(4) = / xa(@) Ze( dr) = T(xa)

for a Gaussian random spectral measure corresponding to the spectral measure G ap-
pearing in Theorem 3.1.

Finally we list some additional properties of Gaussian random spectral measures.

(vi) The random variables Re Z;(A) are independent of the random variables Im Zg (A).
(vii) Random variables of the form Zg(AU(—A)) are real valued. If the sets A;U(—A41),
..y, Ay U(—A,) are disjoint, then the random variables Zg (A1), ..., Zg(A,) are
independent.
(viii) If AN (—A) = 0, then Re Zg(—A) = Re Zg(A), Im Zg(—A) = —Im Z5(A), and
the (Gaussian) random variables Re Zg(A) and Im Z5(A) are independent with
expectation zero and variance G(A)/2.

These properties easily follow from (i)—(v). Since Zg(-) are complex valued Gaus-
sian random variables, to prove the above formulated independence it is enough to show
that the real and imaginary parts are uncorrelated. We show, as an example, the proof
of (vi).

1 -

ERe Zg(A)lm Za(B) = - E(Za(A) + Zc(A))(Za(B) — Za(B))

— %E(ZG(A) + Za(—A))(Za(—B) — Zg(B))
— 4%(:(14 N(-B)) — %Z.G(A N B)

1
4i

+ LG(-A) N (=B) — £G((~4) N B) =0

17



for all pairs of sets A and B such that G(A) < oo, G(B) < o0, since G(D) = G(—D) for
all D € B”. The fact that Zg(AU(—A)) is real valued random variable, and the relations
ReZg(—A) =ReZg(A), Im Zg(—A) = —Im Zg(A) under the conditions of (viii) follow
directly from (v). The remaining statements of (vii) and (viii) can be proved similarly
to (vi) only the calculations are simpler in this case.

The properties of the random spectral measure Zg listed above imply in particular
that the spectral measure G determines the joint distribution of the corresponding
random variables Z4(B), B € B”.

Attachment to Section 3. A more detailed discussion about the spectral representa-
tion of the covariance function of stationary random fields.

The results formulated under the name of Bochner and Bochner—Schwartz theorem (I
write this, because actually I presented not these theorems but an important conse-
quence of them) have the following content. Given a finite, even measure G on the
torus R” /277, one can define a (Gaussian) discrete stationary field with correlation
function satisfying (3.1) with this measure G. For an even measure G on R” satisfy-
ing (3.3) there exists a (Gaussian) generalized stationary field with correlation function
defined in formula (3.2) with this measure G. The Bochner and Bochner-Schwartz
theorems state that the correlation function of all (Gaussian) discrete stationary fields,
respectively of all stationary generalized fields can be represented in such a way. Let us
explain this in more detail.

First I formulate the following

Proposition 3C. Let G be a finite measure on the torus RY/2wZ, such that G(A) =
G(—A) for all measurable sets A. Then there exists a Gaussian discrete stationary field
Xn, n € Z,, with expectation zero such that its correlation function r(n) = EXXkin,
n,k € Z,, is given by formula (3.1) with this measure G.

Let G be a measure on RY satisfying (3.3) and such that G(A) = G(—A) for all
measurable sets A. Then there exists a Gaussian stationary generalized field X (p),
v € S, with expectation EX(p) = 0 for all ¢ € S such that its covariance function

EX(p)X(¥), ¢, € S, satisfies formula (3.2) with this measure G.

Moreover, the correlation function r(n) or EX ()X (¢), ¢, € S, determines the
measure G uniquely.

Proof of Proposition 3C. By Kolmogorov’s theorem about the existence of random pro-
cesses with consistent finite dimensional distributions it is enough to prove the following
statement to show the existence of the Gaussian discrete stationary field with the de-
manded properties. For any points n1,...,n, € Z, there exists a Gaussian random vec-
tor (Xy,, ..., X,,) with expectation zero and covariance matrix EX,; X, = r(n;—ng).
(Observe that the function r(n) is real valued, r(n) = r(—n), because of the evenness of
the spectral measure GG.) Hence it is enough to check that the corresponding matrix is

positive definite, i.e. Y ¢;jcpr(n; —ny) > 0 for all real vectors (cq, ..., ¢p). This relation
jok
holds, because " cjcxr(n; —ng) = [ ¢;e!®)|2G(dx) > 0 by formula (3.1).
3,k J
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It can be proved similarly that in the generalized field case there exists a Gaussian
random field with expectation zero whose covariance function satisfies formula (3.2).
(Let us observe that the relation G(A) = G(—A) implies that EX ()X (1) is a real
number for all ¢, ¢ € S, since EX ()X (¢) = EX(p)X(¢) in this case. In the proof

of this identity we exploit that f(z) = f(—z) for a real valued function f.) We also
have to show that a random field with such a distribution is a generalized field, i.e.
it satisfies properties a) and b) given in the definition of generalized fields. It is not
difficult to shovv that if ¢,, — ¢ in the topology of the space S, then E[X (¢, )—X (9)]? =
[ |@n(x) — ¢(x)|*G(dz) — 0 as n — oo, hence property b) holds. (Here we exploit that
the transformatlon @ — ¢ is bicontinuous in the space S.) Property a) also holds,
because, as it is not difficult to check with the help of formula (3.2),

Ela1 X (p1) + a2 X (p2) — X (p(a11 + azepa)]?

- / |11 () + aza(x) — (aror T azga)(@)[2 G(d) = 0.

It is clear that the Gaussian random field constructed in such a way is stationary.

Finally, as we have seen in our considerations in the main text, the correlation
function determines the integral [ f(x)G(dz) for all continuous functions f with a
bounded support, hence it also determines the measure G.

The Bochner and Bochner-Schwartz theorems enable us to show that the corre-
lation function of all stationary (Gaussian) fields (discrete or generalized one) can be
presented in the above way with an appropriate spectral measure GG. To see this let us
formulate these results in their original form.

To formulate Bochner’s theorem first we have to introduce the following notion.

Definition of positive definite functions. Let f(x) be a (complex valued) function
onZ, (oron R"). We say that f(-) is a positive definite function if for all parameters p,
complex numbers ci1,...,cp, and points 1, ...,x, in Z, (or in R”) the inequality

p
chkf j—xp) >0

1 k=1

M*@

J

holds.

A simple example for positive definite functions is the function f(z) = e*®*), where
t € Z, in the discrete, and t € R” in the continuous case. Bochner’s theorem provides
a complete description of positive definite functions.

Bochner’s theorem. (Its original form) A complex valued function f(x) defined on
Z,, is positive definite if and only if it can be written in the form f(x fel(t *)G(dx)
for all x € Z,, with a finite measure G on the torus R” /2nZ,,. The measure G is uniquely
determined.
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A complex valued function f(x) defined on RY is continuous and positive definite
if and only if it can be written in the form f(x) = fei(t’x)G( dz) for all x € R” with a
finite measure G on R¥. The measure G is uniquely determined.

It is not difficult to see that the covariance function r(n) = EXy Xk, (EX, =0),
k,n € Z,, of a stationary (Gaussian) random field X,, is a positive definite function,
since Y ¢;cpr(ng —ng) = E| Y ¢j Xy, |? > 0 for any vector (cq, ..., ¢p). Hence Bochner’s

Jrk J
theorem can be applied for it. Beside this, the relation r(n) = r(—n) together with the
uniqueness of the measure G appearing in Bochner’s theorem imply that the identity
G(A) = G(—A) holds for all measurable sets G. This implies the result formulated in
the main text under the name Bochner’s theorem.

The Bochner—Schwartz theorem formulates an analogous representation of positive
definite generalized functions in S’ as the Fourier transforms of positive generalized
functions in &’ together with an analogous result about generalized functions in the
space D’. To formulate it we have to introduce some definitions. First we have to
clarify what a positive generalized function means. We introduce this notion both in
the space &’ and D’, and then we characterize them in a Theorem.

Definition of positive generalized functions. A linear functional F € S’ (or
F € D') is called a positive definite generalized function if for all such ¢ € S (or
@ € D) test functions for which ¢(x) > 0 for all x € R” (F,¢) > 0.

Theorem about the representation of positive generalized functions. All pos-
itive generalized functions F € S’ can be gwen in the form (F,¢) = [(x)u(dz),
where p is a polynomially increasing measure on RY, i.e. it satisfies the relation [(1+
|z|?)"Pu(dz) < oo with some p > 0. Similarly, all positive generalized functions in D’
can be given in the form (F,¢) = [p(x)u(dx) with such a measure p on R” which
is finite in all bounded regions. The generalized function F uniquely determines the
measure |4 in both cases.

We also need the introduction of a technical notion and a result related to it. Let
us remark that if ¢ € §¢ and ¥ € 8¢, then also their product ¢y € §¢. The analogous
result also holds in the space D.

Definition of multiplicatively positive generalized functions. A generalized
function F € 8" (or F € D’) is multiplicatively positive if (F,op) = (F,|p?) > 0
for all ¢ € 8¢ (orin p € D).

Theorem about the characterization of multiplicatively positive generalized
functions. A generalized function F € 8" (or F € D') is multiplicatively positive if and
only if it is positive.

Now I introduce the definition of positive definite generalized functions.

Definition of positive definite generalized functions. A generalized function
F € &' (or F € D') is positive definite if (F, p*p*) > 0 for all ¢ € §¢ (of ¢ € D), where

©*(z) = p(—x), and * denotes convolution, i.e. p* p*(x) = [ @(t)p(t — ) dt.
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We refer to [15] for an explanation why this definition of positive definite generalized
functions is natural. Let us remark that if ¢, € §¢ then ¢ x ¢ € §° and the
analogous result holds in D. The original version of the Bochner-Schwartz theorem has
the following form.

Bochner—Schwartz theorem. (Original form) Let F' be a positive definite general-
ized function in the space 8’ (or D'). Then it is the Fourier tmnsform of a polynomially
increasing measure p on RY, i.e. the identity (F,¢) = [ ¢(x) p(dz) holds for all ¢ € S¢
(or ¢ € D) with a measure p that satisfies the relatzon f(1 —|— |sc| ) Pu(dx) < oo with
an appropriate p > 0. The generalized function F uniquely determines the measure fi.
On the other h(md if pis a polynomially increasing measure on RY, then the formula

= [@(z)p(dz) with ¢ € S¢ (or ¢ € D) defines a positive deﬁmte generalized
functzon F in the space 8" (or D).

Remark. 1t is a remarkable and surprising fact that the class of positive definite gener-
alized functions are represented by the same class of measures p in the spaces S’ and
D’. (In the representation of positive generalized functions the class of measures p con-
sidered in the case of D’ is much larger, than in the case of §’.) Let us remark that in
the representation of the positive definite generalized functions in D’ the function ¢ we
integrate is not in the class D, but in the space Z consisting of the Fourier transforms
of the functions in D.

It is relatively simple to prove the representation of positive definite generalized
functions given in the Bochner—-Schwartz theorem for the class §’. Some calculation
shows that if F' is a positive definite generalized function, then its Fourier transform is a
multiplicatively positive generalized function. Indeed, since the Fourier transform of the
convolution @x1(z) equals @(¢)1)(t), and the Fourier transform of p*(z) = p(—x) equals
(t), the Fourier transform of pxp* () equals ((t)@(t). Hence the positive definitiveness
property of the generalized function F' and the definition of the Fourier transform of
generalized functions imply that (F,$@) = (2m)”(F, ¢ * ¢*) > 0 for all ¢ € S°¢. Since
every function of §¢ is the Fourier transform ¢ of some function ¢ € §¢ this implies that
Fisa multiplicatively positive and as a consequence a positive generalized function in S’.
Such generalized functions have a good representation with the help of a polynomially
increasing positive measure u. Since (F,p) = (2n)7%(F, ) it is not difficult to prove
the Bochner—Schwartz theorem for the space S’ with the help of this fact. The proof is
much harder if the space D’ is considered, but we do not need that result.

The Bochner—Schwartz theorem in itself is not sufficient to describe the correla-
tion function of a generalized random fields. We still need another important result
of Laurent Schwartz which gives useful information about the behaviour of (Hermi-
tian) bilinear functionals in §¢ and some additional information about the behaviour of
translation invariant (Hermitian) bilinear functionals in this space. To formulate these
results first we introduce the following definition.

Definition of Hermitian bilinear and translation invariant Hermitian bilinear
functionals in the space S°. A function B(p, V), v, € 8¢, is a Hermitian bilinear
functional in the space 8¢ if for all fired ¢ € §¢ B(p, ) is a continuous linear functional
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of the variable ¥ in the topology of 8¢, and for all fized ¢ € S¢ B(p, ) is a continuous
linear functional of the variable 1 in the topology of S€.

A Hermitian bilinear functional B(p,) in 8¢ is translation invariant if it does
not change by a simultaneous shift of its variables ¢ and 1, i.e. if B(p(x),¥(x)) =
B(p(z + h),¥(xz+ h)) for all h € R”.

Definition of positive definite Hermitian bilinear functionals. We say that a
Hermitian bilinear functional B(p, 1) in 8¢ is positive definite if B(p, ) > 0 for all
peS°.

The next result characterizes the Hermitian bilinear and translation invariant Her-

mitian bilinear functionals in S¢.

Theorem 3D. All Hermitian bilinear functionals B(p,v) in 8¢ can be given in the
form B(p, ) = (F1,0(x)¥(y)), ¢, € 8¢, where Fy is a continuous linear functional
on 8¢ x 8¢, i.e. it is a generalized function in S»,’.

A translation invariant Hermitian bilinear functional in S¢ can be given in the
form Blp, ) = (F, i 4%), 0,0 € 8¢, where F € 8,, ¥*(x) = $(—x), and * denotes
convolution.

The Hermitian bilinear form B(p,v) determines the generalized functions Fy, and
if it is translation tnvariant then also the generalized function F' uniquely. Beside this,
for all functionals Fy € S and F € 8 the above formulas define a Hermitian bilinear
functional and a translation invariant Hermitian bilinear functional in S€ respectively.

Let us consider a Gaussian generalized random field X (¢), ¢ € S, with expectation
zero together with its correlation function B(p,v) = EXp)X (), ¢, € S. More
precisely, let us consider the complexification X (@1 + ip2) = X(p1) + X (p2) of this
random field and its correlation function B(p,v) = EX(p)X (), ¢, € S This
correlation function B(y, ) is a translation invariant Hermitian bilinear functional in
S¢, hence it can be written in the form B(p,v) = (F,¢ % ¢*) with an appropriate
F € §'. Moreover, B(p,p) > 0 for all ¢ € §¢ and this means that the generalized
function F' € S’ corresponding to B(p,) is positive definite. Hence the Bochner—

Schwartz theorem can be applied for it, and it yields that

EX(0)X () = / o0 (2) G(dx) = / 5(2)(x) G(dz) for all g, § € S°

with a uniquely determined, polynomially increasing measure G on R”. To prove Theo-
rem 3B we still have to show that G is an even measure. In the proof of this statement
we exploit that for a real valued function ¢ € S the random variable X (i) is also real
valued. Hence if p,1) € S, then EX (¢)X (¢) = EX (p)X (¢). Beside this ¢(—x) = ¢(z)
and ¢(—z) = ¢(z) in this case. Hence



for all p,9 € S, where G™(A) = G(—A) for all A € B”. This relation implies that the
measures G and G~ agree. The proof of Theorem 3B is completed.

4. Multiple Wiener—Ito integrals.

In this section we define the so-called multiple Wiener—Ito integrals, and we prove their
most important properties with the help of It6’s formula, whose proof is postponed
to the next section. More precisely, we discuss in this section a modified version of
the Wiener—Ito integrals with respect to a random spectral measure rather than with
respect to a random measure with independent increments. This modification makes
it necessary to slightly change the definition of the integral. This modified Wiener—Ito
integral seems to be a more useful tool than the original one or the Wick polynomials,
because it enables us to describe the action of shift transformations.

Let G be the spectral measure of a stationary Gaussian field (discrete or generalized
one). We define the following real Hilbert spaces ﬂg and H, n=1,2,.... We have
fn € HZ if and only if f, = fu(21,...,2n), z; € RY, j = 1,2,...,n, is a complex
valued function of n variables, and

(a) fn(_xla"-a_xn):fn(xlwuaxn):
®) I fal? = [1fa(z1, ..o 20)PG(day) ... G(dzy) < 0.

Relation (b) also defines the norm in Hg. The subspace Hy, C Hg; contains those
functions f, € H{ which are invariant under permutations of their arguments, i.e.

(€) fu(®r@)s - s Tam))) = fu(z1,...,24) for all m € II,,, where II,, denotes the group
of all permutations of the set {1,2,...,n}.
The norm in ‘H¢ is defined in the same way as in ’Hg. Moreover, the scalar product
is also similarly defined, namely if f, g € H%, then

(f,9) = /f(:z:l,...,xn)g(xl,...,xn)G(dafl)...G(dmn)

= /f(acl, ey Tp)g(—z1, .., —2n)G(dz) ... G(dxy,).

Because of the symmetry G(A) = G(—A) of the spectral measure (f,g9) = (f,9), ie.
the scalar product (f,g) is a real number for all f, g € H%. This means that HY is a
real Hilbert space. We also define HY = ﬂOG as the space of real constants with the
norm |c|| = |¢|]. We remark that HY is actually the n-fold direct product of H¢,, while
HZ is the n-fold symmetrical direct product of H}. Condition (a) means heuristically
that f, is the Fourier transform of a real valued function.

Finally we define the so-called Fock space Exp Hg whose elements are sequences
of functions f = (fo, f1,...), fn € H¢ for alln =0,1,2,..., such that

oo

1
112 =37 1 fall® < co.

n=0
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Given a function f € ﬂg we define Sym f as

1
Sym f(z1,...,2Tn) = ] Z f@ray, s Trn))-
" well,

Clearly, Sym f € H, and
[Sym fI} < [[£]]- (4.1)

Let Zg be a Gaussian random spectral measure corresponding to the spectral mea-
sure GG on a probability space (£2,.4, P). We shall define the n-fold Wiener—It6 integrals

To(h) = o [ falorseo o) Zo(dan) ... Za(dn) for f €

and

Ia(f) =) Ia(fa) for f=(fo, f1,...) € ExpHe.
n=0

We shall see that I(fn) = I(Sym f,,) for all f,, € HZ. Therefore, it would have been
sufficient to define the Wiener-Ito integral only for functions in H. Nevertheless, some
arguments become simpler if we work in ‘H%. In the definition of Wiener—It6 integrals
first we restrict ourselves to the case when the spectral measure is non-atomic, i.e.
G({z}) =0 for all x € R”. This condition is satisfied in all interesting cases. However,
we shall later show how one can get rid of this restriction.

~n _
First we define a subclass H, C H¢ of simple functions, and define the Wiener—Ito6
integrals for the functions of this subclass.

Let D = {Aj;, j = £1,%£2,...,£N} be a finite collection of bounded, measurable
sets in R” indexed by the integers £1,...,+N. We say that D is a regular system if
Aj=—-A_; and AjNA; =0 if j £ forall j,l =+1,+2,...,£N. A function f € H}
is adapted to this system D if f(x1,...,z,) is constant on the sets A;, X Aj, x--- XA |
n==1,....,£N, 1l =1,2,...,n, it vanishes outside these sets and also on the sets for

— ~ N
which j; = £y for some [ # I’. A function f € H is in the class H of simple functions
if it is adapted to some regular systems D = {A;, j£1,...,£N}, and its Wiener-Ito
integral with respect to Zg is defined as

/f(ml, ooy ) Za(dxy) ... Za(dxy,)

4.2

o)=Y flanmi)Za(Bg) - Za(dy,), 3P
ji==%1,...+N
1=1,2,....n

where z; € Aj, j = £1,...,£N. We remark that although the regular system D
to which f is adapted, is not uniquely determined (the elements of D can be divided
to smaller sets), the integral defined in (4.2) is meaningful, i.e. it does not depend
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on the choice of D. This can be seen by observing that a refinement of a regu-
lar system D adapted to the function f yields the same value for the sum defining
n!Ig(f) in formula (4.2) as the original one. This follows from the additivity of the
random spectral measure Zg formulated in its property (iv), since this implies that
each term f(xj,,...,2;,)Zc(A},) - Zg(Aj,) in the sum at the right-hand side of for-
mula (4.2) corresponding to the original regular system equals the sum of all such terms
f(zjy,... 7xjn)ZG(A;‘1) e Zg(A;;L) in the sum corresponding to the refined partition

for which A%, > -+ X A}, C Ay X+ XAy,

By property (vii) of the random spectral measures all products Zg(Aj,) - - Za(4A;,)
with non-zero coefficient in (4.2) are products of independent random variables. We had
this property in mind when requiring the condition that the function f vanishes on a
product Aj, x---x A; if j; = %5 for some [ # I’. This condition is interpreted in the
literature as discarding the hyperplanes x; = 2 and x; = —xp, 1,I' =1,2,...,n, 1 £,
from the domain of integration. Property (a) of the functions in H% and property (v)

of the random spectral measures imply that Ig(f) = Ig(f), i.e. Ig(f) is a real valued

random variable for all f € 7:_[2 The relation
Els(f) =0, for feHys n=1,2,... (4.3)
also holds. Let H% = e N ﬁg If fe ﬁlg, then Sym f € 7:(8, and

I¢(f) = Ia(Sym f). (4.4)

Relation (4.4) follows immediately from the observation that Zg(Aj,) - - Zg(4;,) =
Za(Ar(jy)) - Za(Ax(j,) for all T € II,,. We also claim that

1 A m
Bla(f)? < P for f € H, (4.5
and )
Elq(f)? = ﬁHfH2 for f € He. (4.5%)

Because of (4.1) and (4.4) it is enough to check (4.5).

Let D be a regular system of sets in R”, j1,...,J, and k1, ..., k, be indices such
that j; # +jy, k; # t£kp if [ #1'. Then

EZg(Ajy) - Zc(Aj,)Z6(Aky) -+ Za(Ag,)
_ {G(Ah) ’ G(AJn) if {j17---7jn} = {kla .- -7k'n}7

0 otherwise.

To see the last relation one has to observe that the product on the left-hand side
can be written as a product of independent random variables because of property (vii)
of the random spectral measures. If {j1,...,7,} # {k1,...,kn}, then there is an index [
such that either j; # £k for all 1 <1’ < n, or there exists an index I’, 1 <[’ < n, such
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that j; = —kp. In the first case Zg(4j,) is independent of the remaining coordinates of
the vector (Zg(Aj,),..., Za(A;,), Za(Ak,), - - ., Za(Ag,)), and EZg(Aj,) = 0. Hence
the expectation of the investigated product equals zero, as we claimed. If j; = —k; with
some index I’, then a different argument is needed, since Zg(A;,) and Zg(—A;,) are
not independent. In this case we can state that since j, # +j; if p # [, and k, # £7; if
q # U, the vector (Za(Aj,), Za(—A4,,)) is independent of the remaining coordinates of
the above random vector. On the other hand, the product Zg(Aj,)Za(—A4;,) has zero
expectation, since EZg(Aj,)Za(—Aj) = G(Aj; N (—=Aj,)) = 0 by property (iii) of the
random spectral measures and the relation Aj; N (—A,,) = 0. Hence the expectation of
the considered product equals zero also in this case. If {ji1,...,j,} = {k1,...,kn}, then

EZa(A;) - Za(8;,) Za(Ak) -+ Za(Dy,) = [[ EZa(85)Za(A;,) = [[ G(A;).

Therefore for a function f € 7:{8

Elg(f)? = (%) SN F @i ) F @ o)
EZq(Aj) - Za(Aj,)Z26(Ak,y) -+ Za(Ak,)

_ (%)QZIJ”(%’---’%”)

1 1
= a/‘f(xla---,xn)lzG(dxl)---G(da:n) = —I1”.

We claim that Wiener—Ito integrals of different order are uncorrelated. More ex-

amn ’*_n/
plicitly, take two functions f € H and f’ € H such that n # n’. Then we have

Ela(NIa(f) =0 if feHy [ eHy, and nn (4.6)

To see this relation observe that a regular system D can be chosen is such a way that
both f and f’ are adapted to it. Then a similar, but simpler argument as the previous
one shows that

EZq(Aj) - Za(Aj,)Za(Ak,) -+ Za(Ag,,) =0

for all sets of indices {j1,...,jn} and {k1,...,k, } if n # n’, hence the sum expressing
El(f)Ic(f') in this case equals zero.

We show that 7-_[?; is dense in ‘HZ, (and 7:(8 is dense in H). First we show that this
property can be reduced to Statement A formulated below. In Statement A we reduce
the statement about the good approximability of a general function f € HY to the
good approximability of the indicator function x4 of a bounded set A € B™ such that
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A = —A by a function of the form g = xp € ﬂg. (Observe that x4 € HY for a bounded
set A € B" if and only if A = —A.) However, we have to formulate Statement A in a
more complicated form, because only in such a way can we reduce the statement about
the good approximability of a general, possibly complex valued function f € HZ by a

2N
function in g € H to Statement A.

Statement A. Let A € B™ be a bounded symmetric set, i.e. let A = —A. Then for any

€ > 0 there is a function g € HG such that ¢ = yp with some set B € B™, i.e. ¢ is
the indicator function of the set B, which satisfies the inequality ||g — xa|| < & with the
norm of the space H%. (Here x4 denotes the indicator function of the set A, and have
XA € HZ.) Moreover, if the set A can written in the form A = A; U (—A;) with such a
set Ay for which the sets A; and —A; have a positive distance from each other, i.e. there

is a number § > 0 such that p(A1, —4;) = inf p(z,y) > J, where p denotes the
TEAL, YE—Ar

Euclidean distance in R™, then a good approximation of x4 can be given with such a
function g = xpy(—B) € H¢, which has some additional good properties. Namely, there

is a set B € B™ such that B C A5/2 = {z: p(z,4:1) < 3}, G*(A1 AB) < 5, where
AAB denotes the symmetric dlfference of the sets A and B, and G™ is the n-times

~MNn
direct product of the spectral measure GG on the space R™, and g = X BU(-B) € Hg.

These properties of the set B imply that the function g = xpy—p) € HG satisfies the
relation ||g — xall < e.

To justify this reduction to Statement A let us observe that if two functions f; € Hg

_ ~ M _
and fo € H¢ can be arbitrary well approximated by functions from Hg in the Hp
norm, then the same relation holds for any linear combination c; f1 + co fo with real

coefficients ¢; and co. (If the functions f; are approximated by some functions g; € H(;,
1 = 1,2, then we may assume, by applying some refinement of the partitions if it is
necessary, that the regular partitions appearing in the definition of the approximating
functions are the same.) Hence the proof about the arbitrary good approximability of a

function f € HP, by functions g € HG can be reduced to the proof about the arbitrary
good approx1mab1hty of its real part Re f € HY and its imaginary part Im f € HZ.
Moreover, since the real part and imaginary part of the function f can be arbitrary
well approximated by such real or imaginary valued functions from the space H% which
take only finitely many values, the desired approximation result can be reduced to the
case when f is the indicator function of a set A € B™ such that A = —A (if f is real
valued), or it takes three values, the value i on a set A; € B™, the value —i on the
set —A;, and it equals zero on R™ \ (A; U (—A;)) (if f is purely imaginary valued).
Beside this, the inequalities G"(A) < oo and G™(A;) < oo hold. We can even assume
that A and A; are bounded sets, because G™(A) = Klgnoo G"(AN[-K,K]™), and the

same argument applies for A;.

Hence Statement A immediately implies the desired approximation result in the
first case when f is the indicator function of a set A. In the second case, when such
a function f is considered that takes the values +i and zero, observe that the sets
Ay ={x: f(z) =1} and —A; = {x: f(z) = —i} are disjoint. Moreover, we may assume
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that they have positive distance from each other, because there are such compact sets
Ay C A, N =1,2,..., for which A}im G"(A\ Ay) =0, and two disjoint compact sets
— 00

have positive distance. Then the approximation result also holds in the second case
if we take the approximation of the pair (A;,—A;) by the pair (B, —B) appearing in
Statement A, and define g(z) =iif z € B, g(z) = —i if x € —B and g(z) = 0 otherwise.

In the next step we reduce the proof of Statement A to the proof of a result
formulated under the name Statement B. We show that to prove Property A it is enough
to prove the good approximability of some very special indicator functions xg € 7-_{2 by

~ M
a function g € H,. We have to handle such sets B € B where the proof is simpler.

Statement B. Let B = Dy x---x D,, be the direct product of bounded sets D; € B" such
that D; N (—D;) =0 for all 1 < j < n. Then for all ¢ > 0 there is a set F C BU (—B),

amn _
F ¢ B™ such that xrp € Hg, and ||xpu(-B) — xr|| < &, with the norm of the space H.

To deduce Statement A from statement B let us first remark that we may reduce
our attention to such sets A in Statement A for which all coordinates of the points of
the set A are separated from the origin. More explicitly, we may assume the existence

of a number n > 0 with the property AN K(n) = 0, where K(n) = |J K;(n) with
j=1

Kim) ={(z1,...,2n): z1 € RV, L =1,...,n, p(x;,0) < n}. To see our right to make
such a reduction observe that the relation G({0}) = 0 implies that lir% G"(K(n)) =0,
77—)

hence lin% G"(A\ K(n)) = G"(A). At this point we exploited a weakened form of the
’r]—)

non-atomic property of the spectral measure G, namely the relation G({0}) = 0.

To prove Statement A with the help of Statement B it is enough to show that for all
numbers € > 0 and bounded sets A € B™ such that A = — A there is a finite sequence of
bounded sets B; € B™, j = £1,...,£N, such that the sets B; are disjoint, B_; = —B;,

j = =£1,...,£N, each set B; can be written in the form B; = ng) X - X Dﬁlj) with

D,gj) € BY, and D,(Jj) N (—D,(Cj)) =0foralll <j< Nand1<k<mn, and finally the
N

set B = |J (BjUB_j) satisfies the relation G"(AAB) < . Indeed, since we can choose
j=1

€ > 0 arbitrary small, the application of Statement B for all pairs (B;j, —B;) supplies

an arbitrary good approximation of the function x4 by a function of the form x5 € He

in the norm of the space H{.

If the set A can be written in the form A = A; U(—A;) such that p(A4;,—A4;) >4,
then we can show the existence of a good approximation of the set A with the extra
properties formulated in Statement A in the following way. We may assume that all sets
Bj in the above sequence have a non-empty intersection with the set A. Otherwise the
pair (Bj, B_;) could have been omitted from this sequence. We may also assume, by
applying a refinement of the sets B; if it is necessary that all sets B; have a diameter less
that %. Then for a pair (B;, B_;) one of these sets has a non-empty intersection with A;
and an empty intersection with —A;, while the other set has a non-empty intersection
with —A; and an empty intersection with A;. Take the indexes of these sets so that
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B;jN A; # (0. Then it is not difficult to see that the application of Statement B for the
pairs (Bj, B_;) with such an indexation supplies this part of Statement A.

To find a sequence B; with the above properties for a set A satisfying the conditions
of Statement A observe that there is a sequence of finitely many bounded sets B; of the
form B; = ng) X e X szj), Dl(j) € BY, whose union B = |J B; satisfies the relation
G(”)(AAB) < 5. Because of the symmetry property A = —A of the set A we may
assume that these sets B; have such an indexation with both positive and negative

integers for which B; = —B_;. We may also demand that B; N A # () for all sets B;.
Beside this, we may assume, by dividing the sets Dl(] ) appearing in the definition of the
sets B; into smaller sets if this is needed that their diameter p(Dl(J )) = sup p(z,0) < 2.
mGDl(j )
This implies because of the relation A N K(n) = 0 that Dl(j) N (—Dl(j)) = () for all
1 <1 < n. Because of these properties of the sets B; it can be seen that with the
help of their appropriate further splitting the set B can be represented as the union of
disjoint sets B; indexed by some numbers j = +1,...,+N such that B; = —B_; for
all 1 < j < N, and the pairs (B;, B_;) have the additional property Dl(]) N (—Dl(])) =0
for all 1 <[ < n, and this is what we had to show. For the sake of completeness we
present a partition of the set B with the properties we need.

Let us first take the following partition of R” for all 1 S [ < n. For a fixed number [
this partition consists of all sets DY of the form N Flrj(.J ), where r(j) = 1,2 or 3, and
i>0
Fl(j.) = DZ(J), Fl(j) = —Dl(]), Fl(;)’) = RY\ (DZ(J) u (—Dl(]))). Then B can be represented
as the union of those sets of the form D,(«}) X e X DS«:) which are contained in B.

To prove Statement B first we show that for all £ > 0 there is a regular system
D ={A;,l==1,...,£N} such that all sets D; and —D;, 1 < j < n, can be expressed
as the union of some elements A; of D, and G(A;) < & for all A; € D.

First we show that there is a regular system D = {A], [ = £1,...,£N’'} such that
all sets D; and —D; can be expressed as the union of some sets A] of D. But we say
nothing about the measure G(A]) of the elements of this regular system. To get such
a regular system we define the sets A'(eg, 1 < |s| <n)=Di*N(=D1)**N---ND:* N
(=D, )e— for all vectors (g5, 1 < |s| < mn) such that e, = £1 for all 1 < |s| < n,
and the vector (g5, 1 < |s| < n) contains at least one coordinate +1, and D! = D,
D=1 = R¥\ D for all sets D € B”. Then taking an appropriate reindexation of the
sets A’(g5, 1 < |s| < n) we get a regular system D with the desired properties. (In this
construction the sets A’(e;, 1 < |s| < n) are disjoint, and during their reindexation we
drop those of them which equal the empty set.) To see that D with a good indexation
is a regular system observe that for a set A; = A’(e,, 1 < |s|] < n) € D we have
—A; =A(e_s, 1 < |s| <n) € D, and A; N (—A;) C D; N (—D;) = 0 with some index
1 <j <n. (We had to exclude the possibility A; = —A;.)

Next we show that by appropriately refining the above regular system D we can
get such a regular system D = {A;, | = +1,...,+N} which satisfies also the property
G(A;) < ¢ for all A; € D. To show this let us observe that there is a finite partition
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{E1,...,Ei} of J(D; U(—=Dj)) such that G(E;) < € for all 1 < j < [. Indeed,
j=1
the closure of D = J (D; U (—D;)) can be covered by open sets H; C R” such that
j=1
G(H;) < ¢ for all sets H; because of the non-atomic property of the measure G, and by
the Heyne-Borel theorem this covering can be chosen finite. With the help of these sets

H, we can get a partition {E1,..., E;} of |J (D; U (—D;j)) with the desired properties.
j=1

Then we can make the following construction with the help of the above sets F;.
Take a pair of elements (A], A’ ;) = (A}, —A}), of D, and split up the set A] with the
help of the sets E; to the union of finitely many disjoint sets of the form A; ; = AJNE;.
Then G(4A; ;) < € for all sets A; ;, and we can write the set A’ ; as the union of the
disjoint sets —A; ;. By applying this procedure for all pairs (A, A’ ;) and by reindexing
the sets A; ; obtained by this procedure in an appropriate way we get a regular system
D with the desired properties.

Let us write BU(—B) as the union of products of sets of the form A;, x---xA; with
sets A;; € D, 1 < j < n, and let us discard those products for which [; = £/, for some
pair (j, 7), j # 7'. We define the set F' about which we claim that it satisfies Property B

as the union of the remaining sets A;; x---xA; . Then xr € 7-_(2. Hence to prove that
Statement B holds with this set F'if £ > 0 is chosen sufficiently small it is enough to show
that the sum of the terms G(Ay,) - - G(4, ) for which [; = %,/ with some j # j’ is less
than n?eM"™ !, where M = maxG(D; U (—D;)) = 2maxG(D;). To see this observe
that for a fixed pair (j,j'), 7 # j’, the sum of all products G(A;,)---G(4;,) such
that [; = l;; can be bounded by éM™~! and the same estimate holds if summation
is taken for products with the property [; = —l;;. Indeed, each term of this sum

can be bounded by éG"! 11 Ay, |, and the events whose G"~! measure is
1<p<n, p#j
considered in the investigated sum are disjoint. Beside this their union is in the product

set [l (D,uUD_,), whose measure is bounded by M"~!.
1<p<n, p#j

As the transformation Ig(f) is a contractlon from HG into Lo(G, A, P), it can

uniquely be extended to the closure of Hg, i.e. to H%. We define the n-fold Wiener—1t6
integral in the general case via this extension. The expression I(f) is a real valued
random variable for all f € H¢, and relatmns (4.3), (4.5), (4.5") remain valid for

fy f' € HY or f € HY instead of f, f' € HG of f € HZ%. Relations (4.5') and (4.6)
imply that the transformatlon Ig: ExpHg — L3(Q, A, P) is an isometry. We shall
show that also the following result holds.

Theorem 4.1. Let a stationary Gaussian random field be given (discrete or generalized
one), and let Zg denote the random spectral measure adapted to it. If we integrate
with respect to this Zg, then the transformation Ig: ExpHg — H s unitary. The
transformation (n))'/?Ig: HL — H, is also unitary.
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In the proof of Theorem 4.1 we need an identity whose proof is postponed to the
next section.

Theorem 4.2. (Itd’s formula) Let ¢1,...,0m, ¢; € H&, 1 < j < m, be an
orthonormal system in L%,. Let some positive integers ji,...,Jm be given, and let
j1+ -+ Jdm = N. Define for all i = 1,...,N the function g; as g; = s for
it t s <i<ji4-+7s, 1 <s<m. (In particular, g; = p1 for 0 <i < ji.)

Then
i ([ er0)zai)) -, [ ente)Za( )

:/gl(wl)'"gN(CUN)ZG(dx1>'"ZG(dmN)
:/Sym[g1($1)"'gN(iUN)] Zg(dzy) - Za(dey)

(H;(x) denotes again the j-th Hermite polynomial with leading coefficient 1.)

Proof of Theorem 4.1. The one-fold integral Ig(f), f € H¢, agrees with the stochas-
tic integral I(f) defined in Section 3. Hence Ig(e*(™®)) = X(n) in the discrete field
case, and I(¢) = X(¢), ¢ € S, in the generalized field case. Hence Ig: HE — Ha
is a unitary transformation. Let ¢1,a,... be a complete orthonormal basis in H¢,.
Then &; = [¢j(x) Zg(dz), j = 1,2,..., is a complete orthonormal basis in Hg,. 1t0’s
formula implies that for all sets of positive integers (j1,...,jm,) the random variable
H; (&)---Hj,, (&) can be written as a ji +- - - + j,-fold Wiener-1t6 integral. Therefore
Theorem 2.1 implies that the image of Exp H¢ is the whole space ‘H, and I5: Exp Hg
is unitary.

The image of H¢ contains H,,, because of Corollary 2.4 and Ité’s formula. Since
these images are orthogonal for different n, formula (2.1) implies that the image of H%
coincides with H,,. Hence (n!)'/?1g: H{ — 'Hy, is a unitary transformation.

The next result describes the action of shift transformations in H. We know by
Theorem 4.1 that all n € H can be written in the form

77:f0+z%/fn(xl,...,xn)Zg(dxl)...Zg(dxn) (4.7)
n=1

with f = (fo, f1,...) € ExpHg in a unique way, where Zg is the random measure
adapted to the stationary Gaussian field.

Theorem 4.3. Let n € H have the form (4.7). Then

00 1 '
Ttn = fO + Z E /el(t@l_'—”._'—m")fn(xla e ,In)Zg( dml) cee ZG( dwn)
n=1 "

for all t € R in the generalized field and for all t € Z, in the discrete field case.
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Proof of Theorem 4.3. Because of formulas (3.6) and (3.6’) and the definition of the
shift operator T; we have

T, ( / ei(”"’“’)Zg(dx)> =T, Xp = Xppt = / et i) 70 (dx), t e,
and because of the identity m(x) = [t p(u —t)du = et p(x) for p € S

13 ([ ¢(0) Zotdn) ) =X (o) = X(Tp) = [ 9 p)Za( ). pe s, te R,

in the discrete and generalized field cases respectively. Hence

11 ([ f@)z0tan)) = [ p@zetan) it 7 e

for all t € Z, in the discrete field and for all ¢ € RY in the generalized field case.
This means that Theorem 4.3 holds in the special case when 7 is a one-fold Wiener—It6
integral. Let fi(z),..., fm(z) be an orthogonal system in H{,. The set of functions
et £y (), ..., ") . () is also an orthogonal system in H,. (t € Z,, in the discrete
and t € R in the generalized field case.) Hence 1t6’s formula implies that Theorem 4.3
also holds for random variables of the form

n=H; (/fl(ac)ZG(dw)> ---Hj (/fm(x)ZG(dx))

and for their finite linear combinations. Since these linear combinations are dense in H,
Theorem 4.3 holds true.

The next result is a formula for the change of variables in Wiener—Ito integrals.

Theorem 4.4. Let G and G’ be two mon-atomic spectral measures such that G is
absolutely continuous with respect to G, and let g(x) be a complex valued function such
that

dG
70 = S
For every f = (fo, f1,...) € ExpHg, we define
fr(xe, . xn) = fulzy, o yxn)g(xr) - g(zn), n=12.... fl=fo

Then "= (f, f1,...) € ExpH¢, and

fO—i—Z/%fn(xl,...,xn)Zg(dxl)...Zg(dxn)

n=1 '
N S Ze(d Zai(d
_f0+;m/fn(xla"'7xn) G'( 1‘1) G’( .CCn),
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where Zg and Zg: are Gaussian random spectral measures corresponding to G and G'.

Proof of Theorem 4.4. We have [|f} |lc' = ||fn||c, hence f" € ExpHcr. Let ¢1,¢2,...
be a complete orthonormal system in Hg. Then @i, ¢h,..., ¢i(x) = @;(x)g(x) for
all j = 1,2,... is a complete orthonormal system in H{,. All functions f, € HZ
can be written in the form f(x1,...,25) = > ¢j,,... ;. Sym (¢, (1) - ¢, (2,)). Then
fl(we, . smn) =2 ¢y g, Sym (@), (1) -+ ¢ (7). Rewriting all terms

/ Sym (5, (1) -+~ 5, (2)) Za(day) ... Za(, dy)

and
/Sym (@ (1) & (@) Zar (dr) . . Zeo(, diy)

by means of 1to’s formula we get that f and f’ depend on a sequence of independent
standard normal random variables in the same way. Theorem 4.4 is proved.

For the sake of completeness I present in the next Lemma 4.5 another type of
change of variable result. I formulate it only in that simple case in which we need it in
some later considerations.

Lemma 4.5. Define for all t > 0 the (multiplication) transformation Tyx = tx either
from RY to RY or from the torus |—m,m)" to the torus |—nt,mt)”. Given a spectral
measure G on R” or on [—m,m)" define the spectral measure Gy on R” or on [—mt, 7t)”
by the formula G¢(A) = G(%) for all measurable sets A, and similarly define the function
Jet(xi, ... zr) = fu(tey, ... txg) for all measurable functions fi of k variables, k =
1,2,..., with x; € R” or x; € [—m,m)" for all 1 < j < k, and put for = fo. If
f=(fo, f1,...) € ExpHg, then fr = (for, fit,...) € ExpHeg,, and

fo+ S / e falwn @) Zo(de) . Za(de)
n=1 :

1
2 foat D o [ Fuslors ) Ze (do) .. Zo, (d),
n=1

where Zg and Zg, are Gaussian random spectral measures corresponding to G and G'.

Proof of Lemma 4.5. 1t is easy to see that f; = (fo+, fi¢,-..) € ExpHg,. Moreover, we
may define the random spectral measure Zg, in the identity we want to prove by the
formula Zg,(A) = Zg(4). But with such a choice of Zg, we can write even = instead

of 2 in this formula.

The next result shows a relation between Wick polynomials and Wiener—It6 inte-
grals.

Theorem 4.6. Let a stationary Gaussian field be given, and let Zg denote the random
spectral measure adapted to it. Let P(x1,...,Tm) = > ¢y, jnTj - Tj, be a homoge-
neous polynomial of degree n, and let hq,..., h,, € Hé. (Here j1,...,j, are n indices
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such that 1 < j; < m for all 1 <1 < n. It is possible that j; = jp also if |l #1'.)
Define the random wvariables &; fh VZa(dx), j = 1,2,...,m, and the function

P(Ul, R n) Z C,]l 77777 Jn .]1 (ul) J'n (un) Then

P&, .. Em): :/ﬁ(ul,...,un)zg(dul)...ZG(dun).

Remark. If P is a polynomial of degree n, then it can be written as P = P; + P,
where P; is a homogeneous polynomial of degree n, and P, is a polynomial of degree
less than n. Obviously,

P(Sl, e ,fm)i ::P1(€1: oo ,gm)l
Proof of Theorem 4.6. 1t is enough to show that
GG = [ o) by, (0) Zo(dua) .. Zo(du).

If hy, ..., hym € HE are orthonormal, (all functions h; have norm 1, and if [ # I/, then Ay
and hy are either orthogonal or h; = hy/), then this relation follows from a comparison of
Corollary 2.3 with Ito’s formula. In the general case an orthonormal system A1, ..., hn,
can be found such that .

ijhk, ' 1,...,m

k=1

with some real constants c;j . Set ngy = [ h;jZg(dx). Then

m m
b (z 77) (z 77) LS e eep i e
k=1 k=1 v,k
= ) le,kl"'Cjn,kn/ﬁkl(ul)"'ﬁkn(un)ZG(dul)---ZG(dun)
k kn

:/hjl(ul)---hjn(un)Z(;(dul)...Z(;(dun)

as we claimed.

We finish this section by showing how the Wiener—Ito integral can be defined if the
spectral measure G may have atoms. We do this although such a construction seems
to have a limited importance as in most applications the restriction that we apply the
Wiener—It6 integral only in the case of a non-atomic spectral measure G causes no
serious problem. If we try to give this definition by modifying the original one, then we
have to split up the atoms. The simplest way we found for this splitting up, was the
use of randomization.
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Let G be a spectral measure on R”, and let Z¢ be a corresponding Gaussian spectral
random measure on a probability space (2,4, P). Let us define a new spectral measure
G =Gx /\[ 1,100 R¥*1, where )\[ 11 denotes the uniform distribution on the interval

[—%, 5] If the probability space (£2, A P) is sufficiently rich, a random spectral measure

Zg, corresponding to G can be defined on it in such a way that Za(Ax [-3,3]) =
Za(A) for all A € B”. For f € HJ we define the function f € ’FZ”G by the formula
f(yl,...,yn) = f(x1,...,2y,) if y; is the juxtaposition (z;,u;), x; € R, u; € R,
J = 1,2,...,n. Finally we define the Wiener—It6 integral in the general case by the
formula

/f X1y Xp)Za(dry) ... Za(dxy,) /f Yt - Yn)Za(dyr) ... Za(dyn).

(What we actually have done was to introduce a virtual new coordinate u. With the
help of this new coordinate we could reduce the general case to the special case when
G is non-atomic.) If G is a non-atomic spectral measure, then the new definition of
Wiener—It6 integrals coincides with the original one. It is easy to check this fact for
one-fold integrals, and then It6’s formula proves it for multiple integrals. It can be seen
with the help of Ito’s formula again, that all results of this section remain valid for the
new definition of Wiener—It6 integrals. In particular, we formulate the following result.

Given a stationary Gaussian field let Zg be the random spectral measure adapted
to it. All f € Hg can be written in the form

F@1,esmn) =Y ¢y u®i (81) - 05, (x0) (4.8)
with some functions ¢; € H, j = 1,2,.... Define & = [ ¢;j(x)Zc(dz). If f has the
form (4.8), then

/f L1y.e..,& ZG(d.I‘l) ZG(dxn):chh...,jn:gh"'éjn: .

The last identity would provide another possibility for defining Wiener—Ito6 integrals.
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5. The proof of It6’s formula. The diagram formula and some of its conse-
quences.

We shall prove It0’s formula with the help of the following

Proposition 5.1. Let f € H% and h € Hy,. Let us define the functions

f>k<h(xl,...,xk_l,xk+1,...,xn):/f(xl,...,xn)h(xk)G(da:k), k=1,...,n,

and
fh(xy, ..., xns1) = f(x1,. .o, x0)h(Tra1).
Then fx h, k=1,...,n, and fh are in 7:(8_1 and ﬂgﬂ respectively, and their norm
k
satisfies the inequality || f x h|| < || f|| - ||kl and || fR] < ||f]l - [|k]|. The relation
k

() Ta(h) = (n -+ DUa(fh) + 3 _(n 1 (£ 1)

k=1
holds true.
Remark. There is a small inaccuracy in the formulation of Lemma 5.1. We considered
the Wiener—Ito6 integral of the function f x h with arguments x1,...,Zk—1, Tr41,. .-, Tn,
while we defined this integral for functiong with arguments x1,...,x,_1. We can correct

this inaccuracy by reindexing the variables of f x h and to work with the function
k

(f>k<h)’(:z:1, ey Tp1) = f;jh(:cak(l), ey Tag (k=1) Tag (k+1)s - - - » Tay (n)) instead off>k<h,

where ai(j) =jfor 1 <j<k—1land ai(j)=j—1fork+1<j<n.
We also need the following recursion formula for Hermite polynomials.
Lemma 5.2.
H,(x)=xzH, 1(x) — (n— 1)Hp_o(x) for n=1,2,...,
with the notation H_1(z) = 0.
Proof of Lemma 5.2.

— (_1\" z2/2 d" —z2/2 — z2/2 d —2?/2
H,(x)=(—-1)"e _d:v”(e ) e” It (Hn_l(:z:)e )
d
=xH, 1(x) — @Hn,l(x).

Since %Hn_l(a:) is a polynomial of order n — 2 with leading coefficient n — 1 we can
write

n—3
%Hnmx) = (n—1)Hn-a(2) + ) ¢;Hj(2).
j=0

36



To complete the proof of Lemma 5.2 it remains to show that in the last expansion all
coefficients c; are zero. This follows from the orthogonality of the Hermite polynomials
and the calculation

d
[T P @) H @) de = = [ Hooa @) (e ) o

_/—#NH (2) Py (2) dz = 0

with the polynomial Pjq(z) = 2H;(z) — d%Hj () of order j + 1 for j <mn — 3.

Proof of Theorem 4.2 via Proposition 5.1. We prove Theorem 4.2 by induction. Theo-
rem 4.2 holds for N = 1. Assume that it holds for N — 1. Let us define the functions

f(x1,. o son—1) = gi(21) - gn—1(TN-1)
h(z) = gn ().
Then
J = /gl(xl)---gN(:z;N)Zg(dxl)...Zg(d:cN)

N-1

— NUa(fh) = (N~ D Ig(Dla(h) — 3 (N —2) g (f x h)

k=1

by Proposition 5.1. The induction hypothesis implies that

1=t ([ r0za(an) -y, [ onr@)2a(a)
Hyor ([ on@)Za( ) [ onto)zetan
~n =08, ([ 2a(a0) -, ( [onr@2a(a)
Hya ([ onte)Za(a0).

where H;, _o(z) = H_1(x) =0 if j,, = 1. This relation holds, since

Fx R, Tt By 1) = /gl(xl) e g1 (@) om (@) G (k)
_{OﬁkSN—M
g1(z1) - gr—1(@k—1)gk+1(Tp41) - gn—1(xn—1) H N —jp, <k <N -1

Hence Lemma 5.2 implies that



as claimed.

Let us fix some functions h; € 7:(81, ceey hpyy € 7:[8“. In the next result, in the
so-called diagram formula, we express the product ni!Ig(hy) - np!Ig(hy) as the sum
of Wiener—Ito integrals. This result contains Proposition 5.1 as a special case. There is

no unique terminology for this result in the literature. We shall follow the notation of
Dobrushin in [7].

We shall use the term diagram of order (nq,...,n,,) for an undirected graph of
ny + - -+ + n,, vertices such that its vertices are indexed by the pairs of integers (j,1),
l=1,....m, 7 =1,...,n;, with the properties that no more than one edge enters into

each vertex, and edges can connect only pairs of vertices (j1,/1) and (jo,l3) for which
ly #1lg. Let ' =T'(ny,...,n,,) denote the set of all diagrams. Given a diagram v € I'
7| denotes the number of edges in . Let there be given a set of functions hy € H¢', ... ,
hm € ’Flgm. Sometimes we denote the variables of the function h; by z(; ;) instead of
zj, i.e. we write hy(x (1), .., T(n,,1)) instead of hy(xy,...,2p,). Put N =nq+---+ngp.
We introduce the function of N variables corresponding to the vertices of the diagram
by the formula

h(x(j,l), l = 1,...,m, j = 1,...,nl) :th(x(jl), j = 1,...,nl).
=1

Fixing a diagram v € I' we enumerate the variables x(; ;) in such a way that the vertices
into which no edges enter will have the numbers 1,2,..., N — 2|vy| and the vertices
connected by an edge will have the numbers p and p + |y|, where p = N — 2|y| +
1,...,N —|v|. Let

h7($17 ceey :L'N,2|,y|) = / - / h(.%’l, s s TN —|y|) TTN=2|y|+1y - > —LEN,|,Y|) (5 1)
G( de_Z"YH'l) PN G( dZEN_|,y|)
The function h. depends only on the variables z1,...,2N_g/4|, i.e. it is independent of

how the vertices connected by edges are indexed. Indeed, it follows from the evenness
of the spectral measure that by interchanging the indices s and s + v of two vertices
connected by an edge does not change the value of the integral h,. Let us now consider
Ic(hy). The function h, may depend on the numbering of those vertices of v from
which no edge starts, but Sym h., and therefore I (h~) does not depend on it. Now we
formulate the following

Theorem 5.3. (Diagram formula) For all functions hy € HE', ..., hm € HE",
Ny, ..., = 1,2,..., the following relations hold:

A) hy € He 2 and ||hy || < TT |l for aliy €T

Jj=1

B) mitla(hn) o (hm) = 35 (N = 2h)a(hs).
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Remark. In the special case m = 2, ny = n, ng = 1 Theorem 5.3 coincides with
Proposition 5.1. To see this it is enough to observe that h(—z) = h(z) for all h € H,,.

Proof of Theorem 5.3. 1t suffices to prove Theorem 5.3 in the special case m = 2. Then
the case m > 2 follows by induction.

We shall use the notation n; = n, ng = m, and we write x1,...,Zn4+n instead of
T T(n,1)> T(1,2) - - - s T(m,2)- 1t is clear that the function h, satisfies property (a)
of the classes ﬂé defined in Section 4. We show that Part A of Theorem 5.3 is a
consequence of the Schwartz inequality. To prove this estimate on the norm of h. it is
enough to restrict ourselves to such diagrams 7 in which the vertices (n,1) and (m, 2),
(n—1,1) and (m —1,2), ..., (n —k,1) and (m — k,2) are connected by edges with
some 0 < k < min(n,m). In this case we can write

’h/ Llyeooy Tn—k— 17xn+17-"7xn+m—k—1)|2

‘/hl xlw'~7xn)h2(xn+17'~~7xn+mfkfla_xnfkw“;_xn)

G(dxp—k)...G(dxy,) 2

g/]hl(xl,...,:cn)|2G(d:cn_k)...G(dxn)

/ |h2((lfn+1, Ce 7xn+m>|2G( dwn—km—k) . G( d(li'n+m)

by the Schwartz inequality and the symmetry G(—A) = G(A) of the spectral mea-
sure GG. Integrating this inequality with respect to the free variables we get part A) of
Theorem 5.3.

~ N
In the proof of part B) first we restrict ourselves to the case when hy € H and hy €

HZ. Assume that they are adapted to a regular system D = {A,, j ==+1,...,£N} of
subsets of R™ with finite measure G. We may even assume that all A; € D satisfy the
inequality G(A;) < e with some ¢ > 0 to be chosen later, because otherwise we could
split up the sets A; into smaller ones. Let us fix a point u; € A; in all sets A; € D.
Put K; = sup |h;(x)|, i = 1,2, and let A be a cube containing all A;.

x

We can write
I = nlIg(hy)m!Ig(hs) Z ha (s ooy, Yho(up, , - .. ug,,)
Za(Aj) - Za(Dj,) Za(Ar,) - Za(Ak,,)

with the numbers u;, € A and ug, € Ay, we have fixed, where the summation in S
goes through all pairs ((j1,...,Jn), (k1,--- km)), Jp, kr € {£1,...,£N}, p=1,...,n
r=1,...,m, such that j, # +j; and k, # ks if p#porr #r.

Write
Y
I = E E hl(Ujl,...,an)hg(ukl,...,ukm)

vyel
Zg(Aj) - Za(Aj,) Za(Ay,) - - Za(Ar,, ),
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where 37 contains those terms of 3 for which j, = k, or j, = —k, if the vertices
(1,p) and (2,r) are connected in v, and j, # %k, if (1,p) and (2,7) are not connected.
Let us define the sets

A1 =A1(y) ={p: p€ {1,...,n}, and no edge starts from (p,1) in v},
Ag = As(y) = {r: r € {1,...,m}, and no edge starts from (r,2) in v}

and

B=B)={pr): pef{l,....,n}, re{l,....m},
(p,1) and (r,2) are connected in v}

together with the map a: {1,...,n}\ A1 — {1,...,m} \ As defined as

alp)=r if (p,r) e B forall pe{l,...,n}\ 4;. (5.2)

Let X7 denote the value of the inner sum >_” for some v € T in the last summation
formula, and write it in the form

2 =37+ %)
with
-
Y= (g, ui ok, oun,) ] Za(Bg,) 1] Ze(Ax,)
pEAL reAs

- JI E(2e(4),)Za(Ar,))

(p,r)eB
and

v
E; :Z hl(uj'l,...,an)hg(ukl,...,ukm) H Zg(Ajp) H Zg(Akr)

p€A1 TGAQ

I Zea)zZean)—E( 11 Ze(a;,)Za(Ar,)

(p,r)EB (p,r)EB

The random variables 3] and XJ are real valued. To see this observe that if the
sum defining these expressions contains a term with arguments A; , and Ay, then
it also contains the term with arguments —A; and —A, . This fact together with
property (v) of the random spectral measure Zg and the analogous property of the
functions h; and hs imply that X7 = 2_17 and XJ = Z_g Hence these random variables
are real valued. As a consequence, we can bound (n +m — 2|y|)!Ig(hy) — X7 and X3
by means of their second moment.
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We are going to show that X is a good approximation of (n+m—2|v|)! I¢(h.), and
¥ is negligibly small. This implies that (n + m — 2|y|)!Ig(h,) well approximates 7.

To estimate (n+m—2|y|)! g (h,) — X] we rewrite ] as a Wiener—Ito integral with
a kernel function adapted to the regular system D which is close to h,. To find this
kernel function we rewrite the sum defining 3] by first fixing the variables uj,, p € A,
and uy,, r € Az, and summing up by the remaining variables, and after this summing
by the variables fixed at the first step. We get that

X = > hoy1 (s P € Av, ks 7 € Ag) ] Ze(By,) 1] Ze(Ar,)
Jp: 1<]4p| <N for all pe A, pPEA; rEAs
kr: 1<|kr|<N for all re A,

(5.3)
with a function h,; depending on the arguments j,, p € A;, and k,, r € Ay, with
values jp,k, € {£l,...,£N} defined with the help another function h. o described
below. It also depends on the arguments j,, p € A;, and k,, r € Ay, with values
Jp, kr € {£1,...,£N}. Formula (5.3) holds with

h'Y71(.jp7 pe Al, kr, T e AQ) =0 (54&)
if the numbers of the set {£j,: p € A1} U{£k,: r € Ay} are not all different, and
hy1(Jps P € A1, kr, 7 € A2) = hy2(Jp, p € Ar, Ky, 7 € A) (5.4b)

if all numbers +j,, p € Ay, and £k,., r € Ay are different with the function A~ 2(jp, p €
Ay, ky,r € Ay) defined for all sequences j,, p € Ay and k,, r € Ay, with j,, k, €
{£1,...,£N} (i.e. also in the case when some of the arguments j,, p € Ay, or k,,
r € Agy, agree) by the formula

/-y’
h’YZ(jpv pEAh TaTEAQ Z hl Uju"'7ujn)h2(ul€1""7ukm)
T E(Za(a;,)Za(Ar,)).

(p,r)EB

(5.5)

The summation 27’1 in formula (5.5) which depends on the arguments j,, p € Ay,
and k., r € Ay, is defined in the following way. We sum up for such sequences j,, k,
with indices p € {1,...,n} \ A; and r € {1,...,m} \ Az which satisfy the following
conditions. Put C' = {£j,,p € A1} U{xk,, r € A2}. We demand that all numbers
Jp and k, with indices p € {1,...,n} \ A; and r € {1,...,m} \ Ay are such that
Jpskr € {£1,...,£N} \ C. Let us write all numbers r € {1,...,m} \ Az in the form
r = ap), p € {1,...,n} \ A1, with the map « defined in (5.2). We also demand
that only such k. = k., appear in the summation for which k.« = =£j, for all
p€{l,...,n}\ A;. Beside this, all numbers £j,, p € {1,...,n}\ Ay, must be different.
The summation in 27’1 is taken for all such sequences j,, p € {1,...,n}\ 4; and k,,
r € {1,...,m}\ Ay which satisfy the above conditions.

Formula (5.5) can be rewritten in a simpler form. To do this let us first observe that

the condition & +j, can be replaced by the condition & —Jp in it, and we can

a(p) = a(p) =
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write G(4;,) instead of the term EZg(A;,)Za(Ar,) (with (p,r) € B) in the product at
the end of (5.5). This follows from the fact that EZ¢(A;))Za(Ak,) = EZc(A;,)* =0
if k‘r = jp and EZG(Ajp)Zg(Akr) = EZG(A]'I,ZG(_A]'I,) = G(Ajp) if k‘r = —jp. Beside
this, the expression in (5.5) does not change if we take summation for all sequences jp,,
pe{l,...,n}\ A, with j, € {£1,...,£N}, because in such a way we only attach such
terms to the sum which equal zero. This follows from the fact that both functions hy
and hg are adapted to the regular system D, hence hi(uj,, ..., u;, )ha(uk,,...,ux,) =0
if for an index p € {1,...,n} \ A1 j, = £j, with p # p’ or j, = —k, with (p,r) € B,
and beside this there exists some 7’ € Ay such that j, = £k,.

The above relations enable us to rewrite (5.5) in the following way. Let us define
that map a~! on the set {1,...,m} \ Ay which is the inverse of the map «a defined
in (5.2), i.e. a7 i(r) = p if (p,r) € B. With this notation we can write

= Z hl(Ujl, . ,an)hg(ukr, e A27—uja71(r)’ e {1, R ,m}\Ag)

jzupe{lv'“?n}\Alv
1<]jp|<N for all indices p

[T &), (5.6)

pe{l,....,n}\ A1

Formula (5.6) can be rewritten as
h%Z(jpa pE Al: k?"a e AQ)
— /hl(ujpa pE Ala Lp, P € {]_,7%}\141)

hg(ukM r € As, —To-1(r), T € {1,,m}\A2) H G(dmp)
pe{l ..... n}\A1 (5-7)

We define with the help of &1 and h, 2 two new functions on R("+m=217Dv with
arguments 1, ..., Tp4m—2y- Lhe first one will be the kernel function of the Wiener—
It6 integral expressing 3] and the second one will be equal to the function h, defined
in (5.1). We define these functions in two steps. In the first step we reindex the
arguments of the functions h; - and ho,vy to get functions depending on sequences
J1y++ s Jntm—2py|- For this goal we list the elements of the sets A; and Ay as A; =
P, Py f With 1 <p1 <p2 < <pp_jy <nand Ay = {r1,...,7p_|y} With
1 <7 <rg <-- < ppm_jy <m and define the maps 81: 4y — {1,...,n —|v|} and
Ba: Ay — {n—|y|+1,...,n+m — 2|y|} by the formulas Bi(p;) =1if 1 <1 <n—~,
1<l<n—|yl,and Bo(r)) = l+n—|y[, 1 <T<m—[yl,ifn—|y[+1 <1 <nt+m—2[y.
We define with the help of the maps (3; and (5 the functions

hy3(J1s - dntm—2y)) = "y, 1By (1) - - -5 381 (1)) K2 (1) - - -5 KBa(m—14]))
and
hoy,a(Gs - Jnm—2i71) = hy2(F81 (1) - - -5 380 n—17D)) s KBa (1) - - -5 Ko (m—14]))»
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where the arguments of the functions h. 3 and h, 4 are sequences ji, . .., jn4m—2y| With
js€{xl,..., N} forall 1 < s <n+m—2|y|.

With the help of the above functions we define the following functions h. 5 and
h'y6 on R(n+m—2|fy|)u.

( h'y,3(j17---7jn—|—m—2\'y|) if 2, € Ajm
Py 5(T150 s Trpm—2jy|) = forall 1 <l <n+m—2|y|

[ 0 otherwise,

and ( . . .
h7,4(‘717"'7‘7n+m72h|) if ¢ € Ajz?
hoy6(T1, s Tppm—2jy)) = forall 1 <l <n-+m-— 2y

0 otherwise.

It follows from relation (5.4a) and the definition of the function A, 5 (with the help

of the definition of the functions h,; and h,3) that h,5 € 7%2, and it is adapted to
the regular system D. Then relations (5.3) and the definition of h, 5 also imply that
X1 = (n+m = 2[y) (hy,s).

On the other hand, I claim that the function h, defined in (5.1) satisfies the identity
h, = hye. This statement must be formulated in a more precise form, because the
definition of the function h, is not unique, we have some freedom in choosing the
indices of its variables. I shall define such a version of h, which provides an appropriate
enumeration of its variables, and the identity h. = h, ¢ holds for this version.

In the definition of h, we shall work with the function ilg(l’n+1,...,$n+m) =
ha(zs1y, -+ Tsemy), With 0(l) = 1 —n, n+1 <1 < n+m, ie. we work with a
function with arguments x;4,, instead of arguments x;, 1 < 1 < m. We also replace
the set Ay by its shift Ay defined as Ay = Ay +n = {F1,...,Fp_|y} with 7 =7; +n,
1<j<m-—|y|, where 1 <r; <ry <--- <7y, < m are the elements of the set As.
We define the following two functions e(-) and 7(-) on the set {n+1,...,n+m}. We put
e(l)=1ifl € Ay, and e(l) = —1ifl € {n+1,...,n+m}\ As, and we also introduce the
function 7(-) defined as n(l) = [ if | € A5 and n(l) = p with that number p, 1 < p < n,
for which (p,l —n) € Bifl € {n+1,...,n+m}\ Az. With the help of these functions
we define the function

}Alw(ib‘l,l € A UA2) = /hl(l'l,...,.flin)

;12(8(77, + 1>xn(n—|—1)7 ce 7€(n + m)xn(n—i-m)) H G( dl’l),
le{l,....n}\ A1

and define the function h, by introducing the ‘right’ enumeration of the variables of the

function iL_,y. For this goal we define (similarly to the maps (1 and B; defined before)
the map 3: Ay U Ay — {1,...,n+m —2[y[} as B(p) = [ for 1 <1 < n —|y], and

B(r) =1+mn—|y| for 1 <I<m—|y|, where A1 = {p1,...,Pp—|y| With 1 <p; <--- <
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Py <, and Ay =Ao+n={r,...,Tp_jy} withn+1 <7 < - <Tp_iy <nt+m.
Then we define

hw(:cl, c. ,len+m_2|7|) = ilv(x/g(l), l e A1 @) AQ)
To see that h, g = h, with the above defined function h., let us first observe that

hy6(@1, s Togm—2)y]) = Ry 2008, (1) - - -5 T81 (= 171)) s KBa (1) 5 - - - » KB (m—y]))»

if ; € Ay, for all 1 <n+m —2|y|. On the other hand, we get, since both functions hq
and hy are adapted to D, by applying the definition of the functions h., and h, and

relation (5.7) together with a comparison of the function hy with hy and of the pair of
maps 31 and By with the map ( that

hoy (@1, Tppmpy]) = By (W o W o) = B (g, 1€ AL U Ay)
hay2(J81 () s -+ 5 381 (= ))s Ko (1) -+ 5 Ko (m—|y)))

if &y € Aj, for all 1 <n+m —2|y|.

By these identities h, 6(Z1, ..., Tptm—2py|) and hy (21, ..., Tpim—_2)() agree in such
points (Z1,...,ZTp4m—2)) for which z; € Aj with some j; € {£1,...,£N} for all
1 <1 <n+m-—2|y|. Since both functions h. ¢ equal zero in other points, this implies
that h, e = hy, as claimed.

Observe that the function h, disappears also in such points (z1,...,Zp m—2py|)
for which z; € Aj, for all 1 <1 < n+ m — 2|y| with such indices j; for which some
of the numbers in the set {£j1,...,£j,_|} or in the set {£j,_|y 11, Eintm—2py|}
agree. This fact together with the identity h, = h, and the relation between the
functions h- 5 and h. ¢ yield the identity

hfy(xh s 7xn+m—2|7|) = h’y,5(x17 s 7xn+m—2|'y|) + h%7($1, s 7xn+m—2|7|)
with
h'y,7(x1, s an+m—2|'y|>

((hoy(Z1, .. Tpqm—2py)  if there exist indices ji;, 1 < [5i| < N,
1 <l<n+m-—2|y|such that z; € A;,, 1 <l <n+m—2J,
all numbers = ji1,..., 47,94 are different,

B all numbers =+ j,, _|y|415- - -, TIntm—2|y| are different,

and {:l:jl, RN ijn—|fy|} N {:l:jn_|’7|+1’ cey ijn+m—2|7|} #+ 0

( 0 otherwise.

Since X} = (n+m — 2|y|)!Ig(hy 5), we have
(n+m =2 g(hy) = X] = (n+m = 2|y))"c(hy.7),
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and
BE(X] = (n+m = 2y)a(hy))? < (n+m = 299! (hy7) |
with the norm || - || in Hngm_QM.

On the other hand,
sup |h'y,7(x17 s 7xn+m—2|'y\)| < sup |h'y(x17 s 7$n+m—2|'y|)| < K1K2L|’Y|7

with K7 = sup |h1|, K2 = sup |hs|, and L = G(A), where A is a fixed cube containing
all A;. Hence

124
E(Z] = (n+m = 2ly)!a(hy)® < Cill(hy o) ? < C2) 0 G(A;) - G(A 4 o)
< CsupG(Aj) < Ck,
J

(5.8)
where the summation E" goes for such sequences ji,. .., jnym—2py, 1 < [Ji] < N for
all 1 <1 <mn+m— 2|y|, for which all numbers £ji, ..., +j,_|, are different, the same

relation holds for the elements of the sequence +j,_|y 11, -+ TIntm—2/, and

{j:j17 SO :l:jnf|’y|} N {ijn7|’y|+1> SRR ijn+m72\*y|} 7& 0.

The constants C7, C5 and C' may depend on the functions hq, ho and spectral measure G,
but they do not depend on the regular system D, hence in particular on the parameter €.
In the verification of (5.8) we can exploit that each term in the sum 3" is a product
which contains a factor G(A;)? < eG(A;). Here an argument can be applied which i is

similar to the closing step in the proof of Statement B in the proof of the fact that HG
is dense in the space H¢.

Now we turn to the estimation of E(XJ)2. It can be expressed as a linear combi-
nation of terms of the form

Eg(jp;krvjﬁak’l_’a p;ﬁ c {17 s 7n}7 T’,f € {17 s 7m})

:E( I Ze(a),) 1] Za(ar) T] Ze(A;,) 1] Za(Ak,)
pEAL reAs pPEA; TEAs

H Za(Bg,)2a(Br,) — E H Zc(Aj,)Za(Ak,) (5:9)

| (p,r)€EB (p,r)EB

I Zo(d;)Zaa,)—E [ Zo(d),)Za(Ax,) ),

_(P T)EB (p,7)€EB

where Y7 depends on such sequences of numbers j,, k., jz, k7 with indices 1 <p,p <n
and 1 < r,7 < m for which jp, k., js, kr € {£1,...,£N} for all indices p,r,p and T,
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Jp = ky or j, = —k, if (p,r) € B, otherwise all numbers +j,, £k, are different, and the
same relations hold for the indices j; and kr if p is replaced by p and r is replaced by 7.
Moreover the absolute value of all coefficients in this linear combination is bounded by
sup |hi (2)|* sup |ha(2)[*.

We want to show that for most sets of arguments (jp, kr, jz, k7) X3 equals zero,
and it is also small in the remaining cases.

Let us fix a sequence of arguments j,, kr, jz, k= of 23, and let us estimate its value
with these arguments. Define the sets

A= {jpi pE Al}U {kri re AQ} and A: {jﬁl D E Al} U{k;: T e AQ}

We claim that X] equals zero if A # —A. In this case there exists an index [ € A such
that — ¢ A. Let us carry out the multiplication in (5.9). Because of the independence
properties of random spectral measures each product in this expression can be written
as the product of independent factors, and the independent factor containing the term
Za(A;) has zero expectation. To see this observe that the set A; appears exactly
once among the arguments of the terms Zg(4;, ) and Zg(Ag,), and none of these
terms contains the argument —A; = A_;. Although —I ¢ A, it may happen that
[ € A. In this case the product under investigation contains the independent factor
Za(A))? with EZg(A))? = 0. If I ¢ A, then there are two possibilities. Either this
product contains an independent factor of the form Zg(A;) with EZg(4A;) = 0, or
there is a pair (p,7) € B such that (j;, k7) = (£l, £l), and an independent factor of the
form Zg (A1) Za(£A_))Za(£A,) with the property EZq(A) Za(£A_)Za(£A;) =0
appears.

Let

F= U Upk} and F= |J {Upke}

(p,r)EB (p,7)EB

A factorization argument shows again that the expression in (5.9) equals zero if the
sets F U (—=F) and F U (—F) are disjoint. We can restrict ourselves to the case
A = —A, and in this case +A is disjoint both of F U (=F) and F U (—F), and the
product under investigation contains the independent factor [] Za(Aj,)Za(Ak,) —
(p,r)€EB
E [l Za(A;,)Za(Ay,) with expectation zero.
(p,r)eB
Moreover, if F U (—F) and F U (—F) are not disjoint, (and A = —A), then the

absolute value of the expression in (5.9) can be estimated from above by
Ce ][ G(a5,)G(AL)G(A,)G(AL,) (5.10)

with a universal constant C' < oo depending only on the parameters n and m, where
the indices j,, kr, jp, k7 are the same as in (5.9) with the following difference: All
indices appear in (5.10) with multiplicity 1, and if both indices [ and —[ are present
in (5.9), then one of them is omitted form (5.10). The multiplying term e appears
in (5.10), since by carrying out the multiplications in (5.9) and factorizing each term,
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we get that all non-zero terms have a factor EZg(A)?Zg(—A)? = E(ReZg(A)? +
Im Z(A)?)? = ERe Z(A)* + ETm Za(A)* + 2ERe Za(A)?ETm Zg(A)? = 8G(A)?
or (E|Zg(A)|2)2 = G(A)?, and G(A) < ¢ for A € D. (We did not mention the
possibility of an independent factor of the form EZg(A)* or EZg(A)2Zg(—A) with
A € D, because as some calculation shows, EZg(A)* =0 and EZg(A)?*Zg(—A) =0.)

Let us express E(X3)? as the linear combination of the quantities ¥3, and let us
bound each term X} in the above way. This supplies an upper bound for E(X3)? by
means of a sum of terms of the form (5.10). Moreover, each of these terms appears only
with a multiplicity less than C'(n, m) with an appropriate constant C'(n,m). Hence we
can write

n+m
B(S3)? < K2K3C,m)Ce Y. 3" a(ay,) - Ga,,),
r=1 j17~~~7jr

where the indices j1,...,5, € {£1,...,£N} in the sum >." are all different, and
K; =sup |hj(x)], j = 1,2. Hence

n+m
E(33)* < Cie Y | G(A)" < Cye

r=1

with some appropriate constants C; and Cy. Because of the inequality (5.8), the identity

nlIg(h1)m!g(he) = Y (5] + ¥2) and the last relation one has
yel

E | nlIg(h)mg(h) = > (n+m — 2/y|)! g (h,)

=E (> (Z1+%3 - (n+m—2p)!c(h,))

<Cy | Y E((m+n—2n)a(hy) = £1)* + E(2])* | < Cue.
~el

~Nn
Since € > 0 can be chosen arbitrary small, part B is proved in the special case h; € H s,
~m
hQ E HG .
— — ~n
If hy € H{ and hy € H{, then let us choose a sequence of functions hy , € Hg and

~m _ _
ha, € Hg such that hy, — hy and hy, — hg in the norm of the spaces H¢ and HE

respectively. Define the functions fuy(r) and h-(r) in the same way as h.,, but substitute
the pair of functions (hy, he) by (hi,,h2) and (hi ,, he ) in their definition. We shall
show by the help of Part A) that

E|Ig(h1)Ig(ha) — Ig(h1)Ig(ha,)| — 0,
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and
E|lg(hy) — Ig(hy(r))] — 0 forall y eI

as 7 — oo. Then a simple limiting procedure shows that Theorem 5.3 holds for all
hi € Hg and hy € Hgb
We have

Ellg(hi)Ic(h2) — Ig(hi ) Ia(ha,y)|
< E|(Ig(h1 — hiy)) g (h2)| + Ellg(hiy)Ic(he — hoy)|

1
< —— (1 = P2 a2 4 lhe = B o2 ) = 0,
. m.

and by part A) of Theorem 5.3

E|IG(hy) = I (hy ()| < Ella(hy) = L6 (hy(r)| + Ellc(hy(r) — La(hy (1)
< Ny = o (P2 1y () = s (7)1
< 1 = f |22l V2 4 he = o2 B 12 — 0.

Theorem 5.3 is proved.

We formulate some consequences of Theorem 5.3. Let I' C I' denote the set of
complete diagrams, i.e. let a diagram v € T if an edge enters in each vertex of v. We
have EI(h,) = 0 for all v € I'\ T, since (4.3) holds for all f € H%, n > 1. If y € T, then
I(hy) € HS. Let h, denote the value of I(h,) in this case. Now we have the following

Corollary 5.4. For all hy € H, ..., hy € HE"

Enyg(h) - Ig(hm) =Y hy.
~el

(The sum on the right-hand side equals zero if T is empty.)

As a consequence of Corollary 5.4 we can calculate the expectation of products of
Wick polynomials of Gaussian random variables.

Let X, EXp; =0,1 <k <p, 1< 35 < nyg, be asequence of Gaussian ran-
dom variables. We want to calculate the expected value of the Wick polynomials
: X1 Xpmny:, 1 <k < p, if we know all covariances EXy, ;X ; = a((k, ), (k, 7)),
1< k,l%, <p, 1 <7 <ng 1 <7<ng. For this goal let us consider the class of closed
diagrams T'(ky, ..., k,), and define the following quantity v(A) depending on the closed
diagrams 7 and the set A of all covariances EXy ; X, ; = a((k, j), (k,7)).

v(A) = 11 a((k,7),(k,7)), ~€T.

((k,5),(k,])) is an edge of v

With the above notation we can formulate the following result.
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Corollary 5.5. Let Xy j, EXy; = 0,1 <k <p, 1 < j < nyg, be a sequence of
Gaussian random variables. Let a((k,j), (k,])) = EXp ;X5 5, 1 <k, k,<p, 1 <j <ny,
1 < 7 < ng denote the covariances of these random variables. Then the expected value
of the Wick polynomials : X1 -+ Xipn,:, 1 < k < p, can be expressed as

E (H Xk Xiengt > = Z ~v(A)

’yef‘(k’l,,k}p)

with the above defined quantities v(A). In the case when T'(ky,... k,) is empty, e.g. if
ki +---+kp is an odd number, the above expectation equals zero.

Remark. In the special case when X1 = -+ = X, = Xy, and EX,? = 1 for all
indices 1 < k£ < p Corollary 5.5 provides a formula for the expectation of the product
of Hermite polynomials of standard normal random variables. In this case we have
a((k,j), (k,7)) = a(k, k) with a function a(-,-) not depending on the arguments j and 7,
and the left-hand side of the identity in Corollary 5.5 equals EH,, (X1) - -- Hp, (X,) with
standard normal random variables X1, ..., X,, with correlations EX;, X = a(k, k).

Proof of Corollary 5.5. We can represent the random variables X}, ; in the form X, ; =
> ¢k, p€p with some appropriate coefficients ¢y, ;,, where &,&2,... is a sequence of
P

independent standard normal random variables. Let Z(dx) denote a random spectral
measure corresponding to the one-dimensional spectral measure with density function
g(z) = 5= for |z| < m, and g(x) = 0 for |z| > 7. The random integrals [ e?*Z(dz),
p=0,%1,%2,..., are independent standard normal random variables. Define hy, ;(z) =
ch,jypeipx, kE=1,...,p, 1 <j < ng. The random variables X} ; can be identified
P

with the random integrals [ hy ;j(x)Z(dx), k =1,...,p, 1 < j < ny, since their joint
~ Nk

distributions coincide. Put hx(x1,...,2n,) = [] hk,j(x;). It follows from Theorem 4.6
j=1

that
Xt Xpnt = /ﬁk(a:l, a2 dwy) - Z(dn) = g (@, )

for all 1 <k < p. Hence an application of Corollary 5.4 yields Corollary 5.5. One only
has to observe that ffﬂ hij(x)hg ;(x) dx = a((k,j),(k,7)) for all k, k = 1,...,p and
1<j<ng.

Theorem 5.3 states in particular that the product of Wiener—Ito integrals with
respect to a random spectral measure of a stationary Gaussian fields belongs to the
Hilbert space ‘H defined by this field, since it can be written as a sum of Wiener—Ito
integrals. This means a trivial measurability condition, and also that the product has a
finite second moment, which is not so trivial. Theorem 5.3 actually gives the following
non-trivial inequality.
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Let hy € HE', ooy hm € He™. Let IT(ny,n1,...,Nm,nm)| denote the number of

complete diagrams in I'(ny,n1,...,Nm, Ny ), and put
f N1, MN1y.eo oy N,y My
C’(nl,...,nm):| ( ' ' )
nyle g,
In the special case ny = --- = n,, = n let C(n,m) = C(ny,...,n,y,). Then

Corollary 5.6.
E [(m11a(h1))? - (o T (hn))?] < 1, -, mun) B M (h))? -+ (o BT ()2
In particular,

E [(n'Ig(h))*™] < C(n,m)(E(nlIc(h)*)™ if he Heg.

Corollary 5.6 follows immediately from Corollary 5.4 by applying it first for the se-
quence hy, hi, ..., hy, by, and then for the pair hj, h; which yields that E(n;!Ig(h;))? =
n;!l|h;||%, 1 <47 < m. One only has to observe that || < ||h1]|? - ||hm|?* for all com-
plete diagrams by Part A) of Theorem 5.3.

The inequality in Corollary 5.6 is sharp. If G is a finite measure and hy € HJ, ...,
hpm € HZ™ are constant functions, then equality can be written in Corollary 5.6. We
remark that in this case Ig(hi),...,Ig(hy) are constant times the ni-th, ..., n,-th
Hermite polynomials of the same standard normal random variable. Let us emphasize
that the constant C'(nq,...,n,,) depends only on the parameters ni,...,n, and not
on the form of the functions hq, ..., h,,. The function C(nq,...,n,,) is monotone in its
arguments. The following argument shows that

C(ny+ Ling,...,nm) > C(ny,...,npy)

Let us say that two complete diagrams in T'(n1,n1, ..., m, Ny ) or in [(ng +1,n; +
1,...,nm,ny) are equivalent if they can be transformed into each other by permuting
the vertices (1,1),...,(1,n1) in T'(n1,n1, ..., Ny, ny) or the vertices (1,1),..., (1,n1+1)
in'(n1+1,n1+1, ..., %, Nm). The equivalence classes have n! elements in the first case
and (nq + 1)! elements in the second one. Moreover, the number of equivalence classes
is less in the first case than in the second one. (They would agree if we counted only
those equivalence classes in the second case which contain a diagram where (1,71 + 1)
and (2,n1,1) are connected by an edge. Hence

_ 1 _
—|T < ——1IT 1 1,...
n1'| (nlvnla 7nm7nm)| >~ (n]_ T 1)'| (nl + , N1 + , 7nm7nm>|

as we claimed.
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The next result, formulated in a more elementary way, may better illuminate the
content of Corollary 5.6.

Corollary 5.7. Let &, ...,& be a normal random vector, and P(xy,...,x) a polyno-
mial of degree n. Then

E[P(&,....&)*™] < Cn,m)(n+1)™ (EP(&,. ... &)H)"

The multiplying constant C'(n,m)(n + 1)™ is not sharp in this case. Observe that
it does not depend on k.

Proof of Corollary 5.7. We can write {; = [ fj(x)Z(dx) with some f; € H', j =
1,2,...,k, where Z(dx) is the same as in the proof of Corollary 5.5. There exist some
h; € H7, 5 =0,1,...,n, such that

517"'7£kz Z.]'I

Then

2m m
n

EP(&, ..., &) = > it (hy) <(n+1)"E > (1(hy))
j=0

=0

m!
<A™ Y Cr,p)(BI(ho)* )P - (Bl (hy) )P s
it Tan—m p1: Pn-:

<(@n+1)"Clnym) ) (EI(ho)) - (EI(nlhy ) — ™

l... |
p1+-tpn=m b1: Pn:

= (n+1)"Cln,m) [32 BGU(0)?] " = (n+1)"Clnm) (BP(Er, - 60)%) "
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6. Subordinated random fields. Construction of self-similar fields.

Let X,,, n € Z,, be a discrete stationary Gaussian random field, and let the random field
&n, n € Z,,, be subordinated to it. Let Zg denote the random spectral measure adapted
to the random field X,,. By Theorem 4.1 the random variable &, can be represented as

&= fo+ Z %/fk(xl, ooy xp)Za(dey) ... Zg(dxy)
k=1

with an appropriate f = (fo, f1,...) € ExpHg in a unique way. This formula together
with Theorem 4.3 yields the following

Theorem 6.1. A random field &,, n € 7Z,, subordinated to the stationary Gaussian
random field X,,, n € Z,, can be written in the form

En=fo+ > o /e’((n’m1+"'+xk)fk(x1, o xx)Za(dry) ... Za(dry), n€ Z,, (6.1)
k=1 "

with some f = (fo, f1,--.) € ExpHg, where G is the spectral measure of the field X,,,
and Zg 1s the random spectral measure adapted to it. This representation is unique. It
is also clear that formula (6.1) defines a subordinated field for all f € ExpHg.

If the spectral measure G has the property G({z: z, = u}) = 0 for all u € R' and
1 < p < k, where x = (x1,...,21) (this is a strengthened form of the non-atomic
property), then the functions

Fr(a,ome) = fe(my, o o)Xg (o + -+ o), k=1,2,...,

are meaningful, as functions in the measure space (R*”, B G¥), where Y, (z) =

. Vo)

et(n:x) I1 em—@)—l, n € 7Z,, denotes the Fourier transform of the uniform distribution
p=0

on the v-dimensional unit cube [ [n®,n(® + 1]. Then the random variable &, in
p=1
formula (6.1) can be rewritten in the form

[e’e] 1 3 B
fn = fo + Z E /Xn($1 + -+ $k)fk(aj'1, ce ,wk)Zg( d:L’l) Ce Zg( dl‘k)
k=1 "
Hence the following Theorem 6.1’ can be considered as the continuous time version of

Theorem 6.1.

Theorem 6.1'. Let the generalized random field £(p), ¢ € S, be subordinated to the
stationary Gaussian generalized random field X (), ¢ € S. Let G denote the spectral
measure of the field X (), and let Zg be the random spectral measure adapted to it.
Then &(p) can be written in the form

5((,0) :fo'@(O)—f—Z%/(,5(%1+"'—l-xk)fk(:t‘l,...,.rk)Zg(dxl)...Zg(dajk), (6.1/)
k=1 "
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where the functions fi are invariant under all permutations of their variables,

fk(—xl,...,—xk)sz(xl,...,xk), ]{?:1,2,...,

and
=1
ZE/(HL%+---+xk|2)—pyfk(x1+---+xk)y2G(dx1)...G(da:k><oo (6.2)
k=1

with an appropriate number p > 0. This representation is unique.

Contrariwise, all random fields £(¢), ¢ € S, defined by formulas (6.1") and (6.2)
are subordinated to the stationary, Gaussian random field X (¢), ¢ € S.

Proof of Theorem 6.1'. Tt is clear that a random field £(p), p € S, defined by (6.1")
and (6.2) is subordinated to X(¢). One has to check that the definition of £(¢) in
formula (6.1') is meaningful for all ¢ € S, because of (6.2), {(Tip) = Ti&(p) for all
shifts Ty, t € R”, by Theorem 4.3, and also the following continuity property holds. For
all ¢ > 0 there is a small neighbourhood H of the origin in the space S such that if
© = 1 — o € H for some @1, 2 € S then E[£(p1) — &(p2)]? = E€p)? < 2.

Since the Fourier transform ¢(-) — @(-) is a bicontinuous map in S, to prove the
above continuity property it is enough to check that F&(p)? < €2 if ¢ € H for an
appropriate small neighbourhood H of the origin in §. But this relation holds with the
choice H = {¢: (1 + |z|*)P|p(z)] < % for all z € R”} with a sufficiently large K > 0
because of condition (6.2).

To prove that all subordinated fields have the above representation observe that
the relation

) =Tp0+ > % /\If%k(xl,...,xk)Zg(dxl) - Zg(dxy) (6.3)
k=1

holds for all ¢ € & with some (¥, 0,V 1,...) € ExpHe depending on the function ¢.
We are going to show that these functions ¥, ;, can be given in the form

Vo p(zr,. .. 2p) = fulzr, .. ozn) - @l + -+ o), kE=1,2,...,

with some functions f; € B*, and
Voo = fo-¢(0)

for all ¢ € § with a sequence of functions fy, f1,... not depending on ¢.

To show this let us choose a ¢y € S such that @g(z) > 0 for all x € R”. (We
can make for instance the choice go(x) = e~ ®%).) We claim that the finite linear
combinations ) a,po(z—1,) = > apTy,po(x) are dense in S. To prove this it is enough
to show that the functions v whose Fourier transforms 1; have a compact support can
well be approximated by such linear combinations, because these functions 1) are dense
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in S. (The statement that these functions v are dense in S is equivalent to the statement
that their Fourier transform 1) are dense in the space S C S¢ COHSlstlng of the Fourier

transforms of the (real valued) functions in the space S.) We have ~—O € §¢ for such
functions 1, where §¢ denotes the Schwartz-space of complex valued, at infinity strongly
decreasing, smooth functions again, because ¢g (EL') # 0, and 1 has a compact support.

There exists a function y € § such that y = %. (Here we exploit that the space of
Fourier transforms of the functions from S agrees with the space of those functions
f € 8¢ for which f(—z) = f(z).) Therefore ¢(z) = x * po(z) = [ x(t)po(z — t)dt,
where * denotes convolution. It can be seen by exploiting thls relation together with
the rapid decrease of y and ¢q together of its derivatives at infinity, and approximating
the integral defining the convolution by an appropriate final sum that for all integers
r > 0, s > 0 and real numbers ¢ > 0 there exists a finite linear combination @ZAJ(:B) =
Urse(x) = S appo(z —t,) such that (14 |z|*)[¢(x) — ¢ (x)| < e for all z € RY, and the
P

same estimate holds for all derivatives of 1 (z) — ¢)(z) of order less than r. Beside this,
also the relation ¢)(—z) = 1(z) holds (similarly to the relation 1 (—z) = ¥ (z)).

I only briefly explain why such an approximation exists. Some calculation enables
us to reduce this statement to the case when ¥ = x % ¢y with a function y € D,
which has compact support. To give the desired approximation choose a small number
d > 0, introduce the cube A = A(J) = [—0,0)” C R” and define the vectors k(§) =
(2k19,...,2k,6) € RY for all k = (k1,...,k,) € Z,. Given a fixed vector x € R" let
us define the vector u(x) € RY for all u € R” as u(z) = x + k() with that vector
k € Z, for which = + k(§) —u € A, and put ¢g ,(u) = @o(u(x)). It can be seen that
U(x) = x* o, (x) is a finite linear combination of numbers of the form @ (x —t;) (with
tr = k(6)) with coefficients not depending on x. Moreover, if § > 0 is chosen sufficiently
small (depending on 7, s and ¢), then ¢ (x) = 9. , . (z) has all properties we demanded.

The above argument implies that there is a sequence of functions vﬁr,s,g which
converges to the function v in the topology of the space S. As a consequence, the finite
linear combinations ) a,po(x — t,) are dense in S.

Define

qJ<10070
$0(0)

If p(x) = > appo(r —t,) = > apTy,po(x), and the sum defining ¢ is finite, then by
Theorem 4.3

E(p) = (Z ap> fo - @o(0) + Z %/Zapei(tp,x1+...+xk)¢o(x1 + et Tk)
k=1 p
fk<x177$k:)ZG(d£C1)ZG(dCCk)7

~ 0)+Z%/¢(x1_|_...+xk)fk(x1,.,,,xk)Zg(da)1)...Zg(dl‘k).
k=1 "

\I&PO,]@(Il, NN ,{L’k)

- , k=1,2,..., and fy=

fk(xl, e ,l‘k) =
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Relation (6.3) holds for all ¢ € S, and there exists a sequence ¢;(z) = Za,gj )<P0($ —
P

tg)) € S satisfying (6.1") such that ¢; — ¢ in the topology of S. This implies
that lim E[¢(¢;) — £(¢)]*> — 0, and in particular EIg(V,, — ¢jrfr)? — 0 with
Gik(x1,...,xp) = @j(z1+ -+ ) as j — oo for all k = 1,2,.... (To carry out
some further argument we restricted the domain of integration to a bounded set A.)
Hence

/ ’\I&p’k(ilj'l, . ,.CL’k) — @j(.ﬁﬂl —+ —|—l’k)f]€(ill'1, e ,.CL’k)|2G(d£C1) . G(dl’k) — 0
A
as j — oo for all k£ and for all bounded sets A € R¥”. On the other hand,
/ [B(z1 + - 4 k) = i1 + - 4 ) P fa(ar, -+ o) PG(day) ... G(day) — 0,
A

since ¢j(z) — ¢(x) — 0 in the supremum norm if ¢; — ¢ in the topology of S,
and the property @g(z) > 0 together with the continuity of @y and the inequal-
ity Elg(¢o,xfr)? < oo imply that [, |fe(z1,...,25)*G(dxy) ... G(dxy) < oo on all
bounded sets A. The last two relations yield that

Uor(@i,...,xp) =@+ + o) fulz,. .., 2k), kE=1,2,....

Similarly,
%:,o = @(O)f()
These relations imply (6.1).

To complete the proof of Theorem 6.1 we show that (6.2) follows from the conti-
nuity of the transformation F: ¢ — &(¢p) from the space S into the space L?(Q, A, P).

We recall that the transformation ¢ — ¢ is bicontinuous in §¢. Hence the trans-
formation ¢ — £(¢) is a continuous map from the space of the Fourier transforms of
the functions in the space S to L?(€, A, P). This continuity implies that there exist
some integers p > 0, r > 0 and real number § > 0 such that if

851+"'+5V

2z 9x()

(1+ |22])P 5 Plx)|<d forallsg+---+s, <, (6.4)

then F¢(p)? < 1.

Let us choose a 1 € S such that ¢ has a compact support, (z) = (—x), ¥(z) >0
for all z € RY, and ¢(z) = 1 if |z|] < 1. (There exist such functions.) Define the
functions @p, (z) = C(1 + |z[*)"P¢(£). Then ¢, € S, since its Fourier transform ¢y,
is an even function, and it is in the space S being an infinite many times differentiable
function with compact support. Moreover, ¢,, satisfies (6.4) for all m = 1,2,... if
the number C' > 0 in its definition is chosen sufficiently small. This number C' can be
chosen independently of m. (To see this observe that (14 |z2|)~P together with all of its
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derivatives of order not bigger than r can be bounded by < Ce-1)_ with an appropriate

T+lzP)?
constant C(p,r).) Hence

E&(om)? =) % / B (21 + -+ @) [ fr(r, - 2) PG day) ... Glday) <1

forallm=1,2,....
As pm(x) — C(|1 + |z|?)™P as m — oo, and @x(z) > 0, an m — oo limiting
procedure in the last relation together with Fatou’s lemma imply that

CZ%/(lJr 21 4+ -+ 21)|2) 7P| fu(@r, - ak) [2PG(dxy) ... G(dxy) < 1.

Theorem 6.1" is proved.

We shall call the representations given in Theorems 6.1 and 6.1’ the canonical
representation of a subordinated field. From now on we restrict ourselves to the case
E¢, = 0 or E{(¢) = 0 respectively, i.e. to the case when fy = 0 in the canonical
representation. If

E(go) = Z % /95(.1’1 4+ .. 4 a:k)fk(xl, .. ,:ck)Zg(dwl) ... Zg(dwk),
k=1

then

E(pp) = Z%;(Vt) /@(t(acl o) fre(z, .k Zo(dx) . .. Za(day,)
k=1

with the function ;' defined in (1.3). Define the spectral measures G; by the formula
G¢(A) = G(tA). Then we have by Lemma 4.5

5(@?) é Zi tu /85('@1 +“'+l'k)fl€ <%,,%> ZGt(dxl)---ZGt(dl’k>-

If G(tB) = t**G(B) with some k > 0 for all t > 0 and B € BY, fr(Az1,...,\z)) =
NTRk=af (21, ...,21), and A(t) is chosen as A(t) = t<, then Theorem 4.4 (with the

choice G'(B) = G(tB) = t>*G(B)) implies that (o) 2 £(¢). Hence we obtain the
following

Theorem 6.2. Let the generalized random field £(p) be given by the formula

o)=Y %/gb(xl bt 2 o @10 Za(doy) - Za(dz). (6.5)
k=1
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If fuQDzy, ..., o) = N rk=a fi(zy, ... ay) for all k, (z1,...,21) € R* and X\ > 0,
G(\A) = N2*G(A) for all X > 0 and A € BY, then £ is a self-similar random field with

parameter o.

The discrete time version of this result can be proved in the same way. It states
the following

Theorem 6.2'. If the discrete random field &, n € Z,,, has the form
[ee) 1 )
En = Z k! /Xn(xl + e fr(zy, - ak) Za(der) . Za(doy), n€Z,, (6.5
k=1 "

and fr(Ax1,..., A \xg) = )\”_“k_afk(xl, .oy xk) for all k, G(AA) = )\Q'QG(A), then &, is

a self-similar random field with parameter «.

Theorems 6.2 and 6.2’ enable us to construct self-similar random fields. Neverthe-
less, we have to check whether formulas (6.5) and (6.5’) are meaningful. The hard part
of this problem is to check whether

1 -
Zg/lxn(ajl+---+:I:k)|2]fk(:v1,...,:z:k)]2G(dx1)...G(d:ck) < 00,
or whether
1
Zg/|<ﬁ(m1+~~+a:k)\2|fk(x1,...,a:k)|2G(da:1)...G(da:k) < oo forallpes.

To investigate when these expressions are finite is a rather hard problem in the general
case. The next result enables us to prove the finiteness of these expressions in some
interesting cases.

Let us define the measure G
G(A) :/ 2[5V g (i> dr, AcB, (6.6)
A |z

where a(-) is a non-negative, measurable and even function on the v-dimensional unit
sphere S,_1, and k¥ > 0. (The condition £ > 0 is imposed to guarantee the relation
G(A) < oo for all bounded sets A € BY.) We prove the following

Proposition 6.3. Let the measure G be the same as in formula (6.6).

a) If the function a(-) is bounded on the unit sphere S,_1, and § > 2k > 0, then
D(p) = / @21 + -+ + 2x)|PG(dxy) ... G(dxy,)
< c/(1 Flor 44 20)P) PG dey) .. Gl dag) < 00
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if o €S for all p > 5 with some C = C(p,p) < 0o, and
D(n) = / |Xn(21 + - +21)|?G(dxy) ... G(dxy) < oo for all n € 7Z,.

b) If there is a constant C' > 0 such that a(x) > D in a neighbourhood of a point
xo € Sy—1, and either 2k < 0 of 2k > ¥, then the integrals D(n) and some D(yp),
p €8, are divergent.

Proof of Proposition 6.3. Proof of Part a)
We may assume that a(z) =1 for all z € S,_;. Define

ok (z) = / |27 o day ... dag, x € RY
Tt tTp=a

for kK > 2, where dx; ... drjy denotes the Lebesgue measure on the hyperplane x1 +-- -+
z = x, and let J, 1(z) = |z|**~*. We have

Jmk()‘x) = |)‘|k(2ﬂ_y)+(k_l)yjm,k(x)7: |)‘|2kn_yl]n,k(x)7 reR” N> 07

because of the homogeneity of the integral. Beside this

D) = [ [%0(@) Ps(a)do

(6.7)
/(1 + g+ 4 2|?)TPG(de) ... G(day) = /(1 + 2Pk (2) da.
We prove by induction on k that
T () < Cr, )] 225 (6.8)

with an appropriate constant C(x, k) < oo if ¥ > 2k > 0.
We have

o p(x) = /Jm,k—l(y)|x —y[>" " dy.

Hence

Jm,k < C(Ii,k — ]_) / |y|(21€(1€71)71/|x . y|2n71/ dy

2K—v

- dy = C(k, k)|z|>*F

_ C(/-i, Lk — 1)|x|2mk—v / |y|(2m(k—1)—u el

—y
]

2K—v

|2 (k=1)=¥ dy < co.

since [ |y f;—‘ —y
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The last integral is finite, since its integrand behaves at zero asymptotically as
Cly[?*=D=v "at the point e = % € S,,_1 as Ca|y—e|> ™" and at infinity as Cs|y|?*F—2V.

||

Relations (6.7) and (6.8) imply that

1

/ ~ 2 2kk—v " 2kk—v
D) < [ (@)oo < 0" [ 1a [ 5z 4

v

1
< C//// (1)126k—v d
N |z |= max |z ‘x | H 1+ |‘7’1(l)|2 !

=1
oo
:E :C/II/ +C//// .
p=0 lz(D|= max |z(|, 2P <]z |<2p+1 |z |= max |z(],|lz(MD|<1
1<i<v 1<i<v

1<i<v

The second term in the last sum can be simply bounded by a constant, since B =

14
{10001 = e ot O] <1} © o ] < VB, and Db I ks <

const. |2|?**~¥ on the set B. Hence

[ee] o0 1 14
2kk—v
D(n)§01p§:02p( ) [/_001+902 dx] + Ca < o0.

We have |p(z)| < C(1+ |2?])~P with some C' > 0 and D > 0 if ¢ € S. The proof of the
estimate D(p) < oo for ¢ € S is similar but simpler.

Proof of part b). Define, similarly to the function Jj p,

Jik,a(x) = / 212"V a (£> R (&> dxy...dx,, x€RY,
14 Frp=x |$1| |1Ek;|

where dx; ... dxj denotes the Lebesgue measure on the hyperplane x1 + - -+ + zp = .
Since

JN k a(m) >

vy —_—

r—yYy K—U
@$Lawa( )m—m2 dy

/y: <R +a)lel, ly—el<(3+a)la] |z =yl

with an arbitrary o > 0 an argument similar to the one in part a) shows that
_ v
> C(k, k)|z|>**~" if — > 2k >0,
k
Jiee,a()

= 00 ifﬁgOorQHZ%

if ‘%' is close to such a point xg € S,_1 in whose small neighbourhood the function a(-)

is separated from zero. Since |y, (z)]? > 0 for almost all z € R”,

DWZ/%MW%m®W=w
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under the conditions of part b). Similarly D(p) = oo if |§(z)|?> > 0 for almost all
x € RY. We remark that the conditions in part b) can be weakened. It would have been
enough to assume that a(z) > 0 on a set of positive Lebesgue measure in S,_;.

Theorem 6.2 and 6.2’ together with Proposition 6.3 have the following
Corollary 6.4. The formulae

M
€n = Z/)Zn(xl 4+ 4 ap) H <\xl|_”+(”_a)/k - by, <|:;—§’))Zg(d$1) . Za(dxy),
k=1

=1

n e Z,,
and
l T
5((,0) = Z/@(:Cl + - —I—l‘k) H (’xl‘—m—i—(u—a)/k . bk (ﬁ))ZG(dxl) .. .Zg(dxk),
k=1 =1
p €S,

define self-similar random fields with self-similarity parameter o if G is defined by for-
mula (6.6), the parameter o satisfies the inequality 5 < a < v, and the functions a(-) (in
the definition of the measure G(-) in (6.6)), bi(-), ... bg(:) are bounded even functions
on S,_1.

The following observation may be useful when we want to prove Corollary 6.4. We
can replace &, by another random field with the same distribution. Thus we can write,
by exploiting Theorem 4.4,

M

§n = Xnlwr+-+a1) 2 (dar). .. Zo (dag), n €Ly,
k=1

with random spectral measure Zg corresponding to the spectral measure G'(dz) =
b(ﬁ)2]x|_2"‘+2(”_“)/kG( dx) = a(%)b(ﬁ)ﬂxr””(”_a)/k dx. In the case of generalized
random fields a similar argument can be applied.

Remark 6.5. The estimate on Ji , and the end of the of part a) in Proposition (6.3)
show that the self-similar random fields

M
) =3 [ olart -t afo ol

a:1+~~+xk>
k=1

21+ +

I1 (yxl|—'€+<v—a>/’f by, <ﬂ>) Za(dx) ... Za(dxy), ¢ €S,

=1 &
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and

l T4t
= Un (@1 4 -+ @p) @y + -+ aplPu [ — k)
& =3 [ Dl (s —

k
I1 (yxl\—ﬂﬂv—@/k b (%)) Ze(dx) ... Za(dxy), n €Ly,
Iy

1=1

are well defined if G is defined by formula (6.6), a(-), b(:) and u(-) are bounded even
functions on S, 1, § < a < v, and a — p < v in the generalized and ”T_l <a—p<v
is the discrete random field case. The self-similarity parameter of these random fields
is & — p. We remark that in the case p > 0 this class of self-similar fields also contains

self-similar fields with self-similarity parameter less than %.

In proving the statement of Remark 6.5 we have to check the integrability condi-
tions needed for the existence of the Wiener—Ito integrals () and &,. To check them
it is worth remarking that in the proof of part a) of Proposition 6.2 we proved the
estimate Ji x(x) < C(R, k)|x|*"*~7. We want to apply this inequality in the present

case with the choice k = “7%. Then arguing similarly to the proof of part a) of Propo-

sition 6.2 we get to the problem whether the relations [ |V, (z)|?|z|?PT2"=*) =" dz < oo
and [ |3(2)|?|z|?P+2* =)~V dz < o0 if p € S hold under the conditions of Remark 6.5.
They can be proved by the argument applied at the end of the proof of part a) of
Proposition 6.2.

The following question arises in a natural way. When do different formulas satisfy-
ing the conditions of Theorem 6.2 or Theorem 6.2" define self-similar random fields with
different distributions? In particular: Are the self-similar random fields constructed via
multiple Wiener—Ito integrals necessarily non-Gaussian? We cannot give a completely
satisfactory answer for the above question, but our former results yield some useful in-

formation. Let us substitute the spectral measure G by G’ such that g,((‘éﬁ,)) =|g?(z)|?,
g(—z) = g(z) and the functions |z;|~*+tF=)/kp(ZL) by (%)g(ml)\xlr’**(”*a)/k in

xX

Corollary 6.4. By Theorem 4.4 the new field has t‘hé| same distribution as the original
one. On the other hand, Corollary 5.4 helps us to decide whether two random variables
have different moments, and therefore different distributions. Let us consider e.g. a
moment of odd order of the random variables &, or {(¢) defined in Corollary 6.4. It
is clear that all h, > 0. Moreover, if by(z) does not vanish for some even number £,
then there exists a hy > 0 in the sum expressing an odd moment of &, or £(¢). Hence
the odd moments of &, or £(p) are positive in this case. This means in particular that
the self-similar random fields defined in Corollary 6.4 are non-Gaussian if by is non-
vanishing for some even k. The next result shows that the tail behaviour of multiple
Wiener-It6 integrals of different order is different.

Theorem 6.6. Let G be a spectral measure and Zg a random spectral measure corre-
sponding to G. For all h € HE there exist some constants K1 > Ko > 0 and zo > 0
depending on the function h such that

e~ 517" < P(|Ig(h)| > z) < e Kex™'"
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for all x > xg.

Remark. As the proof of Theorem 6.6 shows the constant K5 in the upper bound of
the above estimate can be chosen as K,, = C,,(EIg(h)?)~"/™ with a constant C,,
depending only on the order m of the Wiener—Ito6 integral of I (k). This means that for
a fixed number m the constant K5 in the above estimate can be chosen as a constant
depending only on the variance of the random variable Iz (h). On the other hand, no
simple characterization of the constant K; > 0 appearing in the lower bound of this
estimate is known.

Proof of Theorem 6.6. a) Proof of the upper estimate.

We have
P(|Ig(h)| > 2) < 2*N E(Ia(h)]*Y).

By Corollary 5.6
E(Ig(h)]*™) < C(m, N)[E(Ie(h)*)]Y < C(m, N)CY,
and by a simple combinatorial argument we obtain that

C(m, N) < (2Nm —-1)2Nm —3)---1
T (m!)N ’

since the numerator on the right-hand side of this inequality equals the number of
complete diagrams |I'(m,...,m)| if vertices from the same row can also be connected.
——

2N times
Multiplying the inequalities

(2nM —2j —1)(2Nm —2j —1—2N)---(2Nm —2j —1—-2N(m — 1)) < (2N)"ml,
7 =1,...,N, we obtain that
C(m,N) < (2N)™,

(This inequality could be sharpened, but it is sufficient for our purpose.) Choose a
sufficiently small number a > 0, and define N = [a2z?/™], where [-] denotes integer part.
With this choice we have

P(I6(h)] > @) < (27*(20)" )N O = (1 (20)™)N < e,

if a is chosen in such a way that C(2a)™ < %, K = , and © > x, with an appropriate
zg > 0.

b) Proof of the lower estimate.

First we reduce this inequality to the following statement. Let Q(x1,...,zx) be a
homogeneous polynomial of order m (the number k is arbitrary), and £ = (&1,...,&k) a
k-dimensional standard normal variable. Then

_ mQ/m
P(Q(&,..., &) >x) > e & (6.9)
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if x > xp, where the constants K > 0 and xy > 0 may depend on the polynomial Q.
By the results of Section 4, I (h) can be written in the form

Ie(hy= Y CitH; (&) Hjy (&), (6.10)
Jit-+ii=m
where &1, &5, ... are independent standard normal random variables, Cfll;fl are appro-

priate coefficients, and the right-hand side of (6.10) is convergent in Lo sense. Let us fix
a sufficiently large integer k, and let us consider the conditional distribution of the right-
hand side of (6.10) under the condition &x+1 = Zgt1,Ekt+2 = Tgt2, ..., where the num-
bers xx+1,Tk+2,... are arbitrary. This conditional distribution coincides with the distri-
bution of the random variable Q (&1, . . ., &k, Tkt1, Tht2, - - . ) With probability 1, where the
polynomial @) is obtained by substituting {x+1 = 41, {k+2 = Tg=2,... into the right-
hand side of (6.10). It is clear that all these polynomials Q(&1, ..., &k, Tht1, Tht2y---)
are of order m if k is sufficiently large. It is sufficient to prove that

_ 2/m
P(lQ(gla"'7£kaxk—|—laxk+27--')| > Zl’f) 2 € Kz

for x > xg, where the constants K > 0 and xy > 0 may depend on the polynomial Q).
Write

Q(§1,~--7€k7Ik+1,xkz+27---) = Q1<£17"’=§k) +Q2(€17"'7€k)

where ()1 is a homogeneous polynomial of order m, and Q)5 is a polynomial of order less
than m. The polynomial ()2 can be rewritten as the sum of finitely many Wiener—Ito
integrals with multiplicity less than m. Hence the already proved part of Theorem 6.6
implies that

P(Qs(r,... &) > a) < e"TK=/Y

(We may assume that m > 2). Then an application of relation (6.9) to (1 implies the
remaining part of Theorem 6.6, thus it suffices to prove (6.9).

If Q(+) is a polynomial of k variables, then there exist some o > 0 and § > 0 such

that
A(‘Q (ﬂﬂ)‘ >a> > 8,
|| ||

k
where |z|? = 2%, and X denotes the Lebesgue measure on the k-dimensional unit
=1

J=

sphere Si_;. Exploiting that |¢| and % are independent, % is uniformly distributed

on the unit sphere S_1, and P(|¢| > ) > ce™® for a k-dimensional standard normal
random variable, we obtain that

m X _ x2/m
P(Q(1, - &)l > 2) = P (lg" > 2) B> e,
if the constants K and x are sufficiently large. Theorem 6.6 is proved.
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Theorem 6.6 implies in particular that Wiener—It6 integrals of different multiplicity
have different distributions. A bounded random variable measurable with respect to the
o-algebra generated by a stationary Gaussian field can be expressed as a sum of multiple
Wiener—It6 integrals. Another consequence of Theorem 6.6 is the fact that the number
of terms in this sum must be infinite.

In Theorems 6.2 and 6.2" we have defined a large class of self-similar fields. The
question arises whether this class contains self-similar fields such that the distributions
of their random variables tend to one (or zero) at infinity (at minus infinity) much
faster than the normal distribution functions do. This question has been unsolved by
now. By Theorem 6.6 such fields, if any, must be expressed as a sum of infinitely many
Wiener—It6 integrals. The above question is of much greater importance than it may
seem at first instant. Some considerations suggest that in some important models of
statistical physics self-similar fields with very fast decreasing tail distributions appear
as limit, when the so-called renormalization group transformations are applied for the
probability measure describing the state of the model at critical temperature. (The
renormalization group transformations are the transformations over the distribution of
stationary fields induced by formula (1.1) or (1.3), when Ay = N¢, A(t) = t“ with
some «.) No rigorous proof about the existence of such self-similar fields is known
yet. Thus the real problem behind the above question is whether the self-similar fields
interesting for statistical physics can be constructed via multiple Wiener—Ito integrals.

7. On the original Wiener—It6 integral.

In this section the definition of the original Wiener—Ito integral introduced by It6 in [18]
is explained. As the arguments are very similar to those of Sections 4 and 5 (only the
notations become simpler) most proofs will be omitted.

Let a measure space (M, M, ) with a o-finite measure p be given. Let p satisfy
the following continuity property: For all ¢ > 0 and A € M, u(A) < oo, there exist
some disjoint sets B; € M, j =1,..., N, with some integer NV such that p(B;) < ¢ for

N
all 1 <j <N, and A= |J B,. We introduce the following definition.
j=1

Definition of (Gaussian) random orthogonal measures. A system of random
variables Z,,(A), A € M, u(A) < oo, is called a Gaussian random orthogonal measure
corresponding to the measure p if

(1) Z,,(A1r),...,2Z,(Ax) are independent Gaussian random variables if the sets A; €
M, n(Aj) < oo, j=1,...,k, are disjoint.
(ii) EZ,(A) =0, EZ,(A)? = u(A).

k
(iii) Z, (LZ{AJ-) =

Remark. There is the following equivalent version for the definition of random orthog-
onal measures: The system of random variables system of random variables Z,,(A),

Z,(Ag) with probability 1 if Ay, ..., Ay are disjoint sets.

k
=1
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A e M, u(A) < oo, is a Gaussian random orthogonal measure corresponding to the
measure f if

(i") Z.(A1),...,Z,(Ay) are (jointly) Gaussian random variables for all sets A; € M,
p(A;) <oo,j=1,...,k.
(i) £Z,(A)=0,and EZ,(A)Z,(B) =p(ANB)if A, Be M, u(A) < oo, p(B) < 0.

It is not difficult to see that properties (i), (ii) and (iii) imply relations (i’) and (ii’).
On the other hand, it is clear that (i) and (ii’) imply (i) and (ii). To see that they also
imply relation (iii) observe that under these conditions

2

k k
Ez,|JA4 | -> Zu(A)] =0
j=1 j=1

if Ay,..., Ay are disjoint sets.

The second characterization of random orthogonal measures may help to show
that for any measure space (M, M, ) with a o-finite measure p there exists a Gaus-
sian random orthogonal measure corresponding to the measure p. The main point in
checking this statement is the proof that for any sets Aq,..., Ay € M, pu(4;) < oo,
1 < j <k, there exists a Gaussian random vector (Z,,(A41),...,2,(Ax)), EZ,.(A;) =0,
with correlation EZ,(A4;)Z,(A;) = u(A; N A;) for all 1 <14, < k. To prove this we
have to show that the corresponding covariance matrix is really positive definite, i.e.
Y. cicju(A;NAj) > 0 for an arbitrary vector (ci,...,c;). But this follows from the ob-
i,J

2
>0 for all z € M,

servation ZCiEjXAmA]- (z) = ZCiEjXAi(x)XAj () = ZciXAi(x)
[2¥) (2y] 7

if we integrate this inequality with respect to the measure p in the space M.

We define the real Hilbert spaces l@ﬁ, n =1,2,.... The space ICZ consists of the

real-valued measurable functions over (M x --- x M, M x --- x M) such that

Vv vV
n times n times

ufn2=:]/|fcrb...,xnn2u<dw1>n.n<dxn><:oo,

and the last formula defines the norm in ICZ. Let K, denote the subspace of ICZ con-
sisting of the functions f € ICZ such that

fry, ..o m0) = f(Tr1), -+ Trny) forall m € 11,.

Let the spaces K and K, consist of the real constants with the norm ||c|| = |¢|. Finally
we define the Fock space ExpC, which consists of the sequences f = (fo, f1,...),
fn €K, n=0,1,2,..., such that

oo

1
A2 = 37 1 fall? < co.

n=0
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Given a random orthogonal measure Z,, corresponding to pu, let us introduce the
o-algebra F = 0(Z,(A): A € M, u(A) < oo). Let K denote the real Hilbert space of
square integrable random variables measurable with respect to the o-algebra F. Let K<,
denote the subspace that is the closure of the linear space containing the polynomials of
the random variables Z,,(A) of order less than or equal to n. Let IC,, be the orthogonal
completion of K<, 1 to K<p. (The norm is defined as ||| = FE&? in these Hilbert
spaces. )

The multiple Wiener—Ito integrals with respect to the random orthogonal measure
Z,, to be defined below, give a unitary transformation from Exp K, to K. We shall

denote these integrals by [ " to distinguish them from the Wiener-It6 integrals defined
in Section 4.

2~ N — i
First we define the class of elementary functions K, C K;. A function f € K} is in

I%u if there exists a finite system of disjoint sets Ay, ..., Ayx, with A; € M, u(4;) < oo,
j=1,...,N,such that f(x1,...,2,) is constant on the sets Aj, x---xA; if the indices

J1,+--,Jn are disjoint, and f(xl, ..., T,) equals zero outside these sets. We define

/fxla"'7 (dml) dxn fojn" w]n) N(Ajl)'”ZH(Ajn)

for f EI%Z, where z, € A, k=1,...,N.
Let I@Z = I%Z N ICZ. The random variables

n

1 [ .
) = ﬁ/ F@rse o w) Zu(day) .. Zu(dan), € Ko
have zero expectation, integrals of different order are orthogonal,

I,(f)=1,(Sym f), and SymfeK] if fek,,

EI(f) < 1P it f ek, (71)

and (7.1) holds with equality if f € K.
It can be seen that I%Z is dense in ICZ, hence relation (7.1) enables us to extend
the definition of the n-fold Wiener—Ito integrals over l@” All the above mentioned

relations remain valid if f € I% is substituted by f € K» usand f € ICZ is substituted
by f € Kj,. We formulate Ité’s formula for these 1ntegrals It can be proved similarly
to Theorem 4.2.

Theorem 7.1. (Itd’s formula) Let p1,...,¢0m, ¢; € ICl for all1 < 5 < m, be an
orthonormal system in Li Let some positive integers j1, ..., jm be given, put j1 +-- -+
= N, and define for alli=1,...,N
gi=¢1 for 1 <i<yji, and gi=ps forji+---+js—1<i<ji+-+ s
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Then

i, ([ @ zan) -, ([ ont0z.(0)

— [ 91(0) - glan) Zu(dar) .. 2, do)

:/ Sym[g1(z1) -~ gn(en)] Zu(dz1) .. . Zu(dey).

(Let me remark that the diagram formula (Theorem 5.3) also remains valid for this
integral if we replace —x; is by x; and G(dz;) by p(dz;), N =2|y|+1<j < N —|v/,
in the definition of h, in formula (5.1).)

It can be seen with the help of Theorem 7.1 that the transformation L: ExpK, —
K, where I}, (f) = Zo I(fn), = (fo,f1,...) € ExpK, is a unitary transformation,
and so are the transformations (n!)'/21 ., from K} to IC,,.

Let us consider the special case (M, M,u) = (R”,B",\), where \ denotes the
Lebesgue measure in R”. A random orthogonal measure corresponding to A is called
the white noise. A random spectral measure corresponding to A, when the Lebesgue
measure is considered as the spectral measure of a generalized field, is also called a
white noise. The next result, that can be considered as a random Plancherel formula,
establishes a connection between the two types of Wiener—It6 integrals with respect to
white noise.

Proposition 7.2. Let f = (fo, f1,-..,) € ExpKyx be an element of the Fock space
corresponding to the Lebesque measure in the FEuclidean space (RY,B"). Then f' =
(fo, fi,--+,) € ExpHx with the functions fy = fo and f; = (2m)~™/2f, n=1,2,...,
(where frn(u1,...,U,) = fan ei(‘r’“)fn(a:l, ceyXp)dxy ... dr, withx = (x1,...,T,) and
u=(uy,...,up)), and

Z%/ fn(xla'"7$n)Z)\(d$1)...Z/\(dxn)
n=0

A= 1
SN = | fur, . un) Za(duy) ... Zy(duy),

where Z(dx) is a white noise as a random orthogonal measure and Zx(du) is a white
noise as a random spectral measure.

Proof of Proposition 7.2. We have

—nv/2|| f _
@) fullsz = a2,
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hence f' € ExpH,.
Let ¢1, 2, ... be a complete orthonormal system in L3. Then ¢}, ), ... is also a
complete orthonormal system in Li, and if

fn(xla cee 73771) = Z Cj1yein Pin (371) P, ($n)7

then
f7,1<u17 ey Up) = Z Cj1,--~7jn90;'1 (w1) -~ (P;'n ().

Hence an application of 1t6’s formula for both types of integrals, (i.e. Theorems 4.2
and 7.1) imply Proposition 7.2.

Finally we restrict ourselves to the case v = 1. We formulate a result which reflects a
connection between multiple Wiener—Ito6 integrals and classical It6 integrals. Let W (t),
a <t <b, be a Wiener process, and let us define the random orthogonal measure Z( dz)
as

Z(A):/XA(x)W(dx), ACab), AcB.

Then we have the following

Proposition 7.3. Let f € ICS\L[G by’ where Ma, b) denotes the Lebesgue measure on the
interval [a,b). Then

/ F@1,. . o) Z(dey) .. Z(da) (7.2)

:n!/ab (/t ( (/t </at2f(t1,...,tn)W(dt1)) W(dtg)) ) W(dtn)).

Proof of Proposition 7.3. Given a function f € I@K[a by let the function f be defined as

fan, ..

" ) f(xl,...,a:n) if T <z <---<uxy
€T et
T 0 otherwise.

It is not difficult to check Proposition 7.3 for such special functions f € /@Q[a b) for

~ n

which the function fis the indicator function of a rectangle of the form [] [a;,b;) with
j=1

constants a < a1 < b1 < as < by < --- < a, < b, <b. Here we exploit the relation

A~

I'(f) = nlI’'(f). Beside this, we have to calculate the value of the right-hand side of

formula (7.2) for such elementary functions f € I@i\l[a p)- A simple inductive argument

shows that it equals [] [W(b;) — W(a;)|ifa <a1 <by <az <by <---<a, <b, <),
=1
and it equals zero otherwise. Then a simple limiting procedure with the help of the
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approximation of general functions in K;‘[a b) by the linear combinations of such functions
proves Proposition 7.3 in the general case.

As a consequence of Proposition 7.3 in the case v = 1 multiple Wiener—It6 integrals
can be substituted by Ito integrals in the investigation of most problems. In the case
v = 2 there is no simple definition of It6 integrals. On the other hand, no problem
arises in generalizing the definition of multiple Wiener—It6 integrals to the case v > 2.

8. Non-central limit theorems.

In this section we investigate the problem formulated in Section 1, and we show how the
technique of Wiener—It6 integrals can be applied for the investigation of such a problem.
We restrict ourselves to the case of discrete fields, although the case of generalized fields
can be discussed in almost the same way. The proof of some details will be omitted.
They can be found in [9]. First we recall the following

Definition 8A. (Definition of slowly varying functions.) A function L(t), t €
[to, 00), to > 0, is said to be a slowly varying function (at infinity) if

5 L(st)
5 L(t)

=1 forall s> 0.

We shall apply the following description of slowly varying functions.

Theorem 8A. (Karamata’s theorem.) If a slowly varying function L(t) is bounded
on every finite interval, then it can be represented in the form

L(t) = a(t) exp {/tt @ ds} ,

where a(t) — ag # 0, and €(t) — 0 as t — oo, and the functions a(-) and (-) are
bounded in every finite interval.

Let X,,, n € Z,, be a stationary Gaussian field with expectation zero and a corre-
lation function

r(n) = EXoXn = |n|"%a (%) L(n|), ne€Z,, (8.1)

where 0 < o < v, L(t) is a slowly varying function, bounded in all finite intervals, and
a(t) is a continuous function on the unit sphere S, _1, satisfying the symmetry property
a(z) = a(—z) for all z € §S,,_1. Let G denote the spectral measure of the field X,,, and
let us define the measures Gy, N =1,2,..., by the formula

GN(A):L](V;)G(%), AeB, N=12,. ... (8.2)
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Now we recall the definition of vague convergence of not necessarily finite measures
on a Euclidean space.

Definition of vague convergence of measures. Let G,, n=1,2,..., be a sequence
of locally finite measures over RY, i.e. let G,(A) < oo for all measurable bounded
sets A. We say that the sequence G, vaguely converges to a locally finite measure G
(in notation G,, > Go) if

n—oo

i [ £(2) Gu(de) = [ 7(e) Go(d)

for all continuous functions f with a bounded support.
We formulate the following

Lemma 8.1. Let G be the spectral measure of a stationary field with a correlation
function r(n) of the form (8.1). Then the sequence of measures Gy defined in (8.2)
tends vaguely to a locally finite measure Go. The measure Gy has the homogeneity
property

Go(A) =t7%Go(tA) forall Ae B andt >0, (8.3)

and it satisfies the identity

1 — cos x(J)
i(t, )
/ H T2 Go(dx)

1 T - (1 x\ dl‘7 for all t € R".
/[v L 1]]/( | |) ( | |) | t|a

We postpone the proof of Lemma 8.1 for a while.

Formulae (8.3) and (8.4) imply that the function a(t) and the number « in the
definition (8.1) of a correlation function 7(n) uniquely determine the measure Gy. In-

deed, by formula (8.4) they determine the (finite) measure %Go(dl‘), since
j=1

they determine its Fourier transform. Hence they also determine the measure Gq. (For-
mula (8.3) shows that this is a locally finite measure). Let us also remark that since
Gn(A) = Gn(—A) for all N = 1,2,... and A € BY, the relation Go(A) = Go(—A4),
A € BY also holds. These properties of the measure G imply that it can be considered
as the spectral measure of a generalized random field. Now we formulate

Theorem 8.2. Let X,,, n € Z,, be a stationary Gaussian field with a correlation
function r(n) satisfying relation (8.1). Let us define the stationary random field §; =
Hy(X;), j € Zy, with some positive integer k, where Hy(x) denotes the k-th Hermite
polynomial with leading coefficient 1, and assume that the parameter « appearing in (8.1)
satisfies the relation 0 < a < . If the random fields ZN. N =1,2,..., n € Z,,
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are defined by formula (1.1) with Ay = NV~k*/2L(N)*/2 and the above defined & =
Hy(X;), then their multi-dimensional distributions tend to those of the random field Z},,

7 = /f(n(ajl bt ) Zay(dey) . Zay (dew), n € .

Here Zg, s a random spectral measure corresponding to the spectral measure Go which
appeared in Lemma 8.1. The function Xn(-), n = (n(M,...,n®), is (similarly to Sec-

tion 6) the Fourier transform of the uniform distribution on the v-dimensional unit cube
v

[T [P, n® +1].

p=1

Remark. The condition that the correlation function r(n) of the random field X,,,
n € Z,, satisfies formula (8.1) can be weakened. Theorem 8.2 and Lemma 8.1 remain
valid if (8.1) is replaced by the slightly weaker condition

lim sup r(n) =1

T—=% 1 nel, [n|>T |n|=%a (‘%) L(|n|)

where 0 < o < v, L(t) is a slowly varying function, bounded in all finite intervals, and
a(t) is a continuous function on the unit sphere S,,_1, satisfying the symmetry property
a(x) = a(—z) forall z € S, ;.

First we explain why the choice of the normalizing constant Ay in Theorem 8.2
was natural, then we explain the ideas of the proof, finally we work out the details.

Corollary 5.5 implies in particular that EH(&)Hy(n) = k!(E¢n)F for a Gaussian
random vector (£,7) with E€ = En =0 and E¢? = En? = 1. Hence

! | k! N By .
E(Z»,]LV)2:A—2 > T(J—l)kNA—z > i1 red <H) L(lj — 1),

N jeBY 1eBY N j1eBY

with the set B introduced after formula (1.1). Some calculation with the help of the
above formula shows that with our choice of Ay the expectation E(ZY)? is separated
both from zero and infinity, therefore this is the natural norming factor. In this calcula-
tion we have to exploit the condition ka < v, which implies that in the sum expressing
E(ZN)? those terms are dominant for which j — [ is relatively large, more explicitly it
is of order N. There are const. N2 such terms.

The field &, is subordinated to the Gaussian field X,. It is natural to rewrite it
in canonical form, and to express Z» via multiple Wiener-It6 integrals. It6’s formula
yields the relation

& = Hy, (/ ei(n’x)Z(;(dQZ)) = /ei(n’m1+"'+wk)ZG(d1'1) .. Za(dzxy),
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where Zg is the random spectral measure adapted to the random field X,,. Then

1 .
zZ) = An Z /el(]wﬁmﬂk)ZG(dld)---ZG(dxk)
JjEBY

A ' 4 Za(dwy) ... Za(dry,).
AN /6 H '(mgj)'k"""%?)) 1 G( I’l) G( xk)

j=1 ¢

Let us make the substitution y; = Nz, j = 1,...,k, in the last formula, and let
us rewrite it in a form resembling formula (6.5"). To this end, let us introduce the
measures G defined in (8.2). By Lemma 4.5 we can write

Zﬁé/mwh”wuhm+~wwwawmmuz%wm>

with

vy +---+y
1N(y17""yk)_l[ -1((19‘) 6)) '
j=1 (eXp{ZN(yl +"'+yk )} 1)N

(It follows from Lemma 8B formulated below and the Fubini theorem that the set, where

(8.5)

the denominator of the function fy disappears, i.e. the set where y? .. -+y,(j ) = 2INT
with some integer [ # 0 and 1 < j < v has 0 Gy X --- X Gy measure. This means that
the functions fx are well defined.) The functions fy tend to 1 uniformly in all bounded
regions, and the measures Gy tend vaguely to Gy as N — oo by Lemma 8.1. These
relations suggest the following limiting procedure. The limit of ZY can be obtained
by substituting fy with 1 and Gy with G in the Wiener-It6 integral expressing Z2 .
We want to justify this formal limiting procedure. For this we have to show that
the Wiener-Ito integral expressing ZY is essentially concentrated in a large bounded
region independent of N. The Ly isomorphism of Wiener—Ito integrals can help us in
showing that. The next lemma is a useful tool for the justification of the above limiting
procedure.

Before formulating this lemma we make a small digression. It was explained that
Wiener—It6 integrals can be defined also with respect to random stationary fields Zg
adapted to a stationary Gaussian random field whose spectral measure G may have
atoms, and we can work with them similarly as in the case of non-atomic spectral
measures. Here a lemma will be proved which shows that in the proof of Theorem 8.2
we do not need this observation, because if the correlation function of the random field
satisfies (8.1), then its spectral measure is non-atomic.

Lemma 8B. Let the correlation function of a stationary field X,, n € Z,, satisfy the

relation r(n) < Aln|=* with some A > 0 and o« > 0 for alln € Z,, n # 0. Then its

spectral measure G is non-atomic. Moreover, all hyperplanes cj:c(j) = d defined with
j=1

some constants c; and d have zero G measure.
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Proof of Lemma 8B. Lemma 8B clearly holds if & > v, because in this case the spectral
measure G has even a density function g(z) = 3. e *™?)pr(n). On the other hand,

nGZV

the p-fold convolution of the spectral measure G with itself (on the torus R”/27Z, ) has
Fourier transform, r(n)?, hence in the case p > £ it is non-atomic. Hence it is enough
to show that if the convolution G* G is a non-atomic measure, then so is the measure G.
But this is obvious, because if there were a point x € R”/2nZ, such that G({z}) > 0,
then G« G({x+x}) > 0 would hold, and this is a contradiction. (Here addition is taken
on the torus.) The proof of the zero G measure of all hyperplanes is similar.

Now we formulate the following result.

Lemma 8.3. Let Gy, N = 1,2,..., be a sequence of spectral measures on RY tend-
ing vaguely to a spectral measure Go. Let a sequence of measurable functions Ky =
Kn(z1,...,25), N =0,1,2,..., be given such that Ky € H'&N for N =1,2,.... As-

sume further that the following properties hold: For all € > 0 there exist some constants
A= A(e) >0 and Ny = No(e) > 0 and finitely many rectangles Py, ..., Py with some
cardinality M = M (e) on RKV which satisfy the following conditions a) and b). (We
call a set P € B¥ a rectangle if it can be written in the form P = Ly x --- x Ly, with

some bounded open sets Ly € BY, 1 < s < k, with boundaries L4 of zero Gy measure,
i.e. Go(OLs) =0 for all1 <s<k.)

M
a) The function Kq is continuous on the set B = [—A, A]* \ U P;, and Kn — Ko
j=1

uniformly on the set B as N — oo. Beside this the hyperplanes x, = A have zero
Go measure for all 1 < p <wv.

b) [ [ En(1, . 2)PGn(dar) ... Gn(day) < & if N = 0 or N > Ny, and
Ko(—z1,...,—x) = Ko(z1,...,71) for all (xq,...,x) € R,

Then Ko € Hg, , and
/KN<x17"'axk)ZGN(dwl)"'ZGN(dwk)g/KO(wlv"ka)ZGo(dxl)"'ZGo(dxk>

D .
as N — oo, where = denotes convergence in distribution.

Remark. In the proof of Theorem 8.2 or of its generalization Theorem 8.2" formulated
later a simpler version of Lemma 8.3 with a simpler proof would suffice. We could
work with such a version where the rectangles P; do not appear. We formulated this
somewhat more complicated result, because it can be applied in the proof of more
general theorems, where the limit is given by such a Wiener—It6 integral whose kernel
function may have discontinuities.

Proof of Lemma 8.3. Conditions a) and b) obviously imply that

/|K0(301, x| Go(dz) ... Go(dxy) < oo,
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hence Ky € 7:['(“;0. By using the same argument as in the definition of Wiener—Ito
integrals with atomic spectral measure we can reduce the lemma to the case when the
spectral measures G, N = 0,1,2,..., are non-atomic.

Let us fix an € > 0, and let A > 0, Ny > 0 and the rectangles Py, ..., Py satisfy
conditions a) and b) with this €. Then

2

E {/[1 —xB(x1, .., x) | KN (21, .. 2k) Zay (dey) ... Zay (doy)
(8.6)

< k!/ Kn(a1, ... 20) PG (dzy) ... G (dzg) < &
RF\B

for N =0 or N > Ny, where xp denotes the indicator function of the set B introduced
in the formulation of condition a).

Since B C [~A, A]*, and Gy = Gy, hence Gy x --- x Gn(B) < C(A) with an
appropriate constant C'(A) < oo for all N =0,1,.... Because of this estimate and the
uniform convergence Ky — Ky on the set B we have

E l/(KN(:cl, cooyxg) — Ko(zy, . xk))xB (21, - 2k) Zay (d2y) - .. Zay (dag)

< k‘!/ |Kn (21,0 2k) — Koy, .., 2) [P Gy (day) ... Gy (day) < €
B

(8.7)
for N > N; with some N; = Ny(4,¢).
With the help of formulas (8.6) and (8.7) we reduce the proof of Lemma 8.3 to that
of the relation

/Ko(xl, e )XB(X1, k) Zay (day) ... Zay (dog)
(8.8)

2) /KO(xlv s 7xk)XB(x17 <o ,l‘k) ZGo(dxl) . 'ZGo(d$k)'

We do this with the help of a classical result of probability theory about the basic
properties of the so-called Prokhorov metric defined in the following way. Given a
complete separable metric space (X,.A) with some metric p let S denote the space of
probability measures on it. The Prokhorov metric pp is the metric in the space S
defined by the formula pp(u,v) = inf{e: pu(4) < v(A®) + e for all A € A} for two
probability measures u,v € S, where A° = {z: p(z, A) < €}. Tt is known that pp is a
metric on S (in particular pp(u,v) = pp(v, 1)) which metricizes the weak convergence
of probability measures in the metric space (X,.A). (see R.M. Dudley Distances of
probability measures and random variables. Ann. Math. Statist. 39, 1563-1572 (1968)).

I formulated the above result for probability measures in a general metric space,
but I shall work on the real line. Given a random variable £ let p(€) denote its distri-
bution.Put &y = kllg, (Kn(21,...,2%)), N =0,1,2,.... With such a notation we can
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formulate the statement of Lemma 8.3 in the following way. For all € > 0 there exists
some index N} = N/(e) such that pp(u(&n), u(&o)) < 4e for all N > N{.

To prove this statement let us first show that for three random variables &, € and 7
such that P(|n| > ) < ¢ the inequality pp(u(€ + 1), u(€)) < pp(p(§), p(€)) + ¢ holds.
Indeed, since {w: {(w) +n(w) € A} C {w: £(w) € A} U {w: |n(w)| > €}, we have

P(+ne€ A) < P& e A®) + ¢ for any set A € By if P(|n] > ¢) < e. Beside this,

P& € A%) < P(£ € A5H0) 46 for all § > pp(u(€), u(€)). Hence P(E+n € A) < P(£ €
AsHO) f et 6§ for all A€ By and 6 > pp(u(€), u(€)), ie. pp(u(€+mn), u(€)) < e+4, and
this implies the inequality pp(u(€ + 1), 1(€)) < pp(p(€), u(§)) +¢.

Put

gj(\}) =klgy(Ko(z1,...,25)xB(T1,. .., 2)),
fz(\?) = klcy(Kn(z1,...,25) — Ko(z1, ... 2k))xs(@1, - 2n)),
51(\5]3) =klg,(1—xB(x1,...,20))Kn(21,...,78))
for all N = 0,1,2,.... With this notation it follows from relation (8.8) and the fact that

the Prokhorov metric metricizes the weak convergence that pp(u( 1(\})), wu( (()1))) <eif
N > Nj(e) with some threshold index Nj(¢). Formulas (8.6) and (8.7) together with the

Chebishev inequality imply that P(\fj(\?)] >¢) < e and P(|£](\§’)] >e)<eif N> Nj(e )
or N = 0 with some threshold index N}(¢). Beside this, we have £ = f(()l) + 5(3)

En = SE\}) + 5](3) + 51(\:,)’) for N =1,2,.... The above mentioned properties of the random
variables we considered together with the result of the previous paragraph imply that

pp(u(En), u(&o)) = pp(u( W+ + D), pel? + €5
( ( (1) (2) 5(3))’ ( (3)))+5
<pp< (34 <3)>,u< §) + 2
< pp(p(ERD), n(ed?)) + 3¢ < 4e

if N > Nj(e) = max(N{(¢), N4(e)), and this is what we wanted to prove.
To prove (8.8) we will show that Ko(x1,...,25)xB(Z1,...,2%) can be well ap-

~ k
proximated by functions from Hg, in the following sense. For all ¢ > 0 there exists
such an (elementary) function f. € 7:_((;0 for which the L2 o norm of the difference
0

fe(z, ... xK) — Ko(xq, ... ,xk)xB(xl, ..., x) is less than &, and also the Lék norm of

MR
k! N

this difference is smaller than 7+ "N > Ny with some threshold Ny = N3(e). Moreover,

~ k
the function f. has the following additional property. The function f. € H, is adapted
to such a regular system D = {A;, j = £1,...,£M} for which the boundaries of the
sets A; satisfy the relation Go(0A;) =0 for all j = £1,...,£M.

kK
First I claim that such a function f. € Hg, satisfies the relation

/fs Liy--, T ZGN(dxl) ZGN(dxk —>/f5 xla"'vxk)ZGo(dxl)"'ZGo(dxk>
(8.9)
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as N — oo. To prove (8.9) observe that for the regular system D = {A;, j =

+1,...,£M} to which the function f. € 7:(];0 is adapted has the following property: The
(Gaussian) random vectors (Zg, (4;), j = £1,...,£M) converge in distribution to the
(Gaussian) random vector (Zg,(4;), j ==£1,...,£M) as N — oo. (We needed at this
point the property Go(9A;) = 0. It follows from the vague convergence Gy — Gy, (sim-
ilarly to the case of weak convergence) that Jvlgnoo Gn(Aj) = Go(4;) if Go(0A;) =0,

which also implies the weak convergence of the above mentioned random vectors, but
the condition G¢(0A;) = 0 cannot be dropped here.) Beside this, the Wiener-It6 in-
tegrals in formula (8.9) are polynomials (not depending on the parameter N) of these
random vectors. Hence relation (8.9) holds.

The approximation result formulated after formula (8.8) implies the existence of
such a function V. € HE, for all € > 0 for which

E'g(Ko(x1,...,z)xB(@1,...,2k)) = kMa(fe(z1, .. xk)) + K a(Ve(xq, ..., 2k))

with the above considered function f., and

E (/Vg(a:l,...,xk)ZGN(dxl)...ZGN(dmk)>2

< k:!/(KO(acl,...,xk)XB(xl,...,xk) — fs(xl,...,xk))QGN(dml)...GN(dxk) < g3

if N > Ny with some Ny = Ny(e) or N = 0. The last inequality together with
formula (8.9) imply (8.8) in the same way as inequalities (8.6), (8.7) and (8.8) imply
Lemma 8.3.

We still have to prove that Ko(z1,...,2x)x5(z1,...,25) can be well approxi-
mated by an appropriate elementary function f.. This can be reduced with help
of the relation Gn — Gy to the following simpler statement where only the limit

~k
measure (o is considered. For all ¢ > 0 there is a function f. € Hg, for which
3 o
f ‘Kﬂ(xla s ,IEk)XB(Il, s ,Zlfk) - fE('rla s ,l‘k)|2G()( dajl) ce GO( dl’k) < %7 and it is
adapted to such a regular system D = {A;, j = £1,...,£N} whose elements A; have
boundaries of zero GGy measure.

Indeed, as |Ko(z1,...,28)x5(21,...,2%) — fo(21,...,21)|? is a bounded function
with a compact support which is continuous in almost all points with respect to the mea-
sure Gy X - -- x Gy the relation Gy — Go together with the above statement about Gy

| —

k
also implies the inequality

3
£
/IKo(:vl, X 8) — e, ) POn(dn) . Ga(dai) < o

76



~ K
The existence of the approximating function f. € Hg with the desired properties

An _
can be shown similarly to proof of the result that H is a dense subset of H. We can
reduce the statement we want to verify first to a slightly modified version of Statement A
and then to a slightly modified version of Statement B in the proof of the result about

the good approximability of a function in HY by a function in HG In the modified
version of Statement A we are dealing with suCh sets A and A; whose boundaries have
zero GE measures, and we demand the same property about the set B € BX appearing
in their approximation. Similarly, in the modified version of Statement B we are dealing
with such sets D; whose boundaries have zero Gy measure, and we demand that the set
F € B* providing a good approximation also must have boundaries of zero G§ measure.
This can be proved similarly to the original statements. We leave to the reader to work
out the details.

Remark. We have formulated this statement in the case when Gy is a spectral measure
on RY. But it remains valid if G is a spectral measure on the torus of size 2C'y7 with
Cn — o0 if N — oo if we identify this torus with the set [-Cym, Cy7)” C R” in a
natural way.

Now we turn to the proof of Theorem 8.2.

The proof of Theorem 8.2. We want to prove that for all positive integers p, real numbers
cl,...,cpandny €7Z,,l=1,...,p,

p

=g

since this relation also implies the convergence of the multi-dimensional distributions.
Applying the same calculation as before we get with the help of Lemma 4.5 that

ch T Ay Za/ Y UmEr) Zg(day) . Z(day),

JjEBY,

and

with

CiXmy (1 + -+ - + xk).

|

~

Z

—~

8

&

8

o

S—r -
M-
I

with the function fx defined in (8.5) and the measure G defined in (8.2).
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Let us define the function
KO(xlv S 7xk) - chf(m(xl + -4 (L‘k)

and the measures puy on R*” by the formula

:/ \Kn(z1,...,20)|°Gn(dzy) ... Gy (dxy), A€ B* and N=0,1,...,
A

(8.11)
where G is the vague limit of the measures G .

To prove Theorem 8.2 it is enough to show that Lemma 8.3 can be applied with
these spectral measures G’y and functions K. (We choose no exceptional rectangles P;
in this application of Lemma 8.3.) Since Gy 2 Gy, and Ky — Ko uniformly in all
bounded regions in R*”, it is enough to show, beside the proof of Lemma 8.1, that
the measures uN, N = 1,2,..., tend weakly to the (necessary finite) measure o,
(in notation uy — o), i.e. J f@)un(dz) — [ f(z)po(dz) for all continuous and
bounded functions f on R"“’ Then this convergence implies condition b) in Lemma 8.3.
Moreover, it is enough to show the slightly weaker statement by which there exists some
finite measure fig such that px — fig, since then fip must coincide with po because of
the relations Gy — Gy and Ky — K uniformly in all bounded regions of R*, and
Ky is a continuous function.

There is a well-known theorem in probability theory about the equivalence between
weak convergence of finite measures and the convergence of their Fourier transforms. It
would be natural to apply this theorem for proving uy — fig. On the other hand, we
have the additional information that the measures puyx, N = 1,2,..., are concentrated
in the cubes [~ N7, N7)*”, since the spectral measure G is concentrated in [—,7)".
It is more fruitful to apply a version of the above mentioned theorem, where we can
exploit our additional information. We formulate the following

Lemma 8.4. Let ji1, jio,... be a sequence of finite measures on R such that uy(R'\
[~Cnm,Cn7)!) = 0 for all N = 1,2,..., with some sequence Cy — 0o as N — oo.
Define the modified Fourier transform

goN(t)z/Rl exp{i([tgg],x)}pN(dI), teR

where [tCy] is the integer part of the vector tCy € R'. (For an x € R' its integer part
[x] is the vector n € Z; for which @ —1 < n® <@ if 2®) >0, and 2@ —1 <
nP) < 2@ 11 if 2P <0 for allp =1,2,...,1.) If for all t € R' the sequence oy (t)
tends to a function (t) continuous at the origin, then the measures puy weakly tend to
a finite measure g, and @(t) is the Fourier transform of .

I make some comments on the conditions of Lemma 8.4. Let us observe that if the
measures iy or a part of them are shifted with a vector 2nrC'nyu with some u € Z;, then
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their modified Fourier transforms ¢y (¢) do not change because of the periodicity of the
trigonometrical functions e’U/¢N-®) 5 ¢ 7, On the other hand, these new measures
which are not concentrated in [~Cx7, Cy7)!, have no limit. Lemma 8.4 states that if
the measures py are concentrated in the cubes [-Cn, C N7r)l, then the convergence of
their modified Fourier transforms defined in Lemma 8.4, which is a weaker condition,
than the convergence of their Fourier transforms, also implies their convergence to a
limit measure.

Proof of Lemma 8.4. The proof is a natural modification of the proof about the equiva-
lence of weak convergence of measures and the convergence of their Fourier transforms.
First we show that for all ¢ > 0 there exits some K = K(g) such that

pn(z: z e R, |¢W| > K) <e forall N> 1. (8.12)
As p(t) is continuous at the origin there is some § > 0 such that
\gp(O,...,O)—go(t,O,...,O)|<% if [t| < o. (8.13)
We have

0 <Relpn(0,...,0) —pon(t,0,...,0)] <2pn(0,...,0) (8.14)

for all N = 1,2,.... The sequence in the middle term of (8.14) tends to Re [¢(0,...,0)—
©(t,0,...,0)] as N — oo. The right-hand side of (8.14) is a bounded function in the
variable NN, since it is convergent. Hence the dominated convergence theorem can be
applied. We get because of the condition Cy — oo and relation (8.13) that

[6Cn1/CN 1
A}im ERe[gpN(O,...,O)—@N(t,O,...,O)]dt
o1 €
=/ —Relp(0,...,0) — (t,0,...,0)]dt < —.
0o 0 2
Hence
e [6CN]/Cn 1
§>A}im SRe[cpN(O,...,O)—goN(t,O,...,O)]dt
— 00 0
1 rlsowl/Cn _ "
:A}im 5/ Re [l — tONIT/ON gt |y (dx)
| 19OI-1
. .o(1
= Jm [ soy X Re [t )
=0

1 Pt o
Zlimsup/ — Re [1—6”‘”1 /CN] pun(dx)
N—oo J{zW >k} 0CN JZ::O

1 1 — ¢il6Cn]zV/On
=i 1-——R . d
%n_?ip /{|w<1)|>K} 5Cy © 1 — eizM/Cn pn (dr)
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with arbitrary K > 0. (In the last but one step of this calculation we have exploited
[6Cn]—1 o
that ﬁ Zo Re[l — eiia’ )/CN] > 0 for all z(V) € RY))
j:

Since the measure uy is concentrated in {z: z € R', |2V < Cy7}, and

1 — ¢ilicnlz®/cx Re (z‘e—iw‘”/ww (1 - ei[écmw“ch))
1 _ gie®/COn i(e—iw/2CN _ ¢ia( /20
1 Chvﬂ

20N = 0]
111
A SToN

if |z(M] < CN7T (here we exploit that | sinu| > 2|u| if |u| < %), hence we have with the
choice K =

Re

g > limsup/ ( ‘6 0 D pn(dz) > limsup /~6N(|90( )| > K).
N—oo J{je[>K} z N—oo 2

As the measures uy are finite the inequality uy (Jz(Y)| > K) < ¢ holds for each index N
with a constant K = K (N) that may depend on N. Hence the above inequality implies
that formula (8.12) holds for all N > 1 with a possibly larger index K that does not
depend on N.

Applying the same argument to the other coordinates we find that for all € > 0
there exists some C(g) < oo such that

pn (RM\ [-C(e),C(e)]') <e forall N=1,2,....

Consider the usual Fourier transforms

PN (t) :/ "y (dr), teR.
R!

Then

on(t)—@n (1)) < 26+ /
[-C(e),C(e)]

for all € > 0. Hence ¢n(t) — pn(t) — 0 as N — oo, and ¢y (t) — (). (Observe that
pun(RY) = pn(0) — ¢(0) < 0o as N — oo, hence the measures py(R') are uniformly
bounded, and Cy — oo by the conditions of Lemma 8.4.) Then Lemma 8.4 follows
from standard theorems on Fourier transforms.

1ete) KN (Rl)

pi(t) _ Li([tON]/Ch ) pun(dr) < 25+C—

We return to the proof of Theorem 8.2. We apply Lemma 8.4 with Cy = N and
[ = kv for the measures uy defined in (8.11). Because of the middle term in (8.10) we
can write

p
On(t1, -tk =chrcswzvt1+nr— yoo st e — )

r=1s=1
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with

ley /eXP {i%((jlvxl) + oot (jk,xk))}

D exp{i <1%,x1+~--+mk)}GN(dml)...GN(dxk)

peBY qGBN

= = kaL w2 2 rpmati) (- a+ i), (8.15)
peBY qeBlY

UN(tr, .. tr) =

where j, = [t,N]|,t, ¢ R",p=1,... k.

The asymptotical behaviour of ¥ (t1,...,t;) for N — oo can be investigated by
the help of the last relation and formula (8.1). Rewriting the last double sum in the
form of a single sum by fixing first the variable | = p — ¢ € [-N, N]¥ NZ,, and then
summing up for [ one gets

wN(tlw--;tk):/ fN(tl,...,tk,.’E)de
[_171]V

with

fn(ta, ...,

_ [lzV N |zIN[\ r([zN]+ 1) r([=N] + ji)
t’“x)_<1_T)”'(1_ N ) N—oL(N) ~~N-aL(N)

(In the above calculation we exploited that in the last sum of formula (8.15) the number
of pairs (p, q) for which p —q¢=1=(l1,...,1,) equals (N — [l1])--- (N — |l,]).)
It can be seen with the help of formula (8.1) that

fN<t1,...,t]€,$)—>f0(t1,...,tk,£l?> (816)
with

o) o(EH)
t, .. tez) = (1= zM]) ... (1= [z RANCLVASSSI Gl
fO( 1 k x) ( |IL’ |) ( |:E |) |£L'+t1|a ’1’—|—tk‘a

uniformly on the set x € [1,1]" \ LkJ {x: |z +1ty| > e} for all e > 0.
We claim that "
Un (s ti) — oty ) :/[_ll]yfo(tl,...,tk,x)dx,
and g is a continuous function.

This relation implies that uy — po. To prove it, it is enough to show beside
formula (8.16) that

‘/ folti,... ty,x)dx
|lz+t,|<e
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and
/ lfn(t1, .. tg,z)|de < C(e), p=1,....k, and N =1,2,... (8.17")
lo+tp|<e

with a constant C(e) such that C(¢) — 0 as € — 0.
By Holder’s inequality

1/k
<c I / @+t da
x€[—1,1)¥

1<I<k, I#p

/ |2+ t,| 7 dx
lz+tp|<e

with some appropriate C' > 0 and C’ > 0, since v — ka > 0, and a(-) is a bounded
function. Similarly,

1/k
r([=N] + 50"

In(t, .ot x)|de < / dx ,
/|m—|—tp|<5’ vl ) H ve[—11]r INTFOL(N)*

1<I<k, l#p

1/k
/ r([N] + )" Lo
otty|<e NTFOL(N)F

It is not difficult to see, by using Karamata’s theorem, that if L(-) is a slowly
varying function which is bounded in all finite intervals, then for all n > 0 there is a
threshold index Ny and a number C' = C'(Ny,n) such that

‘/ fo(tl,...,tk,fﬁ)dfﬁ
|z+tp|<e

1/k
S C/ell/k—a

L(tN) <Ct7"L(N) forallt<1 and N > Nj.
Hence formula (8.1) implies that
[r([aN]+50)| = |r([aN] + [6N]) < ONTOL(N) (1 + |z + 1| ~*77), (8.18)

and

N i) |F
lz+tp|<e lo+tp|<e

r([=N] + 50" "
dx < B".
/936[1,1]v N—kaL(N)*

for a sufficiently small constant 1 > 0 with some constants B, B’, B” < oo depending
on n and t,, 1 < p < k. (Let us remark that (8.18) holds also for |[zN] + ji| < K;
with some K3 > 0 independent of N, i.e. when the argument of r(-) is relatively small,
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because |r(n)| < 1 for all n € Z,.) Therefore we get, by choosing an 7 > 0 such that
k(a4 n) < v, the inequality

/ \fn(te, ..ty @) | do < Ce?/Fm (o)
|z+tp|<e

with some C < oo. The right-hand side of this inequality tends to zero as ¢ — 0.
Hence we proved beside (8.16) formulae (8.17) and (8.17’), therefore also the relation
un — po. To complete the proof of Theorem 8.2 it remains to prove Lemma 8.1.

Proof of Lemma 8.1. Introduce the notation

v i (J)
el 1
Kn(z) = U N (N 1) N=1,2...,
=1
and o
Ko(w) = [ & 1
T L G)
J:

Let us consider the measures uy defined in formula (8.11) in the special case k = 1,
p=1,c; =1. Then

v (4) = /A Ky ()] G (de).

We have already seen in the proof of Theorem 8.2 that uy — o with some finite
measure [, and the Fourier transform of p is

a x4+t
() :/ (1—]zW))--- (1 - yx(”)l)de'
[_171}11

x + t|*

First we show that for all T > 1 there is a finite measure G} concentrated on [T, T'w]”
such that

lim / () G (dz) = / f(z) GT(dx) (8.19)

N—o00
for all continuous functions f which vanish outside the cube [—T'7, T'w]".

Let a continuous function f vanish outside the cube [—T'7, T'w]” with some T > 1.
Let M = [£5]. Then

[ 1@ tan = s A [ £(3pe) Gutao

_ %/f (%x) | K ()| s (da)

(2T / F(T)| Ko ()2 ol )
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because f(&-x)|Kp(z)|~? vanishes outside the cube [—m, 7", f(£z)|Ku(z)~? —
f(2Tx)|Ko(x)~? uniformly, (the function Ky(-)™2 is continuous in the cube [—m,7]"))
and ppr — po as N — oco. Hence relation (8.19) holds. The measures GI appearing
in (8. 19) are consistent for different parameters T', i.e. G{' is the restriction of the mea-
sure GI to the cube [T, T'x]” if T' > T. Tt can be seen with the help of these facts
that there is a locally finite measure G on R” such that GZ is its restriction to the
cube [T, Tn]”, and Gn — Go.

As Gy = Go, and |Kn(2)]? — |Ko(z)]* uniformly in all bounded regions, hence
LN —> fig, where fig(A = [, |Ko(x)]*Go(dx), A € B. Since puy 2 1o the measures y
and figp must coinc1de i.e.

MO(A):/A\KO(x)FGO(d:c), Aep.

Relation (8.4) expresses the fact that ¢g is the Fourier transform of .
Let us extend the definition of the measures G given in (8.2) to all non-negative

real numbers u. It is easy to see that the relation G, — G as u — oo remains valid.
Hence we get for all fixed s > 0 and continuous functions f with compact support that

/f(x)Go(dx) = uli_)rrgo f(x) Gy (dx) = uh_}rrgo T(u /f sx)

=5 [ fsn6atan = [ ra@s (d—x) .

This identity implies the homogeneity property (8.3) of Go. Lemma 8.3 is proved.
The next result is a generalization of Theorem 8.2.

Theorem 8.2'. Let X,,, n € Z,, be a stationary Gaussian field with a correlation
functionr(n) defined in (8.1). Let H(x) be a real function with the properties EH (X,,) =
0 and EH(X,)? < co. Let us consider the Fourier expansion

x) = chHj(:L'), Zc?j! < 00, (8.20)
j=1

of the function H(-) by the Hermite polynomials H; (with leading coefficients 1). Let k
be the smallest index in this expansion such that ¢, # 0. If 0 < ka < v in (8.1), and
the field ZN is defined by the field &, = H(X,), n € Z,, and formula (1.1), then the
multi-dimensional distributions of the fields ZN with Ay = NY=F*/2L(N)*/2 tend to
those of the fields c, Z, n € Z,,, where the field Z is the same as in Theorem 8.2.
Proof of Theorem 8.2'. Define H'(z) = Y. c¢;Hj(z) and Y,V = -1 > H'(X)).
Jj=k+1 leBN

Because of Theorem 8.2 in order to prove Theorem 8.2" it is enough to show that

EYN)? -0 as N — .
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It follows from Corollary 5.5 that

‘E( n A2 2{: ]' 2{: 3'_t

j k+1 s,teBN

Hence a simple calculation with the help of formula (8.1) yields

1 — (6% v
BN = o [0V DL (N 4 O(N)] — 0.
N

Theorem 8.2' is proved.

Let us consider a slightly more general version of the problem investigated in Theo-
rem 8.2'. Take a stationary Gaussian random field X,,, EX,, = 0, EX2 = 1, n € Z, with
a correlation function satisfying relation (8.1), and the field &, = H(X,,), n € Z,,, subor-
dinated to it with a general function H(z) such that EH(X,,) = 0 and EH(X,,)? < oco.
We are interested in the large-scale limit of such random fields. Take the Hermite expan-
sion (8.20) of the function H(x), and let k£ be the smallest such index for which ¢, # 0
in the expansion (8.20). In Theorem 8.2" we solved this problem if 0 < ka < v. We are
interested in the question what happens in the case when ka > v. Let me remark that
in the case ka > v the field Z*, n € Z,, which appeared in the limit in Theorem 8.2’
does not exist. The Wiener-It6 integral defining Z is meaningless, because the integral
which should be finite to guarantee the existence of the Wiener—Ito integral is divergent
in this case. Next I formulate a general result which contains the answer to the above
question as a special case.

Theorem 8.5. Let us consider a stationary Gaussian random field X,,, EX, = 0,
EX2 =1, n € Z,, with correlation function r(n) = EX;, Xyin, m,n € Z,. Take
a function H(x) on the real line such that EH(X,) = 0 and FH(X,)? < oo. Take
the Hermite expansion (8.20) of the function H(x), and let k be smallest index in this
expansion such that c, # 0. If

> rm)lF < oo, (8.21)
nGZV

then the limit

lim EZ)Y(H)? = lim N7 > Y rl(i—j) = ofl!

N—o00 N—o0

exists for all indices | > k, where ZN (H;) is defined in (1.1) with Ay = N¥/2, and &, =
H(X,,) with the l-th Hermite polynomial Hi(z) with leading coefficient 1. Moreover,
also the inequality

oo
i E cillof < oo
I=k
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holds.

The finite dimensional distributions of the random field ZN (H) defined in (1.1)
with Ay = NV/? and &, = H(X,) tend to the finite dimensional distributions of a
random field o Z with the number o defined in the previous relation, where Z%, n € Z,,
are independent, standard normal random variables.

Theorem 8.5 can be applied if the conditions of Theorem 8.2" hold with the only
modification that the condition ka < v is replaced by the relation ka > v. In this
case the relation (8.21) holds, and the large-scale limit of the random field Z¥, n € Z,
with normalization Ay = N"/2? is a random field consisting of independent standard
normal random variables multiplied with the number . There is a slight generalization
of Theorem 8.5 which also covers the case ka = v. In this result we assume instead of
the condition (8.21) that Y. r(n)* = L(N) with a slowly varying function L(-), where

_ TLEBN
By ={(n1,...,n,) € Z,: —N <n; <N, 1 <j <v}, and some additional condition
is imposed which states that an appropriately defined finite number 02 = lim 0%,

N —o0
which plays the role of the variance of the random variables in the limiting field, exists.

There is a similar large scale limit in this case as in Theorem 8.5, the only difference
is that the norming constant in this case is Ay = N*/2L(N)'/2. This result has the
consequence that if the conditions of Theorem 8.2" hold with the only differnce that
ka = v instead of ka < v, then the large scale limit exists with norming constants
Ay = NY/2L(N) with an appropriate slowly varying function L(-), and it consists of
independent Gaussian random variables with expectation zero.

The proof of Theorem 8.5 and its generalization that we did not formulate here
explicitly appeared in paper [3]. I omit its proof, I only make some short explanation
about it.

In the proof we show that all moments of the random variables Z¥ converge to
the corresponding moments of the random variables Z* as N — oco. The moments
of the random variables ZY can be calculated by means of the diagram formula if
we either rewrite them in the form of a Wiener—It6 integral or apply a version of the
diagram formula which gives the moments of Wick polynomials instead of Wiener—
Ito integrals. In both cases the moments can be expressed explicitly by means of the
correlation function of the underlying Gaussian random field. The most important step
of the proof is to show that we can select a special subclass of (closed) diagrams, called
regular diagrams in [3] which yield the main contribution to the moment E(ZY ) and
their contribution can be simply calculated. The contribution of all remaining diagrams
is o(1), hence it is negligible. For the sake of simplicity let us restrict our attention to
the case H(z) = Hy(x) when defining the regular diagrams. If M is an even number,
then take a partion {kq, ka}, {ks, ka}, ..., {knr—1,kn} of the set {1,..., M} to subsets
consisting of exactly two elements, to define the regular diagrams. They are those
(closed) diagrams which contain only edges connecting vertices from the kg;_1-th and
koj-th row of the diagram with some 1 < j < %, where {kgj_1,k2;} is an element of
the above partition. If M is an odd number, then there is no regular diagram.

In Theorems 8.2 and 8.2" we investigated some very special subordinated fields.
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The next result shows that the same limiting field as the one in Theorem 8.2 appears
in a much more general situation.

Let us define the field

>~ 4 '
&n :Zﬁ/el("’z1+"'+xj)aj(x1,..‘7xj)Zg(dx1)...Zg(dxj), n € Z,, (822)
i=k

where Zg is the random spectral measure adapted to a Gaussian field X,,, n € Z,, with
correlation function satisfying (8.1) with 0 < a < 7.

Theorem 8.6. Let the fields ZY be defined by formulae (8.22) and (8.1) with Ay =
Nv—ke/2  The multi-dimensional distributions of the fields ZN tend to those of the
field a(0,...,0)Z% where the field Z* is the same as in Theorem 8.2 if the following
conditions are fulfilled:

(i) ag(x1,...,x) s a bounded function, continuous at the origin, and such that
ak(O,...,O) 7&0,
(i)
j 2
i EM/ o (ﬂ :v_J>‘2 1 S ettt
; jU L(N)i~k [ T7ANT N/ N2v

Jj=k=1 jeBY
GN(dl‘l) N GN(dI]) — 0,

where G is defined in (8.2).

Proof of Theorem 8.6. The proof is very similar to those of Theorem 8.2 and 8.2". The
same argument as in the proof of Theorem 8.2" shows that because of condition (ii) &,
can be substituted in the present proof by the following expression:

g =1

" = E / ei(n,x1+--'+xk)ak(x1, .. ,Ik)Zg( dl‘l) c. Zg( dl‘k), n € Ly.

Then a natural modification in the proof of Theorem 8.2 implies Theorem 8.6. The
main point in this modification is that we have to substitute the measures puy defined
in formula (8.11) by the following measure fiy:

_ T Tk \ |2 kv
i A:/K 1, .. oe) P lag (5=, ..., 52 )| Gn(dzy)...Gn(dxy), Ae B,
) = [ Ex G ml o (50 )| Onldm) - G(day

and to observe that because of condition (i) the limit relation py — po implies that
in 5 Jax(0, ..., 0) 2o,

The main problem in applying Theorem 8.6 is to check conditions (i) and (ii). We
remark without proof that any field &, = H(Xs, 1n,...,Xs,4n), 51,...,5p € Z, and
n € Z,, for which E€2 < oo satisfies condition (ii). This is proved in Remark 6.2
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of [9]. If the conditions (i) or (ii) are violated, then a limit of different type may appear.
Finally we quote such a result without proof. (See [23] for a proof.) Here we restrict
ourselves to the case v = 1. The limiting field appearing in this result belongs to the
class of self-similar fields constructed in Remark 6.5.

Let ap,, n=...,—1,0,1,..., be a sequence of real numbers such that

an =C()n~ P14 0o(n="1) ifn>0

-1<p8<1 8.22
an =C2)|n| """t +o(|n|7"71) ifn<0 p (8.22)

Let X,,,n=...,—1,0,1,..., be a stationary Gaussian sequence with correlation func-
tion r(n) = EXoX,, = [n|7“L(|n]), 0 < a <1, where L(-) is a slowly varying function.
Define the field &,, n=...,—1,0,1,..., as

gn: Z amHk(Xm—i—n)- (822)

m=—0o0

Theorem 8.7. Let a sequence &,, n=...,—1,0,1,..., be defined by (8.23) and (8.24).
Let 0 < ka<1,0<1—-0— %a < 1, and let one of the following conditions be satisfied.

(a) 0<pB<1,and > a,=0.

n=—oo

(b) 0> 8> 1.
() B=0, C(1) = —C(2), and 3" |an + a_n| < 0.

n=0

Let us define the sequences ZN by formula (1.1) with Ay = N'=#=ka/2[(N)*/2 and the
above defined field &,. The multi-dimensional distributions of the sequences ZY tend to
those of the sequences D~ Z* (a, 3,a,b,c), where

Z;;(O‘,Baka b7 C) = /Xn(xl + -+ xk)
[blzy + -+ + 2] +iclzy + -+ gl Psign (T + -+ ap)]
|:1:1|("‘_1)/2 o |a;'k\(a_1)/2 W(dzy)...W(dzxy),

W (-) denotes the white noise field, i.e. a random spectral measure corresponding to the

Lebesgue measure, and the constants D, b and ¢ are defined as D = 2I' () cos(§m), and

b=2[C(1)+C(2)]I'(-p) Sin(%ﬁ), c=2[C(1)-C(2)]I'(-p) COS(%W) in case (a)
and (b), and

b= > ap, c=C(1) in case (c).

n=—oo
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9. History of the problems. Comments.

Section 1.

In statistical physics the problem formulated in this section appeared at the investi-
gation of some physical models at critical temperature. A discussion of this problem
and further references can be found in the fourth chapter of the forthcoming book
of Ya. G. Sinai [33]. The first example of a limit theorem for partial sums of ran-
dom variables which is considerably different form the independent case was given by
M. Rosenblatt in [28]. Further results in this direction were proved by R. L. Dobrushin,
H. Kesten and F. Spitzer, P. Major, M. Rosenblatt and M. S. Taqqu [7], [8], [9], [23],
[29], [30], [34], [37]. In most of these papers only the one-dimensional case is considered,

and it is formulated in a different but equivalent way. The joint distribution of the
Nt

random variables A;,l > &, 0 <t < oo, is considered.
i=1

Similar problems also appeared in the theory of infinite particle systems. The
large-scale limit of the so-called voter model and of infinite particle branching Brownian
motions were investigated in papers [2], [6], [17], [24]. It was proved that in these models
the limit is, with a non-typical normalization, a Gaussian self-similar field. The inves-
tigation of the large-scale limit would be very natural for many other infinite particle
systems, but in most cases this problem is hopelessly difficult.

The notion of subordinated fields in the present context first appeared at Do-
brushin [7]. It is natural to expect that there exists a large class of self-similar fields
which cannot be obtained as subordinated fields. Nevertheless the present techniques
are not powerful enough for finding them.

The approach to the problem is different in statistical physics. In statistical physics
one looks for self-similar fields which satisfy some conditions formulated in accordance
to physical considerations. One tries to describe these fields with the help of a power se-
ries which is the Radon—Nykodim derivative of the field with respect to a Gaussian field.
The deepest result in this direction is a recent paper of P. M. Bleher and M. D. Mis-
sarov [1] who can define the required formal power series. This result enables one to
calculate several critical indices interesting for physicists, but the task of proving that
this formal expression defines an existing field seems to be very hard. It is also an open
problem whether the class of self-similar fields constructed via multiple Wiener—It6 in-
tegrals contains the non-Gaussian self-similar fields interesting for statistical physics.
Some experts are very skeptical in this respect. The Gaussian self-similar fields are
investigated in [7] and [32]. A more thorough investigation is under preparation in [11].

The notion of generalized fields was introduced by I. M. Gelfand. A detailed dis-
cussion can be found in the book [15], where the properties of Schwartz spaces we need
can also be found.

In the definition of generalized fields the class of test functions & can be substi-
tuted by other linear topological spaces consisting of real valued functions. The most
frequently considered space, beside the space S, is the space D of infinitely many times
differentiable functions with compact support. In paper [7] Dobrushin also considered
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the space §" C &, which consists of the functions ¢ € § satisfying the additional relation
i M7 -m(”)]vgp(x) dz = 0 provided that j; +---+j, < r. He considered this class of
test functions because there are much more continuous linear functionals over S” than
over S, and this property of S can be exploited in certain investigations. Generally no
problem arises in the proofs if the space of test functions S is substituted by S™ or D
in the definition of generalized fields.

Two generalized fields X () and X () can be identified if X (¢) 2 X (p) for all
@ € S. Let me remark that this relation also implies that the multi-dimensional distri-
butions of the random vectors (X (1), ..., X(¢n)) and (X (¢1),. .., X (¢n)) coincide for
all p1,...,0, €S. As S is a linear space, this relation can be deduced from property a)
of generalized fields by exploiting that two distribution functions on R™ agree if and

only if their characteristic functions agree.

Let S’ denote the space of continuous linear functionals over S, and let As: be the
o-algebra over &’ generated by the sets A(p,a) = {F: F € S§';, F(¢) < a}, where
¢ € S and a € R! are arbitrary. Given a probability space (S’, As/, P), a generalized
field X = X () can be defined on it by the formula X (p)(F) = F(y), ¢ € S, and
F € §'. The following deep result is due to Minlos (see e.g. [15]).

Theorem. (Minlos) Let (X(p), p € S) be a generalized random field. There exists a
probability measure P on the measurable space (S, As/) such the generalized field X =

(X(p), ¢ € S) defined on the probability space (S, As:, P) by the formula X (¢)(F) =
F(p), o€ 8, F eS8, satisfies the relation X (p) 2 X(¢) forall p € S.

The generalized field X has some nice properties. Namely property a) in the
definition of generalized fields holds for all F' € §’. Moreover X satisfies the following
strengthened version of property b):

b') lim X (p,) = X(p) in every point F' € 8" if ,, — ¢ in the topology of S.

Because of this nice behaviour of the field X () most authors define generalized
fields as the versions X defined in Minlos’ theorem. Since we have never needed the
extra properties of the field X we have deliberately avoided the application of Minlos’
theorem in the definition of generalized random fields. Minlos’ theorem heavily depends
on some topological properties of §, namely that S is a so-called nuclear space. Minlos’
theorem also holds if the space of test functions is substituted by D or §” in the definition
of generalized fields.

Let us finally remark that Lamperti [21] gave an interesting characterization of
self-similar random fields. Let X (t), t € R!, be a continuous time stationary random

process, and define the random process Y (t) = %, t > 0, with some o > 0. Then,

as it is not difficult to see, the random processes Y (t), t > 0, and Yizt), t > 0, have the
same finite dimensional distributions for all w > 0. This can be interpreted so that Y (¢)
is a self-similar process with parameter o > 0 on the half-line ¢ > 0. Contrariwise, if

Y@t ¢ 0, agree for all

ue Y

the finite dimensional distributions of the processes Y (¢) and
u > 0, then the process X (t) = X(e)

eat

,t € R', is stationary. These relations show some
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connection between stationary and self-similar processes. But they have a rather limited
importance in the investigations of this work, because here we are really interested in
such random fields which are simultaneously stationary and self-similar.

Section 2.

Wick polynomials are widely used in the literature of statistical physics. A detailed
discussion about Wick polynomials can be found in [12]. Theorems 2A and 2B are well-
known, and they can be found in the standard literature. Theorem 2C can be found
e.g. in Dynkin’s book [13] (Lemma 1.5). Theorem 2.1 is due to Segal [31]. It is closely
related to a result of Cameron and Martin [4]. The remarks at the end of the section
about the content of formula 2.1 are related to [25].

Section 3.

Random spectral measures were independently introduced by Cramer and Kolmogorov
[5], [20]. They could have been introduced by means of Stone’s theorem about the spec-
tral representation of one-parameter groups of unitary operators. Bochner’s theorem
can be found in any standard book on functional analysis, the proof of the Bochner—
Schwartz theorem can be found in [15]. Let me remark that the same result holds true
if the space of test functions S is substituted by D.

Section /.

The stochastic integral defined in this section is a version of that introduced by Ito
in [18]. This modified integral first appeared in Totoki’s lecture note [38] in a special
form. Its definition is a little bit more difficult than the definition of the original
stochastic integral introduced by It6, but it has the advantage that the effect of the
shift transformation can be better studied with its help. Most results of this section
can be found in Dobrushin’s paper [7]. The definition of Wiener-It6 integrals in the
case when the spectral measure may have atoms is new. In the new version of this
lecture note I worked out many arguments in a more detailed form than in the old text.
In particular, I have given a much more detailed explanation of the statement that
all kernel functions of Wiener—Ito integrals can be well approximated by elementary
functions.

Section 5.

Proposition 5.1 is proved for the original Wiener—It6 integrals by It6 in [18]. Lemma 5.2
contains a well-known formula about Hermite polynomials. The main result of this
section, Theorem 5.3, appeared in Dobrushin’s work [7]. The proof given there is not
complete. Several non-trivial details are omitted. I felt even necessary to present a
more detailed proof in this note when I wrote down its new version. Theorem 5.3 is
closely related to Feynman’s diagram formula. The result of Corollary 5.5 was already
known at the beginning of this century. It was proved with the help of some formal
manipulations. This formal calculation was justified by Taqqu in [35] with the help of
some deep inequalities. In the new version of this note I formulated a more general
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result than in the older one. Here I gave a formula about the moment of products of
Wick polynomials and not only of Hermite polynomials.

I could not find results similar to Propositions 5.6 and 5.7 in the literature of
probability theory. On the other hand, such results are well-known in statistical physics,
and they play an important role in constructive field theory. A sharpened form of these
results is Nelson’s deep hypercontractive inequality [27], which I formulate below.

Let X, t € T, and Yy, t' € T' be two sets of jointly Gaussian random variables on
some probability spaces (2, A, P) and (2, A", P"). Let H; and H) be the Hilbert spaces
generated by the finite linear combinations ) c;X;, and chYt;. Let us define the
o-algebras B = o(X, t € T) and B’ = o(Yy, t' € T') and the Banach spaces L,(X) =
L,(Q,B,P), L,(Y) = Ly(¥,B',P"), 1 <p < oo. Let A be linear transformation from
H1 to H) with norm not exceeding 1. We define an operator I'(A): L,(X) — Ly (Y)
for all 1 < p,p’ < oo in the following way. If 1 is a homogeneous polynomial of the
variables X,

n=Y CiuXiteX{ ot .t €T,

Js

then .
=Y Ol (AXy ) (AKX, )

It can be proved that this definition is meaningful, i.e. I'(4):n: does not depend on the
representation of 7, and I'(A) can be extended to a bounded operator from L;i(X) to
Li(Y) in a unique way. This means in particular that I'(A)¢ is defined for all £ € L,(X),
p > 1. Nelson’s hypercontractive inequality says the following. Let A be a contraction
from H; to H). Then I'(A) is a contraction from L,(X) to L,(Y") for 1 < ¢ < p provided

that Lo
q—1
i< (2=5) (+)

If (4) does not hold, then I'(A) is not a bounded operator from L,(X) to L,(Y").
A further generalization of this result can be found in [16].

The following discussion may help to understand the relation between Nelson’s
hypercontractive inequality and Corollary 5.6. Let us apply Nelson’s inequality in the
special case when (X, t € T') = (Yy, t' € T") is a stationary Gaussian field with spectral
measure G, ¢ = 2, p = 2m with some positive integer m, A = c-1d, where Id denotes the
identity operator, and ¢ = (2m — 1)71/2. Let H¢ and HS be the complexification of the
real Hilbert spaces H and H,, defined in Section 2. Then Lo(X) = H® = H§ + HS +
by Theorem 2.1 and formula 2.1. The operator I'(c - Id ) equals ¢™ - Id on the subspace
H2. If hy, € H}, then Ig(hy,) € Hp, hence the application of Nelson’s inequality for the
operator A = ¢ - Id shows that

1/2m 1/2m < 1/2

(Elg(hy)*™) =c " (E(T(c-1d)Ig(hy))*™) " (Elg(hy)?)

i.e.
m

Elg(hy)*™ < 2" (Blg(h,)?)™ = 2m — 1)™" (Elg(ha)?)
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This inequality is very similar to the second inequality in Corollary 5.6, only the mul-
tiplying constants are different. Moreover, for large m these multiplying constants are
near to each other. I remark that the following weakened form of Nelson’s inequality
could be deduced relatively easily from Corollary 5.6. Let A: H; — H/ be a contraction
|A|]| = ¢ < 1. Then there exists a p = p(c) > 2 such that I'(A) is a bounded operator
from Lo(X) to L,(Y) for p < p. This weakened form of Nelson’s inequality is sufficient
in many applications.

Section 6.

Theorems 6.1, 6.2 and Corollary 6.4 were proved by Dobrushin in [7]. Taqqu proved
similar results in [36], but he gave a different representation. Theorem 6.6 was proved
by H. P. Mc.Kean in [26]. The proof of the lower bound uses some ideas from [14].
Remark 6.5 is from [23]. As Proposition 6.3 also indicates, some non-trivial problems
about the convergence of certain integrals must be solved when constructing self-similar
fields. Such convergence problems are common in statistical physics. To tackle such
problems the so-called power counting method (see e.g. [22]) was worked out. This
method could also be applied in this section. Part b) of Proposition 6.3 implies that the
self-similarity parameter oo cannot be chosen in a larger domain in Corollary 6.4. One can
ask about the behaviour of the random variables §; and £(y) defined in Corollary 6.4 if
the self-similarity parameter « tends to the critical value 5. The variance of the random
variables &; and £(¢) tends to infinity in this case, and the fields §;, j € Z,, and £(yp),
¢ € 8§, tend, after an appropriate renormalization, to a field of independent normal
random variables in the discrete, and to a white noise in the continuous case. The proof
of these results with a more detailed discussion will appear in [10].

In a recent paper [19] Kesten and Spitzer have proved a limit theorem, where the
limit field is a self-similar field which seems not to belong to the class of self-similar fields
constructed in Section 6. (We cannot however, exclude the possibility that there exists
some self-similar field in the class defined in Theorem 6.2 with the same distribution
as this field, although it is given by a completely different form.) This self-similar field
constructed by Kesten and Spitzer is the only rigorously constructed self-similar field
known for us that does not belong to the fields constructed in Theorem 6.2. I describe
this field, and then I make some comments.

Let By(t) and Bs(t), —oo < t < 00, be two independent Wiener processes. (We
say that B(t) is a Wiener process on the real line if B(t), t > 0, and B(—t), t > 0, are
two independent Wiener processes.) Let K(x,t1,t2), © € R, t; < to, denote the local
time of the process B; at the point x in the interval [¢1,¢2]. The one-dimensional field

Zn:/K(x,n,n+1)B2(dx), n=...,—1,0,1,...,

where the integral in the last formula is an Ito integral, is a stationary self-similar field
with self-similarity parameter %.

To see the self-similarity property one has to observe that
K(A\Y22, M1, Mo) 2 AY2K (2,t1,t5) forallz € RY, ¢ <ts, and A > 0
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because of the relation By (Au) 2\1/2B, (u). Hence
n—1
> Z;=n'” / K(n~122,0,1)By( dx) 2 n*/4 / K (2,0,1) By(dx) = n*/12,.
j=0

The invariance of the multi-dimensional distributions of the field Z,, under the trans-
formation (1.1) can be seen similarly.

To see the stationarity of the field Z,, we need the following two observations.

a) K(z,5,1) 2 K(z +n(s),0,t — s) with 5(s) = —Bi(—s). (The form of 7 is not
important for us. What we need is that the pair (n, K) is independent of Bs.)
b) If a(x), —0o < & < o0, is a process independent of By, then

/oz(:z: + u)Ba(dx) = /a(m)B2(dac) for all u € R*.

It is enough to show, because of Property a) that

/K(a; F(s),0,t — 5) Ba( d) 2 /K(az,O,t _ 8) By(dx).

This relation follows from property b), because the conditional distributions of the left
and right-hand sides agree under the condition n(s) = u, u € R

The generalized field version of the above field Z,, is the field

Z(p) = —/ [K(m,O,t)Z—f dt] Bo(dz), ¢€S.

To explain the analogy between the field Z,, and Z(¢) we remark that the kernel of the
integral defining Z,, can be written, at least formally, as

d
K(:Ij‘, n,n + 1) = /X[n,n+1) (u>@K(x7 n, u) du7

although K is a non-differentiable function. Substituting the function x(, »,+1) by ¢ € S,
and integrating by parts (or precisely, considering d%K as the derivative of a distribu-
tion) we get the above definition of Z(y).

Using the same idea as before, a more general class of self-similar fields can be
constructed. The integrand K (z,n,n 4+ 1) can be substituted by the local time of any
self-similar field with stationary increments which is independent of By. Naturally, it
must be clarified first that this local time really exists. One could enlarge this class also
by integrating with respect to a self-similar field with stationary increments, independent
of By. The integral with respect to a field independent of the field K(x,s,t) can be
defined without any difficulty.
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There seems to be no natural way to represent the above random fields as random
fields subordinated to a Gaussian random field. On the other hand, the local times
K (z,s,t) are measurable with respect to By, they have finite second moments, therefore
they can be expressed by means of multiple Wiener—Ito6 integrals with respect to a white
noise field. Then the process Z,, itself can also be represented via multiple Wiener—Ito
integrals. It would be interesting to know whether the above defined self-similar fields,
and probably a larger class of self-similar fields, can be constructed in a simple natural
way via multiple Wiener—It6 integrals with the help of a randomization.

Section 7.

The definition of Wiener-It6 integrals together with the proof of Theorem 7.1 and
Proposition 7.3 are given by It in [18]. Theorem 7.2 is proved in Taqqu’s paper [37].
He needed this result to show that the self-similar fields defined in [9] by means of
Wiener—It6 integrals coincide with the self-similar fields defined in [37] by means of
modified Wiener—Ito integrals.

Section 8.

The results of this section, with the exception of Theorem 8.7 are proved in [9]. The-
orem 8.7 is proved in [23]. This paper was strongly motivated by [29]. Lemma 8.3 is
formulated in a slightly more general form than Lemma 3 in [9]. The present formula-
tion is more complicated, but it is more useful in some applications. Let me explain this
in more detail. The difference between the original and the present formulation of this
lemma is that here we allow that the integrand Ky in the limiting stochastic integral
is discontinuous on a small subset of R*”, and the functions K may not converge on
this set. This freedom can be exploited in some applications. Indeed, let us consider
e.g. the self-similar fields constructed in Remark 6.5. In case p < 0 the integrand in the
formula expressing these fields is not continuous on the hyperplane z; + - - - 4+ z,, = 0.
Hence, if we want to prove limit theorems where these fields appear as the limit, and
this happens e.g. in Theorem 8.7 then we can apply Lemma 8.3, but not its original
version Lemma 3 in [9)].

The example for non-central limit theorems given by Rosenblatt in [28] and its
generalization by Taqqu in [34] are special cases of Theorem 8.2. In these papers only
the special case Hy(z) = 2 — 1 is considered. Later Taqqu [37] proved a result simi-
lar to Theorem 8.2’, but he needed more restrictive conditions. The observation that
Theorem 8.2’ can be deduced from Theorem 8.2 is from Taqqu [34].

The method of [28] and [34] does not apply for the proof of Theorem 8.2 in the case
of Hi(x), k > 3. In these papers it is proved that the moments of the random variables
ZX converge to the corresponding moments of Z*. (Actually a different but equivalent
statement is established in these papers.) This convergence of the moments implies the
convergence Z. KA Z} if and only if the distribution of Z; is uniquely determined by
its moments.

Theorem 6.6 implies that the n-th moment of a k-fold Wiener—It6 integral equals
to e(knlogn)/2+0(n)  Hence some results about the so-called moment problem show that
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the distribution of a k-fold Wiener—Ito integral is determined by its moments only for
k =1 and k = 2. Therefore the method of moments does not work in the proof of
Theorem 8.2 for Hy(z), k > 3.

Throughout Section 8 I have assumed that the correlation function of the under-
lying Gaussian field to which our fields are subordinated satisfies formula (8.1). This
assumption seems natural, since it implies that the spectral measure of the Gaussian field
satisfies Lemma 8.1, and such a condition is needed when Zg,, is substituted by Zg, in
the limit. It can be asked whether in Theorem 8.2 formula 8.1 can be substituted by the
weaker assumption that the spectral measure of the Gaussian field satisfies Lemma 8.1.
This question was investigated in Section 4 of [9]. The investigation of the moments
shows that the answer is negative. The reason for it is that the validity of Lemma 8.1,
unlike that of Theorem 8.2, does not depend on whether the spectral measure G has
large singularities outside the origin or not. The discussion in [9] also shows that the
Gaussian case, that is the case when Hy(z) = Hy(z) = x in Theorem 8.2, is considerably
different from the non-Gaussian case. A forthcoming paper of M. Rosenblatt [30] gives
a better insight into the above question.

The limiting fields appearing in Theorem 8.2 and 8.6 belong to a special subclass of
the self-similar fields defined in Theorem 6.2. These results indicate that the self-similar
fields defined in formula (6.5) have a much greater range of attraction if the homogeneous
function f,, in (6.5) is the constant function. The reason for the particular behaviour
of these fields is that the constant function is analytic, while a general homogeneous
function typically has a singularity at the origin. A more detailed discussion about this
problem can be found in [23].
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AS/ p.90

D p.7; D p.7

ExpHe p-22; ExpK, p.65

f X9 p-36
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L% p.13

:P(&1,...,8,): P9
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T, p-2
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