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Summary. Let a stationary Gaussian sequence X,, n=...—1,0,1,... and a
real function H(x) be given. We define the sequences YY
1 nN-1 )
=— ) HX)n=..—-101..;N=1,2, ... where Ay are appropriate

AN j=(n-—1)N
normirjlg(con)stants. We are interested in the limit behaviour as N-»co. The
case when the correlation function r(n)=FEX,X, tends slowly to O is
investigated. In this situation the norming constants 4 tend to infinity more
rapidly than the usual norming sequence A Nz]/ﬁ. Also the limit may be a
non-Gaussian process. The results are generalized to the case when the
parameter-set is multi-dimensional.

1. Introduction

Let a stationary Gaussian sequence X,, n=...—1,0, [, ... EX, =0, EX2=1 be
given. We assume that the correlation function r(n)=EX X, satisfies the
relation

r(m)=n""L(n), 0O<oa<l, (1.1)
where L(f), t(0, c0) is a slowly varying function; i.e.

i L(st)
)

=1 for every te(0, c0), 1.2)

and L(t) is integrable on every finite interval. (See e.g. [5] Appendix 1) We
consider a real function H(x) such that H(x) does not vanish on a set of positive
measure,

*  This paper contains results closely connected to those of the paper by Taqqu, Z. Wahrschein-
lichkeitstheorie verw. Gebiete 50, 53-83 (1979). The investigations were done independently and
at about the same time. Different methods were used
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Ojo H(x)exp (—E;) dx=0, (1.3)

and
2
2

T [HX)T exp (—x ) dx < o0, (1.4)

Throughout this paper H;(x) denotes the j-th Hermite polynomial with highest
coefficient 1. Because of (1.3) and (1.4) we may expand H(x) as

o

H(x)——-jg‘1 c; H,(x) (1.5)
with
_OZO:I ctjl<oo. (1.6)
i=
We consider the sequence H(X,), n=...—1,0,1,... and take the so-called
renorm group transformation (see e.g. [1, 2]), i.e. we define the sequences
1 Nect =..—-10,1,...

where Ay is an appropriate positive norming constant. We consider the case
N - oo, and we are interested in the limit process Y,* if it exists.
In our situation the mixing conditions guaranteeing the central limit theo-

rem with the usual norming factor ]/N for sums of weakly dependent random
variables (see e.g. [5]) do not hold, and actually both the norming factors and
the limit distribution may differ from the usual ones. (Let us remark that by the
central limit theorem we mean a slightly stronger statement than it is usually
done in the literature. We demand that the sequence defined in (1.7) tend to a
sequence of independent normal random variables.)

It was Rosenblatt [6] who first observed these new possibilities (see also [5]
19.5). He proved that in case of H(x)=x?—1 the limit distribution may be non-
Gaussian. The problem was later investigated by Taqqu [8]. He proved that the
case of a general H(x) can be reduced to the case H(x)=H(x), and gave a
complete solution for the problem in case j=1,2.

In paper [2] it was proven that any such limit process has to be self-similar.
In the present paper we show that in the case ¢, =c,=...=¢,_; =0, ¢, %0, oc<%
the limit process exists and belongs to a class of self-similar processes which was
constructed in [1] by means of multiple Wiener-Itd integrals. (It was called It6
integral in [1].) Our method based on the properties of the Wiener-1td integrals
is different from that of the papers [6] and [&].

Now we formulate
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1
Theorem 1. Let (1.1) hold with OC<E, where k is the smallest index in the expansion

(1.5) for which ¢, £0. Then, if N— co and we choose

ke K
Ay=N'"7 L(N)3, (1.8)

the finite dimensional distributions of the sequence YN, n=...—1, 0,1, ... defined in
(1.7) tend to that of the sequence Y given by the formula

k ) ei(x1+...+xk)_1 a—1
Y¥=D 2¢ femnit 0 _— — — —|x |72
i+ ..+ xp)
a—1
] Z AW (x,) . AW () (1.9)
where
° oam
D= | exp(ix)|x|*~*dx=2I(a) cos (7) (1.10)

Formula (1.9) denotes multiple Wiener-It6 integral with respect to the random
spectral measure W of the white-noise process.

The notion of the Wiener-1td integral with respect to the random spectral
measure of a stationary process (or of a stationary random field) is a slight
modification of the usual Wiener-Ité (or=Wiener) integral with respect to a
Gaussian orthogonal measure. This modification is needed because of the
evenness of the spectral measure. The definition and the basic properties of this
integral needed in the present paper can be found for example in [1].

.. 1 .
We make some comments on the condition oc<£. We remark that if £ and

are jointly Gaussian random variables EE=En=0, EE*=En’=1, Eén=r,
then

EHk(f)Hj(n):o“j,kr"kI. (1.11)
(see ¢.g. [7], Theorem 1.3).

. . . 1 .
It is easy to see, applying (1.11), that in case a< E the variance

D (él H(Xj)) = N2-k* L(N), (1.12)

(Here and in the following relation y,><d, means that ¢~ '6,<y,<cd, for some
0<c<o0)
This explains the choice of 4, in (1.8).

1 N
On the other hand if > then D (Z H(X j))xN . This indicates that the
j=1

dependence between distant H(X,)—s is sufficiently weak, therefore it is natural
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to expect that the central limit theorem holds with the usual normalization. We
shall prove this fact in a subsequent paper.

1
The case o=y deserves special attention. It may happen in this case (e.g. if

N
L(n)<1) that N-'D (z H(Xj)) — 00, 1.e. the behaviour of the variance is not

j=1

1
similar to the weakly dependent case. On the other hand, if a=y formula (1.9) is

meaningless, since
ei(x1+...+xk)_ 1 2

(X +...+x)

——1

1 1
Ix 7 x e tdxy L dx, = 0. (1.13)

We give a short proof of the last relation. Let us define the sets D, in the k-
dimensional Euclidian space

1 n n .
—n—§<x1<—n; E<xj<E, j=2,...k—1;

Dn={(x1,...xk)
1
n—=(Xy 4. X ) <X, < (n+§>—(x2+...+xk_1)}, n=1,2 ..

It is easy to see that the sets D, are disjoint for different n, their Lebesgue

1
measure A(D,)>C, n*~ 2 and the integrand in (1.13) is bigger than C,(nk ') on
the set D, with appropriate positive constants C,, C,.

Thus the integral in (1.13) can be estimated from below by

o ei(x1+...+Xk)__ 2 1—1 lﬁ1
Yo F e Ix e X e T dx L dx
vt D, | FX )
® 1
2C,C, ) —=co.
n=1 N

1
We will show in a subsequent paper that in the case o=y the central limit

theorem holds again, but the norming factor may be different from the usual 4,
zl/ﬁ

We will obtain Theorem 1 as a consequence of a more general theorem, in
which the parameter set of the X —s is multi-dimensional. In order to formulate
this result, we introduce some definitions and notations.

R will denote the v-dimensional Euclidian space, 8” the Borel s-algebra on
it. (-, ») means scalar product, and |-| absolute value in R*. Z” is the set of points
in R” with integer coordinates. Given an xeR” or x€Z” the superscripts
xW, ..., x™ denote its coordinates. If xeR”, [x] denotes its integer part, ie. n
=[x]eZ", and x" -1 <nP<xY, j=1,2,...v. $*~ ! is the unit sphere in R”; §*~*
={x|[|x|=1, xeR"}. Given a set Aec#* A’ denotes its v-th power, ie. A*
={x|xeR”, xPed,j=1,...v}. Finally, if 45", 04 denotes its boundary. Let uy,
N=1,2,... be a sequence of finitc measures on #*. We say that the sequence iy
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tends weakly to a finite measure pq if | f(x) puy(dx)— | f(x) pio (dx) for every
bounded continuous function f on R’. Let py, N=1,2,... be a sequence of
locally finite measures (i.e. uy(B)< oo for every bounded Be#%”). We say that
they tend to a locally finite measure p, locally weakly, if
§f(x) py (dx) = [ f(x) o (dx) for every continuous function f with a bounded
support. A sequence y, of finite measures tends weakly to a measure u, (which
is necessarily also finite), iff the sequence uy tends locally weakly to u,, and

lim sup py(Ix|>A4)=0. (1.14)

A-oc0 N

A sequence uy of bounded (locally bounded) measures tends weakly (locally
weakly) to a measure g iff for every (every bounded) set with the property
Uo(0B)=0 we have lim uy(B)=uy(B).

A set of random variables X,, neZ” is called a v-dimensional stationary
Gaussian field, if the random variables X, ,... X, have a joint normal distribu-
tion for any n,,...meZ"; EX,=EX, and EX,X,=EX, X, for any jneZ".
r(n)=EX, X, is the correlation function of the field. We assume throughout this
paper that EX,=0, EX3=1.

A stationary Gaussian field always has a unique spectral measure G,
concentrated on the cube (—, n]", such that

r(n)={e*" G(d). (1.15)
Obviously we have
G(~m r]vy=EXi=1.

A stationary Gaussian random field can always be represented in the form
X,=[e"¥Z_(dx),

where Z; is the random spectral measure of the field (see e.g. [1]).
We are given a function H(x) with the properties (1.3) and (1.4). We define

i
YV=—— Y H(X), neZ’ N=12 .. (1.16)

" Ay Gy
with an appropriate norming factor 4,, where
BY={jljeZ®, " N<jO@<m®+1)N, I=1,...v} (1.17)
We denote BY=B{. We need the following

Proposition 1. Let the stationary Gaussian random field X,,neZ” have a cor-
relation function

)~ Laha (). 0o (118
where 0<oa<v, L(t) is a slowly varying function of te[0, c0) and a(t) is a
continuous function on S*~ 1
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Let G be the spectral measure of X, and define

N(l
L(N)

Gy(d)= G(N-'A4), AeB*, N=1,2, .. (1.19)

Then there exists a locally finite measure G, such that

lim Gy=Go. (1.20)

N-o

in the sense of locally weak convergence. G, can be considered as the spectral
measure of a generalized stationary random field on R’. It has the following self-
similarity property:

Go(A)=t"*Gy(tA), AeB, te(0, o), (1.21)

and it is determined by the relation

X j’ et(t x) n ( (J) GO(dX)

Il

x-+t
a(lx+tl>
foa=x®p..(1=x")————~dx teR" (1.22)

L1 x+t*

This proposition is a variant of well-known Tauberian theorems. As the
authors could not trace this variant in the literature they give its proof as a by-
product of other constructions. The main result of the paper is

Theorem 1’. Let the conditions of Proposition1 be fulfilled, and let k be the
smallest index in the expansion (1.5) such that c,=0. Assume that

0<a<£ (1.23)

With the choice of

k
2

AN=N”‘%[L(N)J (1.24)

the finite dimensional distributions of the random fields defined in (1.7) tend to
those of the random field ¥, neZ”, given by the formula

Y=g fem Tt K (0. %) Zg (dxq) ... Z g (dxy). (1.25)

The last formula means multiple Wiener-Ité integral with respect to the random
spectral measure determined by the measure G, ( G, is defined in Proposition 1),
and

v l(xU)+ +XU))

1

—— 1.26
El ixP 4. +xP) (1.26)

KO(xla '-'axk)z
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Remark 1.1, Theorem 1 is a consequence of Theorem I’ and Proposition 1.
Because of the formula for change of variables in Wiener-Ité integrals (see [1]
Proposition 4.2) it is sufficient to show that under the conditions of Theorem 1
the spectral measure G, has the density function D~*|x|*~ 1. If G has a spectral
density D~ Yx[*~ !, —n<xZr then r(n)~n"* (see [9] §5.2) and G, has also a
spectral density D~'[x[*~!. Relation (1.22) implies that in the case v=1, G,
depends only on o in (1.1).

Sections 2 and 3 of this paper contain the proof of Theorem !'. In Sect. 4 and
5 relations to some earlier results are discussed. In Sect. 6 we investigate a
generalization of Theorem 1’ to the case when H is a function of several
variables.

2. Proof of the Main Theorem

Condition (1.18) implies that the measure G is nonatomic (Le. there is no point
with positive G measure). There is a well-known result (see e.g. [9] §3.9) which
implies this fact in the one-dimensional case. Also the multi-dimensional case
can be proved the same way. Indeed, given a v-dimensional spectral measure G,
one can consider its one-dimensional projection G(A)=G(4 x(—mx, n]"~ "),
Ae#*. Tts Fourier coefficients satisfy the relation #(k)=r(k,0,...,0). Thus the
measure G and therefore also the measure G is nonatomic.

Thus the definition of Wiener-Itd integral given in [1] with respect to the
random spectral measures Z and Z; is maningful.

Let us first discuss the case H(x)=H,(x). By the formula expressing Wiener-
1td integrals in terms of Hermite polynomials we may write

Hy(X,)=H,(] & Z(dx))
=[ent et Z (dx,)... Zg(dx,). (2.1)
Now applying the notations of Theorem 1’ and the formula for change of
variables in Wiener-Itd integrals, mentioned before, we can see that the random

variables (1.16) have the same joint distributions for fixed N as the following
ones, which we identify with them for the sake of simplicity.

1

.1
tj(j,x1+...+xk)
YnNsz ZNfe N Zg(dxy)... Z gz (dx;)
JeBn (2.2)
=[x T AWK (X1, X)) Zgy(dxy).. Zg, (dx,)
where Z._ is the random measure corresponding to G,, and
GN p g N
1 il jaX1+ ..o+ XK
Ky(xg.x)= Y ——e v 0T
iems N (2.3)
Y expx(i(xP+...+x)—1 '

1 :
=1 [exp (iﬁ(xﬁ”—i-... +x§f))) —1] N
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Let us introduce the following piecewise constant modification of the Fourier
transform:

L

Oty ont) =[N W mt et o3 K (L, X1 Gyldxy).. Gyldx,)  (2.4)

where j,=[1,N], p=1,2, ..., k. Using the middle term in (2.3) and (1.15) we can
see that

Onty, oty

1 ) ]
gmp;év qEZBgV(P—quJI)'--V(P—q +y) (2.5)

S — Y (N=IpP) . (N =pDr(p+iy)...r(p+)i)
N2v- ka L(N)k peBN 1 k/»

where
B¥={p|-N<pV<N,j=1,2...v}.

This formula enables us to investigate the asymptotic behaviour of ¢,.
In order to prove Theorem 1’ we need the following lemmas:

Lemmal. lim o@u(t,,...,t;)=g(ty, ..., t,) uniformly in every bounded region,

N-oa
where
8ty st X+t X+t
() <) 29
= 141} ) 1 k
Hj’mu [xM))... (1 =]xD) TN

is a continuous function.

Lemma 2. Let p,, ji,, ... be a sequence of finite measures on R' such that py(R!
—[=Cy=x, Cyn])=0, with some sequence Cy— . Define the function
(L x
ox(t)=f e & )uN(dx), 2.7)
Rl

where jeZ' is j=[t Cy]. If for every teR' the sequence @(t) tends to a function
@(8) continuous in the origin then py weakly tends to a finite measure p,. ¢(t) is
the Fourier transform of u,.

Lemma 3. Let Gy be a sequence of non-atomic spectral measures on %" tending
locally weakly to a non-atomic spectral measure Gy, Ky(x,, ..., x,) a sequence of
measurable functions on R¥ tending to a continuous function Ky(x,,...,x,)
uniformly in any rectangle [— A, AJ*. Moreover, let the functions IZN satisfy
the relation

lim ) 1Ky (x1s-es X% Gyldx,)... Gy(dx,)=0 (2.8)

Aooo RkV—[—A,A]k"
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uniformly for N=0,1,2,.... Then the Wiener-It6 integral

FRo(x1s %) Zg (dXy)... Zg, (dx,) 2.9)
exists and the sequence of Wiener-Ité integrals

[By(xys oy x0) Zg(dXy)... Zg, (dx,) (2.10)

tends in distribution to the integral (2.9) as N — co.

It is enough to prove that for any integer I, n,,...,n,€Z" and real numbers
B, ..., B, the distribution of the random variable

B, Yo,

b “np
1

I
=Y (BTt K (xy, ., %) Zey (dx,)... Zg, (dx,)
p=1

]~

p

(see (2.2)) tends to that of the random variable

1
=3 (B, it dRIK (x,, ..., %) Zg,(dx,)... Zg, (dx,).
p=1

We shall apply Lemma 3 with the choice

1

Ky(xq, ooy x)= Y. By ettt K (x,, ..., x,) (2.11)
p=1
and
1
Rolxy, o x)= Y B, ettt K (x, .., X)) (2.12)
p=1

We have to check the validity of the conditions of Lemma 3.
A comparison of formulas (1.26) and (2.3) makes it clear that K =K,
uniformly in [ — A4, A]*". The convergence Gy— G, is stated in Proposition 1.
The sequence of the measures py,

1
— ' i, x1+...+x5)(2
py(A)= £ p; Bye (2.13)
ARy 0cqs oo X )12 Gyldxy)... Gyldx,), AcH*
tends locally weakly to the measure y,,
i
— i{n,x1+...+xx)l2
“O(A)-£ p;l ﬂpe (214)

AKXy - X2 Goldxy)... Goldxy), AcB*.
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The measure py, N=1,2,... is finite and is concentrated to the rectangle
(—N =, N z]*". The following identity holds:

It

L1
Un(= [ %7 nyld)
, (2.15)
1

R
i
= Z Z ﬁrﬁquN(tl_I_nr_nsa '-'5[k+nr—ns)
=1s5=1
where t=(t;, ..., 1), t,€R*, m=1,2, ... k; j=[tN].

Thus Lemmas 1 and 2 imply that the measure u, is finite, and the sequence
Uy tends weakly to it. Thus the condition (1.14) is fulfilled and this implies (2.8).
Thus Lemma 3 implies Theorem 1 in the special case H(x)=H,(x).

Let us now consider the case of a general H(x). Define

o0
Zi=%, Y gH(X), neZ’, N=12...
seBp j=k+1

Relation (1.11) implies that

E(Z)= Y ¢ij! ZN[r(t—s)]j.
joka1 5, Bl

It is easy to check with the help of (1.6) and (1.18) that
E@N*=0(N*»~ D2 (N} 1)+ O(N*) as N- oo.

Thus Ay * ZY¥—0 in probability as N — oo for every n, and this implies that H(x)
can be replaced with ¢, H,(x) in Theorem 1.

3. Proof of the Lemmas and of the Proposition

Proof of Lemma 1. Let us define the function

fN(tlv'-'atksx)
_<1_[x(1)N]) (1_[x(V)N])r([xN]+j1) r([x N1+j,) (3.1)
VTN VTN Ny NI

where again j,=[t,N], p=1,2,....k, xe[ -1, 17".
Because of (2.5) we have

Pxlty,nt)= [ fylty, by, b, x)dx. (3.2)

[-1,1p
Define the set

AV, ) ={x|xe[—1,17", |x+¢| <¢ for some [, I=1, ... k}.
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The well-known Karamata theorem (see e.g. [5] Appendix 1} implies that for
any C>¢>0

£(—ml—1l=0. (3.3)

lim  sup LN)

N—ooc eNam<CN

Because of (1.18) and (3.3) we have for any K >0, ¢>0

lim Sup lfN(tls~~->tkax)#_f(t1:"-a[kwx)I:O (34)
N-ooo 1111<K,...,Itk|<K

xel~ 1,1V = 4T (1, o0 tr)

where

Sy, iy, 5,x)

¢ (1);:11) “ (|:::k|)

=(1—]x")...(1~xM) PRSI (3.5)
In order to complete the proof of Lemma 1 it is sufficient to show that
[t ta, ot b, X dx < C(e) (3.6
thx+ul<gol-1, 11
and
[ft,ts, . b, X)) dx < C(e) (3.7

{lx+uj<enl-1,1]v

for every I1=1,2,...,k if |t,|<K, ..., |t,| <K, where C(e)—0 as ¢—0. Relation
(3.7) also implies the existence and the continuity of g(,, ..., 7).
By Holder’s inequality

[f(t ty, . b, x) dx
{|x+t:]<gn[-1,11 .

= [Ik] § (1*[X<s>|)kM

k
s=1 fx+rul<enl—1, 1] [x 41

(3.8)

1

E
dx] <K, &

Here and in what follows K, K,,... denote some appropriate constants de-
pending only k and the correlation function #(-).

Let us now turn to the proof of (3.6). Let y>0 be so small that v—k(x
+7v)>0. It 1s easy to deduce from the Karamata theorem that a slowly varying
function L(z) satisfies

N 7
L)=K, (7) L(N), O0<£t<NK,, N=1,.... (3.9)
" Thus formula (1.18) implies that

() K [l * L(n]) a (ﬁ) <K N “L(N) (%) (3.10)
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Thus for large enough N
§ o ey sty ) dx

{lx+t:| <&}
1
ém' ZB (N=1pD . AN =pDIr(p+jy) ... r(p+i)
peBY
lp+jil < 2eN (3.11)
Ks | P\ i\
< p+ijil P+l
<5 N—lp®)...(N—[p® (_) (_)
N h (V=D (NI (B ¥
Ip+jil<2eN
< { ity by, x)dx.

_[7 L1V nf|x+5]<e
where

- 1
Fltgs ooy 1o ) =(1=xO) .. (1~ [x0)

|x+t1|a+y |x+tk|a+y'

Now an estimation similar to (3.8) shows that the right-hand side of (3.11) is
smaller than K. ¢'~*@*? Thus (3.6) also holds.

Proof of Lemma 2. Lemma 2 is an analogue of the well-known theorem about
the equivalence of the weak convergence of measures and the convergence of
their Fourier transforms. Their proofs are also very similar.

First we show that for any ¢>0 there exists a K >0 such that

py(x|xeR! [xV>K)<e for every N=1. (3.12)

As @(t) is continuous in the origin, we can find a 6 >0 such that

|(p(0,...,0)—(p(t,0,...,0)|<§ if |t] <, (3.13)
We have
0=<Re[oy(0,...,0)—@y(t, ..., 0] =2 ¢y(0, ..., 0). (3.14)

The sequence in the middle of (3.14) tends to Re[¢(0,...,0)—of(t, ..., 0)].
The right-hand side of (3.14) is bounded since it is convergent. Thus, because of
the Lebesgue theorem and (3.13) we may write

]
. 1
lim SSRe[(pN(O,...,O)—(pN(t, L0 de

N-oo 0
14
o
0

Applying this relation together with the inequality

Re[0(0,...,0)—o(t, ..., 0)] dt<%.

i =

[1—e?>Clyl, —n<y<n with some C>0
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we obtain the following inequality for arbitrary K >0:

5>hm Re- j[(pN 0=yt ..., 0] dt

N—oo

1 [ecw jx

—lim Re | [1~5C ZecN],uN(dx)
N Jj

N—oo [—-Cn=, Cyrll 0
[6C~1 xt
>limsup Re | [1 ~5C Y e O ]uN(dx)
N—o0 K<|[x(D]<Cnm N j=0
=)
' 1 1— el([acN]‘F 1= Cx
=limsup Re | 1—6 . E Un(dx)
N-oo E<|xW|<Cnn N l_elE;

2
>1lim su [1 ——-] (d).
o N—»oop{lx(l)j';[(} 5CK 'uh( )

Choosing K =4/6 C we obtain that limsup p_(]x'"|>K) <& which implies (3.12).
N-o

Applying the same argument to the other coordinates we find that for any
£>0, some K=K{(¢) and all N

unR'—=[ =K, K]H<e. (3.15)
Define
Pyt)= f e po(dx), reR. (3.16)
Rl

A comparison of (2.7) and (3.16) shows that (3.15) implies the relation @y(z)
—@n(t)—>0 as N— co. Thus Py(t)— @(1), and Lemma 2 follows from standard
theorems on Fourier transforms.

Proof of Proposition 1 Put

v _ (W]
KN(X):IKN(X)IZ: 1—[ 1—cosx -
i=1 52 xJ
Ne{l1—cos——
N xeR” (3.17)
~ v 1—cosxV
Ko =IKo(al =2 [T =y

where K and K, are the functions introduced in (2.3) and (1.26) for k=1. It is
clear that K (x)— K,(x) uniformly in every bounded region as N — co. Apply-
ing Lemmas 1 and 2 to the case k=1 we obtain that the sequence of the
measures

ux(B)=[ Ky(x) Gy(dx), Be®B (3.18)

B

tends weakly to the finite measure u, determined by its Fourier transform g(z),
given by formula (2.6) in case k=1. As Ky(x) is continuous and does not vanish
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in [——g, g} we have for every Be#”; B« [—g, %] and u,(0B)=0

lim GN(B)=£ [Ko(x)]™ " o(dx) =G, (B) (3.19)

N-oxo

where Gy(+) is a measure on the measurable subsets of [—g, g] .

We show that for any t>0 and Be#", Bc [~E, T

—1, G,(0BY=0 i
5 2], o(0B) the relation

lim Gy(tB)=1* G,(B) (3.20)

N-wx

N NV LM M
holds. Let us choose M = [T] Then Gy (tB)= (M) Z((W)) Gy, (IN—B).
NY LM
It is clear that (M) ﬁ% —t% and thus because of the condition G4(0B)=0

M
Gy, (tﬁB>~+G0(B) as N-ooo.

Thus (3.20) is proved.

Relation (3.20) implies that for every B,, B,e#" B,, B, c [~T2—E, g] , B,=tB,

with some >0 the identity
Go(By)=1" Gy(B,) (3.21)

holds. Indeed, by (3.20) this identity holds if G,(dB;) =0, (j=1,2), but then it
must hold also without this restriction. Now we can define Gy(B) for every

bounded set Be#” in the following way: If Be#®, B< [—K %, K g] then G,(B)

1 . . . v,
=K* G, (E B). This definition does not depend on K, and if B< [—%,%] it
agrees with the definition given before. Extending this set function G, to #* we

obtain a locally finite measure G,. The relation (3.20) holds also without the
condition B [—g, %] , and this implies that Gy tends locally weakly to G, if

N - o0. It is evident that (1.21) holds. ~
The relation (3.18) and the fact that K, — K, uniformly in every bounded set
imply the equation

Ho(B) zlj; Ko(x) Go(dx) (3.22)

for every bounded (and thus also for every unbounded) set Be%". As the Fourier
transform of u, is g, relations (3.22) and (2.6) imply (1.22).
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Proof of Lemma 3. In this proof we shall use the notations of §4 in [1]. Let Hf;o
be the subspace of the space ﬁéo, introduced in [1], consisting of those functions
heﬁéo for which every level set, {h=c} for some ¢, satisfies the relation G,(d {h
=c})=0. If he Hg_ the identity

lm [ h(xy, ..., x) Zg, (dxq) ... Zg, (dx,)

N-o00

={hixy,....x) Zg, (dxy) ... Zg, (dx;) (3.23)

holds, where lim means convergence in distribution. Indeed, the integrals in
(3.23) are the polynomials of the random variables Z; (B) (the B—s are the level
sets of the function h) with coefficients independent of N. Now, as the joint
distributions of the variables Z; (B) tend to the joint distributions of the
variables Z; (B)—s, (3.23) holds true. ~

We claim that for any ¢>0, there exists an he H, such that

[ IRy e, X)) —h(xy, . x)1? Gyldx ) ... Gy(dx,)<e (3.24)

Rkv
if N=0 or N>N(g).

Indeed, because of (2.8) the K, can be approximated by functions with
compact support. Thus the continuity of K, and the uniform convergence of the
Ky—s to K, on bounded regions imply (3.24). (3.24) is equivalent to the
statement

EI[[Ry(Xps s X=Xy, x)] Zg, (dxy) ... Zg (dx) P <e (3.25)

if N=0 or N>N(e).
The condition (2.8) implies that

FIKo(x 1, -os X )12 Goldxy) ... Goldx,) < oo.

so the Wiener-I1t6 integral (2.9) exists and the formulas (3.23), (3.25) imply
Lemma 3.

4. Discussion on the Conditions of Theorem 1’

The most important condition of Theorem 1’ is formula (1.18) which describes
the asymptotic behaviour of the correlation function. Now we discuss possibi-
lities of weakening it.

Remark 4.1. In a paper of Dobrushin and Takahashi [4], devoted to the
description of the Gaussian self-similar fields with discrete parameters, the
following result is proved.

Let G, be a spectral measure satisfying the self-similarity property (1.21) with
some o, 0<a<vy, and let H(x)=x. The finite dimensional distributions of the
field defined in (1.16) with an appropriate sequence Ay, tend to the finite
dimensional distributions of the Gaussian self-similar field given in (1.25) with k

=1, iff Ay=N""2L(N) with a slowly varying function L(+) and the relation
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(1.20) holds. Thus in case of k=1 the main condition (1.18) can be replaced by
the weaker condition (1.20) concerning the behaviour of the spectral measure.

Remark 4.2. One may ask whether condition (1.18) can be substituted with (1.20)
also in the case H(x)=H,(x), k=2.

The answer is in the negative. First we give a heuristic explanation of the
difference between the cases k=1 and k= 2. Then we briefly discuss an example
where the behaviour of the fields defined in (1.16) is completely different in cases
H(x)=x and H(x)=H,(x)=x*—1.

For the sake of simplicity we consider only the distribution of the random
variable Y. Y is expressed in formula (2.2) as the integral of the function
Ky(x;,...,x;,) with respect to the random orthogonal measure Z;. In case of k
=1, Ky(x) is bounded outside of a neighbourhood of 0 over the rectangle
(—~N=n, N=r]’ ie. over the support of Gy. This fact may explain why a condition
like (1.20) about the local behaviour of the spectral measure in the neigh-
bourhoods of the origin is a sufficient condition of Theorem 1 in case k=1.

On the other hand if k=2, Ky(x,,...,x;) is unbounded in every neigh-
bourhood of a point (x,,...,x,)eR*” satisfying the relation x,+...+x,=0.
Therefore it is natural to expect that in this case a big singularity of the spectral
measure G outside of the origin may have an influence on the limit behaviour of
Y. The following example shows that this is really the case.

Let v=1, and let the stationary Gaussian sequence X,, n=...—1,0,1,...
have spectral measure with the spectral density

g(x)=C, Ix|"*+ Cy(Ix—al~" +|x+al ),

where O<a<f<1, f>3, O<a<n, C;, C,>0. Let us consider the sequence of
random variables Y defined in (1.7) in cases H(x)=x and H(x)=H,(x)=x>—1.

We claim that this sequence converges in distribution in both cases, but in the
14+a
first case the good norming factor is Ay=N 2 , and in the second one 4, =N’

This means that in the first case the norming factor depends only on « and in
the second only on . Moreover, the limit distribution is the normal distribution
if H(x)=x, and another one if H(x)=x2~—1.

We briefly sketch the proof. It is not difficult to compute that

EX, X,,,= | ¢™g(x)dx

1 (1
=K,n*! (1+O (E))—FKznﬁ‘lcosna (1+O(;)) 4.1

for some positive K, K,.
The following relation can be proved by means of (4.1):

E (X1 k\; Xk) :Ef F+0(1), , (4.2)

Le. the second term on the right-hand side of (4.1) has a small effect in the
expression (4.2) because of the factor cosna. It is not difficult to see that (4.2)
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1+a
implies that in case of H(x)=x the distribution of ¥;' with norming Ay=N"2
tends to a normal one. The case of H(x)=H ,(x) is different.
We may compute EH,(X,) H,(X,,,) by means of (4.1) and (1.11), and we
obtain that

EH,(X,)H,(X,,)=K;n**=Y(1+cos2na+o(1)).

It is not difficult to see by the help of this relation that the second moments of
the random variables in the sequence

N-1
N-# Y H,(X), N=1,2,.. (4.3)

k=0

have a limit as N — co.

Applying the diagram formula (see e.g. [1] formula (4.23)) it can be shown
that every moment of the expressions in (4.3) converges as N —co, and these
limits are the moments of a uniquely determined distribution. This fact proves
that Y3' has a limit distribution with the given norming factor Ay also in the
case H(x)=H,(x). The calculation shows that the third moment of the limit
distribution is positive, and therefore the limit distribution cannot be normal. It
would be also interesting to discuss more general situations than the case
discussed before.

Remark 4.3. The condition about the continuity of the function a(t) in
Theorem 1’ can be weakened. Carrying out the estimations in Lemma 1 more
carefully one can see that it is sufficient to assume that a(r) is a Riemann
integrable function.

Remark 4.4. In the proof of Theorem 1" we used only condition (1.20) and the
fact that @, tends to g. Because of formula (2.5) the last condition can be
interpreted as a condition on the asymptotical behaviour on the correlation
function which is weaker than (1.18).

5. Comparison with Previous Results

Rosenblatt [6] and Taqqu [8] formulated the problem in a different way. Now
we reformulate our results in order to show their equivalence to those of
Rosenblatt and Taqqu in the cases investigated by them.

First we give an “integral version” of Theorem 1’. We preserve the notations
of § 1.

Define

1 .
ZN(n)=_ﬁ Z H(Xj), N=1,2,...,HEZV,

N7 2 L(N)z =P»
<N, s=1,2,...v, (3.1
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where
D,={jljeZ", 0<j9<n®, s=1,2,...v}.
Consider the random fields
Z¥N=ZY([tN]), N=1,2,...;te[0,1] (5.2)

and
v eit(j) D+ +xP) 1

Z():C — R h
! "jjgl x4+ ... +xP)

Zgo(dxy) ... Zg, (dxy). (5.3)

The following result is a simple consequence of Theorem 1. (Actually they are
equivalent.)

Theorem 2. Under the conditions of Theorem 1’ the joint distribution of ZY, ..., ZN
0

weakly tends to that of Z),...,Z) as N—>oo for every l and t,...,t,c[0,1]".
Proof. It is easy to check, using the properties of the Wiener-It6 integrals, that
E(Z°—Z?? is a continuous function of the variables ¢ and s. Applying the main
condition (1.18) on the correlation function one can see that E(Z)—ZY)? N
=1, 2, ... is a sequence of uniformly continuous functions of the variables ¢ and
5.

Therefore it is sufficient to show that given any integer M >0, the statement
of Theorem 2 holds for tlzjﬁl, ...,t,=]</1—l where j.eZ', and its coordinates are
between 0 and M. But this fact is a straight consequence of Theorem 1, applying
it to the subsequence Y™ neZ®, N=1,...

One of Taqqus main results concerns Theorem 2 when v=1,k=2. He

o
described the limit distribution as that of the random variable Y A4,(¢2—1)
k=1
where &, &,,... are independent standard normal zero-one random variables,
and 2,20, k=1,2,... is an appropriate sequence of positive numbers with
Y. A7 < 0. (He calls it the Rosenblatt distribution, because it first appeared in a
paper of Rosenblatt [6].) In order to show that Taqqu's representation is
equivalent to ours we express the double Wiener-Itd integral

{H(x, y) Zg(dx) Zg(dy) (5.4)

in another form.
Here G is the spectral measure of a generalized field. Therefore

G(A)=G(—A), Ae%H" (5.5)
The function H(-,*) is a complex-vaiued measurable function with the proper-
ties

H(x’ y)=H(y, x)ZH(“y» —X), X, yERv

[ 1H(x, »)I? Gldx) (dy)<co. (5.6)

R2V
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We shall consider the real Hilbert space L%, consisting of the complex valued
functions f(x), xeR" such that

f=f(=x), xeR’ | (57
Rfv |f(x)]* G(dx) < oo.

The scalar product of f(x) and g(x) is defined as

(f,8)={ f(x)g(x) G(dx)

We define the integral operator
Afx)= ] Hix, —y) f() G(dy). (5-8)
RV

which, because of (5.5) and (5.6), maps L, into L. It is easy to see that 4 is a
self-adjoint Hilbert-Schmidt operator, therefore it has a system of real eigen-
values A4, 4,,... in such a way that

Y A2 < 0. (5.9)

Proposition 2. The distribution of the stochastic integral (5.4) agrees with that of
the series

2 & —1) (5.10)

where £, &,,... are independent standard normal random variables. The series
(5.10) converges both in the mean square sense and with probability 1 because of

(5.9).

Proof. Let ¢, @,,... be a complete orthonormal system of eigenvectors of the
operator A.!
One can write

Hix, —y)=§:1 7 0u() 920, (5.11)

where the convergence is meant in the Ly;®L% sense. The properties of the
Wiener-1td integral imply that

RJVH(X, Y) Zgldx) Zg(dy)
:; j Ay @ () 0.(¥) Zgldx) Zg(dy)

=§ A Hy ( 91(x) Zg(dx)), (5.12)

! In most textbooks on functional analysis the existence of a complete orthonormal system of
eigenvectors is proved only in complex Hilbert spaces. Nevertheless the changes needed for the proof
in a real Hilbert space are trivial
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where H,(x)=x?—1 is the second Hermite polynomial. The random variables
§ @u(x) Zg(dx), k=1,2,... are jointly Gaussian and independent because of the
orthogonality of the ¢,—s. Thus (5.12) implies the proposition. It is easy to
check that the operator A corresponding to the integral in formula (5.3) (in case
k=2) is a positive operator.

Indeed, in this case the kernel of the operator A4 is H(x — y) with

”(J) x(} l

H(x)= Ijl ix0

Since H(x) is the Fourier transform of the uniform distribution on the cube

X [0, ;), hence it is a positive definite function.
j=1
Therefore we have for any fel%

(A f, N={[ Hx—y) f(x) f(y) Gdx) G(dy) =0
as we claimed.

Thus in this case every eigenvalue 1, is non-negative.

6. On More General Functions

We shall discuss here the generalization of the original problem to the case
when H is an arbitrary square integrable functional of the Gaussian field.

Let X, neZ’ be the random field considered in Theorem 1', and let z?
denote the real Hilbert space of all square integrable functionals of the field X,
neZ' ie. the space of all random variables with finite sccond moment, which are
measurable with respect to the o-algebra generated by the random field X,
neZ”. It is known, see e.g. [17, that any (e %2, E £=0 can be represented in the
form ;

E= Z joc (X155 %) Zg(dxy) ... Zg(dx)) (6.1

where the o;—s are complex valued functions in the space [L®...QL% with the
properties

(% s s X)=0G(— Xy, ooy —X), Xy, ..o, X;ER” (6.2)

and

5 ]1_, [ 1oy, x)I2 G(dxy) . Gldx,) < . | 6.3)
U Riv

On the random field X,,neZ" there exists a unique group of isometrical
transformations T,: #* — %2 neZ’ in such a way that

T(X)y=(X, )y, ineZ’, s=0,1,2, ... _ (6.4)
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This group is called the shift group. We shall say that the random field
U=T¢ neZ, (6.5)

where £e.#?, E¢=0 is arbitrary, is a stationary field subordinated to the field
X, neZ’.
It is easy to see that U, can be given in the form

o 1 .
U= ﬁjexp[z(n,xl+...+xk)] (X, .00 )
k=1 -
Zo(dx,)... Zg(dxy), neZ. (6.6)

(A similar result for generalized fields was proven in [1].) An important example
of subordinate fields is the following one:
E=H(X,,....X,)
U=H(X, X, 1) (6.7)

where py,...,p.€Z", s=1,2,...,H=H(x,,...,x.) is such a function that {e%?
and E£=0. Let

et YU 63)

AN jeBY

where BY is the same as in Theorem 1, and A4y is an appropriate norming factor.
We have the following

Theorem 3. Given a subordinated field U, in the form (6.6), let k be the largest
integer such that o;=0 in (LgY for every j<k. Let a(x,,...,x,) be a bounded
Sfunction, continuous in the origin and such that

%(0,...,0)%0. (6.9)

Let us assume that (1.18) holds with O<oc<£. Moreover let the relation

2

00 1 N—(j~k)<x

jzkz—{-l LN F 2 | Y (N""’N
K (%, - x)|” Gy(dxy) ... Gy(dx;)—0 10

v—ka k
be satisfied. Then, with the choice Ay=N" 2 L(N)z the finite dimensional

distributions of the field YY tend to those of the field kl-'ock(O, 0,....,0) Y*, neZ,
where Y* is defined in (1.25).

Proof. The proof is very similar to that of Theorem 1. We can write YY in the
form
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21 _Gka k)
Y,.N=.ij—'N 2 L(Nyz s™
Aot

j—k
®x 1 N z° _
=Z T—T—ihxp[l(n,xl—i-...%—xj)]
=kl LNy 2
Xy X
(s 3) Koy 3) Zgy (d,) - Z, (05, (6.11)

(More precisely, the field defined in (6.11) has the same distribution as Y")
. . 1
The term, corresponding to j=k in the sum (6.11) tends to o ©,...,0) Y

This can be proved just the same way as Theorem 1'. The only difference is
that we have to replace the function K(x,,...,x,) defined in (2.11) by
1 Xy Xy,
i

N’W’N) KN(xl,...,xk) in the proof.

et *

The sum of the other terms tends to O in the mean square sense because of
condition (6.10).

As to the main problems in connection with Theorem 3, we have to write the
subordinated field U, in the form (6.6) and check the conditions (6.9) and (6.10).
We make some remarks regarding them.

Remark 6.1. If & is of the form &=(X, ' ... (X, Y then ¢ can be written as
E=(] €00 Zo(dxr .. ([ €0 Zg(dx))e 6.12)

Applying the diagram formula for product of Wiener-1td integrals (see e.g. [1]
Proposition 4.1) this product can be written as the sum of multiple Wiener-1t6
integrals. This transformation enables us to write the field U, in the desired form
(6.6). If & is the sum of some terms given in the form (6.11), then the above
mentioned method can be applied for each term.
If £ is given in the form
=y ‘ dvoolH (V). H (V) (6.13)

.....

where Y;={ h;(x) Zg(dx) and hy, h,,...€l% are orthonormal elements in L7, a
well-known formula (see e.g. formulas 4.14 and 4.15 in [1]) can be applied. This
result yields that

H; (Y)...H; (Y)

1
= ;z_'( Yoo g (%) g, (%) Zgldxy) ... Zgldx,)

* ity .ensin)€Tn

where g;=h, for j, +...+j,_, <i<j, +...+j,, n=j; +...+j,, and 7, denotes the
set of all permutations of the numbers 1,2, ...,n.
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Generally it is not easy to write ¢ in the form (6.13). If £ is given in the form
(6.7) the following algorithm makes it possible to arrive at it. By orthogonali-
zation we can find some linear combinations

8
V=) ¢, X,, Jj=L2..5,
k=1

with s<¢, of the vectors X, ,..., X, and a function H(ul, ..., ) in such a way
that the ¥;—s are orthogonal, EY?=1 and

HX,, ... X,)=H(Y, ..., Y,).

p’

S
Defining h;(x)= Y ¢, eXpLip, ¥}, j=1,2,...,5" we get an orthonormal system
k

-1

h~1,...,hs, in L%, and szf hi(x) Zg(dx), j=1,2,...,s. Expanding the function
Hfuy,...,u,) by the product of Hermite polynomials H; (u,)... H; (u,) we
obtain the desired expansion. In this case all functions «;(x,, ..., X;) appearing in
(6.6) are bounded and continuous.

Remark 6.2. We show that if £ is given by formula (6.7) then the relation (6.10) is
always satisfied. In the proof we apply the second algorithm of Remark (6.1)
preserving the notations. By means of this algorithm we can write

f:

!

Y,

gl

where
1
I/lzszﬁl(xl’ ey xl) ZG(dx1) ZG(dxl)’

and the function B,eHL is of the form

§

Bifxq, . x)= Z djl,...,jz hy (xq) ... hjl(xl)

JisnaJi=1

with appropriate constants d; .
It is not difficult to see that
< 2 . 2
Z djl:r-.,jl_EI/l

Jtyedt=1

Let us also remark that

EV?=E& < (6.14)

Ingl]

=k

On the other hand E(T"V, )(T™ V,,)=0 if I, +1, and condition (6.10) is equiva-
lent to the relation

i
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ke 1

- _EWwWZ2
l=;{~1 NZVAkaL(N)k WN,I_*O (615)

if N— o0, where
Wy,= Y T'V,.
jeBY

In order to see these relations one has to observe that the variable S in (6.11)
agrees with Wy, ; in the case discussed now.
We introduce the notations

T"hix)= ) c; explilp+nx)], neZ’,j=12,..,s.
k=1

Condition (1.18) implies that

|| T2 h; (x) T "™ by, (x) G(dx)

:E(TP Yh) (TP+m Y. ) SKL([mD

J2/ = |m|a

for every j,j,=1,2,...,5 and p,meZ®, where K is an appropriate constant.
This formula and the definition of ¥, together imply that

|[ECT™ V)(T™ 1)l
K'L(lm, —m,)) s 2 (6.16)
§ ( . acl2 ( Z Idjl,,,,,j,l) :
g —my,| Jis e i=1

It is not difficult to prove by the help of (6.16) that

EWY,

ML 6.17
sz_kaL(N)k_) ( 1 )

for every I>k, a3 N — c0.

In order to prove (6.15) we have to make a better estimate on EW, for large
l. To this end let us fix a sufficiently large positive integer C, to be chosen later,
and let us write

EWg,= Y  EMW(T™V) + Y  ET™V)(T™).
lmy—my| <C lmi—my|2C
my, maeBY my, myeBY

The absolute value of the first sum in the last formula is less than (2 C)* NY EV}%.
For |m; —m,| > C we apply the estimate (6.16) together with the observation that

s

s’ 2
(T M) SO Y@=V EV
J

Lesdi=1 Jisenqi=1
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The latter inequality is a consequence of the inequality between the arithmetic
and the quadratic mean. These estimates give that

L{m, —m, |}
EWZ,SQCY N EV? +(Ks)EV? ¥ Lon, =ma)
, 2. |m, —m,|

mi, maeBY (618)

N
SNEV QO +KS) Y 2u LG |
j=c¢
If C is sufficiently large, independently of [, we can write

al
2yt “IL(])I<Z]v -7 (6.19)

C j=C

=

I

j

Let us consider the case > L=4v/0. Choosing a C>(K s')** we get that

=

o

N «l N
Z rgcTa Y e
j=C =C

(6.20)

where K, does not depend on /.
Substituting (6.19) and (6.20) in (6.18) we obtain that the inequality

EWZ,<K,N'EV?

holds for I= L with an appropriate K,. Adding up the last inequality for every
[z L we get that

Y, EWg, =0W).
I=L

This relation together with (6.17) implies (6.15).

Remark 6.3. The value k in Theorem 3 can be found as the largest integer such
that E(X,) ¢=0 for all j<k and neZ”. (See e.g. [3] Sect. 5).

Remark 6.4. The condition o, (0, ..., 0)+0 in Theorem 3 is essential. If £ is given
in the form (6.13) (this can always be achieved if ¢ is given by formula (6.7)) then
condition (6.9) is equivalent to the relation

X GGG eni+o.

1+ .. +js=k
s=1,2,...

If 0, (0, ..., 0)=0 Theorem 3 yields no more than the convergence of Y to 0.
Thus one would like to try to get a limit theorem with a different norming
factor. In this case it turns out that the k-th term is not the only one which has a
role in the limiting behaviour of Y¥ The description of such cases is an
interesting open problem.
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