BOLYAI SOCIETY MATHEMATICAL STUDIES, X

Paul Erdős and his Mathematics. II, Budapest (Hungary), 1999 Budapest, 2002, pp. 555–625.

Some of my Favorite Erdős Theorems and Related Results, Theories

M. SIMONOVITS

We shall survey here some parts of Paul Erdős’s work and influence on graph theory, primarily through his influence on Extremal Graph Theory. There are many strongly related areas, above all, Ramsey Theory and “Random Constructions”. Then there are the theory of Supersaturated Graphs, the Erdős– Kleitman–Rothschild theory, the Applications in Geometry and Applications in Number Theory, and many further fields that were definitely among the favorite areas in Paul Erdős’s graph theory. We shall describe the general theory of extremal graphs, and touch on some of the above subjects, sometimes only very shortly. I will only refer to those parts which are thoroughly described in some other papers of these volumes.

Beside these large areas there are many “isolated gems” in Erdős’s combinatorics. Here we shall restrict ourselves only to a few ones.

1. Preface

The aim of these two volumes of survey articles is to provide a good overview of Paul Erdős’s mathematics (and also of his personality). To learn about his personality, I would not recommend the books written about him. More adequate descriptions of Paul’s personality and his life are the articles of Babai [13], [14], of T. Sós [262], [263] or Bollobás [35], or the paper by T. Sós and me, [258].^1 And, of course, one should read the “birthday” papers of

1 . . . and there are many-many others, like that of Gy. Szekeres [271]. . . If one searches the MathSciNet for Paul Erdős and 1913, then one finds further ones, like [2, 15] [14], [18], and many others.

556 M. Simonovits

his old friends, like Paul Turán [281], or of Richard Rado [236] and Ernst Straus [268]^2, written on the occasion of his 70th birthday and of Hajnal and T. Sós [170] or Bollobás [34].

To learn about Paul Erdős’s mathematics, I feel, the best is to read his original papers. One of my favorite mathematics books is the Art of Counting, Paul’s selected papers in Combinatorics [95]. I also warmly recommend Paul Turán’s birthday paper written on the fiftieth birthday of Paul, reprinted here [281], or Paul’s paper on his favorite theorems [103] or Bollobás’ paper [35].

Here I decided to describe Paul Erdős’s influence on Extremal Graph Theory “through my eyes”, but not trying to give a very even description. The task I undertook is a hopeless one. András Hajnal, in his survey on Erdős’s Set Theory [172] writes:

“It is as if I have been trying to sketch a rain forest, but with only enough time and ability to draw the trunks of what I thought to be the largest trees. Paul’s real strength is in the variety of some of those hundreds of small questions which he has asked that have given some real insights into so many different topics. I can only admire his inventiveness and thank him for everything he has given us.”

When Paul became 80, as Hajnal and many others of us, I also wrote a survey, on Paul’s influence on Extremal Graph Theory [255]. Of course, I cannot avoid some repetitions here: Erdős died when he was 83, and the facts did not change that much in Paul’s last 2-3 years. Yet I shift the emphasis here to those parts which I had to neglect in [255] because of time, space and energy limitations, or where new results have been obtained recently. Occasionally I included older but more hidden ones.

Also, I tried to show his deep and wide influence on others. (At this point I should apologize: there are very many results and many people I should have mentioned here but could not, by “time, space and energy limitations”.) Here I tried to avoid some of those parts which were covered by the papers of Bollobás [36], Bondy [48], Brown and myself (!) [60] and Spencer [266]. With a slight exaggeration, I could have used the title

Random walk in the Erdős jungle

I have not chosen this title: it is too fancy and large part of my rambling around in the “Erdős jungle” will not be that random.

2 These two papers are reprinted here.

Some of my Favorite Erdős Theorems and Related Results, Theories 557

In the first major part I will describe the general theory, in the second one I will write about some areas more or less connected to the general theory.

There will be large parts of Erdős’s graph theory which I do not intend to visit now, still I would like to point at them, describing them in just a few sentences, here or in the subsequent parts. These large parts are the following ones:

• Erdős and Cycles: described by me in [255] and in this volume by Bondy [48];

• Multigraph and Digraph Extremal Problems: A series of papers was written on the topic by Erdős, Brown and myself, described in this volume in the survey by Will Brown and me [60], see also our earlier paper on the “most general case” [59];

• Ramsey–Turán Theory: see the recent survey by V. T. Sós and me [259];

• “Typical Structure of Random Graphs”^3: this will completely be avoided here. This very important and wide area is described in this volume by Bollobás [36]. At the same time I will occasionally touch on the application of random methods in graph theory.

• Hypergraph Extremal Problems and Intersection Theorems: one can identify them or distinguish between them. I regard them as two distinct subjects. I feel it is a pity that there are no separate and detailed surveys on them here. I will indicate only the topic of hypergraph extremal problems but not at the level it deserves. Of course, one could always read the surveys of Füredi [151], Frankl [145], or Füredi [152], and others.

• Open Problems: these constitute some of the most important ingredients of Erdős’s influence. Again, the best sources are Erdős’s own problem papers. I also strongly recommend [99]. A profound discussion of Erdős’s open problems can be found in a paper of Fan Chung [72], or its expansion: the book of Fan Chung and R. L. Graham [73]. I will include here only very few of Erdős’s open problems.

• Szemerédi Regularity Lemma [273]: This is one of the most powerful tools in Extremal Graph Theory. So it is one of the most powerful tools to solve many of the Erdős problems. Komlós and I have written an extensive survey on the topic, [200], and Komlós, Shokoufandeh, Szemerédi, and I [199] wrote a new version of it. In spite of the fact that many

3 which we mostly call “The evolution of Random Graphs”.

558 M. Simonovits

new and important results were proved in this field in the last few years, their description would be too technical here. Would I write on the topic, I would explain among others hypergraph versions, e.g., Frank, Rödl [144], F. Chung [70], some new variants due to Komlós, see, for example, [200], or some versions of Frieze and Kannan [148] and the fairly recent and very successful new technique, called Blowup Lemma, due to Komlós, G. N. Sárközy^4 and Szemerédi, see, e.g., [195], [196], [197], [198]. See also (among the many new, interesting results connected to the Regularity Lemma and the Blowup lemma) the survey of Komlós on the Blowup Lemma [194], Rödl and Ruciński [239], [240], etc.

• Applications: I will neither speak of the applications of Turán’s theorem in the theory of distance-distributions, having applications in Geometry, Potential Theory, (initiated by Turán,^5 and developed into a theory by Erdős, Meir, T. Sós and Turán (see [282, 117], . . . ), nor about the applications in probability theory, initiated by G.O.H. Katona, see [186, 187], . . . ) since these are explained in [60] and also in [259]. We just touch on the applications in Number Theory.

Originally this survey was much longer. To cut it relatively short, I decided to leave out many parts here, but post a longer version of this paper (describing more topics, in more details) on my homepage:

http://www.renyi.hu/∼miki/erdos99.ps .

It still shows a lot of compromises as to what to leave out and what to keep, but less than this version.

2. Introduction

Notation. We shall mostly consider simple graphs: graphs without loops and multiple edges. Yet, there will be parts where we shall regard digraphs and hypergraphs. For a set Q, |Q| denotes its cardinality. Given a graph G, e(G) denotes the number of its edges, v(G) the number of vertices, χ(G) and α(G) its chromatic and independence numbers, respectively. For graphs the (first) subscript will mostly denote the number of vertices: G_n,

4 In connection with cycles in graphs and extremal graph theory, we often refer to two Sárközy’s: András, and his son, Gábor.

5 actually emerging from an observation of Erdős.

Some of my Favorite Erdős Theorems and Related Results, Theories 559

S_n, T_{n,p}, . . . denote graphs on n vertices. There will be some exceptions, e.g., speaking of excluded graphs L_1, . . . , L_r we use subscripts just to enumerate them. Given two disjoint vertex sets, X and Y , in a graph G_n, e(X, Y ) denotes the number of edges joining X and Y . Given a graph G and a set X of vertices of G, the number of edges in the subgraph spanned by X will be denoted by e(X), the subgraph of G spanned by X is G[X]. G(X, Y ) is a bipartite graph with color classes X and Y .

Special graphs. K_p denotes the complete graph on p vertices, T_{n,p} is the Turán graph on n vertices and p classes: n vertices are partitioned into p classes as uniformly as possible and two vertices are joined iff they belong to different classes. This graph is the (unique) p-chromatic graph on n vertices with the maximum number of edges among such graphs. K_p(n_1, . . . , n_p), often abbreviated to K(n_1, . . . , n_p), denotes the complete p-partite graph with n_i vertices in its i^{th} class, i = 1, 2, . . . , p.

We shall say that X is completely joined to Y if every vertex of X is joined to every vertex of Y . Given two vertex-disjoint graphs, G and H, their product G ⊗ H is the graph obtained by joining each vertex of G to each one of H.^6 In case of many graphs we may also use the notation ∏ G_i.

As a generalization of T_{n,p}, we define H_{n,p,d} := K_d ⊗ T_{n−d,p}.

Quoting. Below sometimes we quote some paragraphs from other papers, but the references and occasionally the notations too are changed to comply with ours.

2.1. A map?

Erdős’s mathematics has an extremely wide scope. In Erdős’s combinatorics the following four ingredients had very strong connections: Ramsey Theory, Extremal Graph Theory, Random Graphs, Applications in Number Theory and Geometry. Below I made a “map”, trying to describe this situation in a more detailed way. To make the picture below informative, I had to leave out several fields and many connections. The double lines indicate the most important connections.

6 often called join of G and H.

560 M. Simonovits

2.2. Extremal Graph Theory: Early developments

Extremal graph theory is “one of the big gates to enter” the empire of Paul Erdős’s combinatorics. We start with a brief non-mathematical description of the history and then go into details.

Formally, extremal graph theory started with Mantel’s theorem [220] (1907)^7 which is the very special case of Turán’s theorem, for K_3. Next Erdős proved and applied the C_4-theorem in number theory (1938), but missed the occasion to start the systematic investigation of this field. Then came around Turán’s theorem (1941). The next step was that Erdős and A. H. Stone, setting out from a topological question, proved the Erdős–Stone theorem (1946) which later led to the Erdős–Stone–Simonovits theorem (1966) (yielding the general asymptotics in extremal graph problems) and to the Erdős–Simonovits structural theory (1967–68). Turán’s theorem was rediscovered by A. Zykov [292], in 1949.

7 Here I will always use the year of publication but often there are several years or between the birth and the publication of some results.

Some of my Favorite Erdős Theorems and Related Results, Theories 561

2.3. Starting from number theory

In his early years Erdős worked almost entirely in Number Theory. His papers between 1932 and 1936 were mostly about primes, and his first graph paper (a joint work with Tibor Gallai^8 and Endre Vázsonyi) appeared in Hungarian in 1936 and its topic was the Euler lines of infinite graphs [110].

Erdős often arrived at graph problems from applications in other fields. One famous case is the rediscovery of Ramsey’s theorem in the Erdős– Szekeres “geometry” paper [137] (1935). A detailed description of this “story” can be found in the “preface”-paper of Szekeres in the Art of Counting [270].^9 Here we are interested in the birth of Extremal Graph Theory. In 1938 Erdős published a paper [80] with the title “On sequences of integers no one of which divides the product of two others and related problems”. This was where Erdős proved his first extremal graph theorem, to use it as a lemma, in a solution of a multiplicative Sidon problem:

Theorem 2.1. If C_4 ⊈ G(X, Y ), |X| = |Y | = k, then e ( G(X, Y ) ) ≤ 3k^{3/2}.

The constant 3 can be improved to 1 + o(1) (see Section 4.7). Basically this theorem implied the upper bound in the main theorem of [80]. To get the lower bound Erdős used finite geometries (a construction of Eszter Klein).

Related literature: Erdős [93], T. Sós [261], Simonovits [255], Bondy [48] and Section 7.

3. Turán Type Extremal Problems

Extremal Graph Theory is one of the wider branches of Graph Theory and — in some sense — one of those where Paul Erdős’s profound influence can really be seen and appreciated.

8 Many people changed their name to Hungarian-sounding ones. Gallai’s name was originally Grünwald, Vázsonyi was originally called Weiszfeld.

9 Turán wrote in [283] that “A decisive moment in his studies was the rediscovery of Ramsey’s theorem in 1934.”

562 M. Simonovits

We shall call the Theory of Turán type Extremal Problems the area which — though being much wider — still is originated from problems of the following type:

Given a family L of sample graphs, what is the maximum number of edges a graph G_n can have without containing subgraphs from L?

Here “subgraph” means “not necessarily induced”. Given a family L of — so called — excluded or forbidden subgraphs, ex(n, L) denotes the maximum number of edges a graph G_n can have without containing forbidden subgraphs. (Again, containment does not assume “induced subgraph” of the given type.) The family of graphs attaining the maximum will be denoted by EX(n, L). If L consists of a single L, we shall use the notation ex(n, L) and EX(n, L) instead of ex ( n, {L} ) and EX ( n, {L} ) . We call G L-free if no L ∈ L is contained in G.

Perhaps Turán was the third to arrive at this field. In 1940 he proved the following theorem [278] (see also [279], [284]):

Theorem 3.1 (Turán). (a) If G_n contains no K_p, then e(G_n) ≤ e(T_{n,p−1}).

(b) In case of equality G_n = T_{n,p−1}.

Turán’s original paper contains much more than just this theorem. Still, the main impact coming from Turán was that he asked the general question:

What happens if we replace K_p with some other forbidden graphs, e.g., with the graphs obtained from the Platonic polyhedra, or with a path of length ℓ, etc.

3.1. Classification of ordinary extremal graph problems

When speaking of extremal graph problems, I basically distinguish three kinds of problems:

Non-degenerate problems: All the excluded graphs have chromatic number at least three. Therefore ex(n, L) ≥ e(T_{n,2}) ≥ ⌊_{n2} 4 ⌋ . The asymptotics are given by the Erdős–Stone–Simonovits theorem. Setting out from a problem in topology, Erdős and A. H. Stone proved the following theorem in 1946:

Some of my Favorite Erdős Theorems and Related Results, Theories 563

Theorem 3.2 (Erdős–Stone [135]). For every fixed p and m

(1) ex ( n, K_{p+1}(m, . . . , m) ) = ( 1 − 1 p ) ( n 2 ) + o(n^2).

Moreover, if p is fixed and m := √ ℓ_p(n) where ℓ_p(x) denotes the p times iterated logarithm of x, (1) still holds.

Related literature: Bollobás and Erdős [37], Bollobás, Erdős, and Simonovits [38], Chvátal and Szemerédi [76, 77], Bollobás and Kohayakawa [42], Ishigami [177], and Lovász [212].

It turns out that a parameter related to the chromatic number plays a decisive role in many extremal graph theorems. The subchromatic number is defined by

(2) p(L) := min { χ(L) : L ∈ L } − 1. The following result is an easy consequence of the Erdős–Stone theorem [135]:

Theorem 3.3 (Erdős–Simonovits Theorem [125]). If L is a family of graphs with subchromatic number p, then ex(n, L) = ( 1 −^1_p )(_n 2 ) + o(n^2).

The meaning of this theorem is that ex(n, L) depends only very loosely on L; up to an additive error term of order o(n^2), it is already determined by the minimum chromatic number.^{10} We shall return to the structural asymptotics in Section 3.2.

Degenerate problems: These are problems where there are bipartite excluded graphs in L. We shall see in Section 4.1 that here ex(n, L) = O(n^{2−c}) for some c = c(L) > 0. These seem to be very important problems from the point of view of understanding the general case, see Section 5. Among these, I feel, it is worth distinguishing the class of very degenerate extremal problems, where L contains some trees or forests, and therefore ex(n, L) = O(n).

10 This does not assert to much if L contains bipartite graphs as well, see Section 4.

564 M. Simonovits

3.2. The general theory, structural results

The extremal problem for L is considered to be “completely solved” if all the extremal graphs have been found, at least for n > n_0(L). Quite often this is too difficult, and we find only ex(n, L), or only good bounds for it. (These bounds may be asymptotically sharp, or sharp up to a multiplicative constant, or even weaker ones.)

We shall see several cases where the excluded graph is very complicated and yet we have a complete solution, e.g., the dodecahedron theorem, the icosahedron theorem, the Petersen graph theorem, see Section 6. In a slightly weaker sense the Octahedron theorem is also a “complete solution”, (see Theorem 5.2).

The asymptotical structure of the extremal graphs is also almost determined by p(L), for p ≥ 2, and is very similar to that of T_{n,p}. This is expressed by the following results of Erdős and Simonovits [89, 91, 246]:

Theorem 3.4 (Asymptotic Structure Theorem). Let L be a family of forbidden graphs with subchromatic number p. If S_n is any graph in EX(n, L), then it can be obtained from T_{n,p} by deleting and adding o(n^2) edges. Furthermore, if L is finite, then the minimum degree d_{min}(S_n) = ( 1 −^1_p ) n + o(n). The structure of extremal graphs is fairly stable, in the sense that the almost-extremal graphs have almost the same structure as the extremal graphs (for L or for K_{p+1}). This is expressed in our next result:

Theorem 3.5 (First Stability Theorem). Let L be a family of forbidden graphs with subchromatic number p ≥ 2. For every ε > 0, there exist a δ > 0 and n_ε such that, if G_n contains no L ∈ L, and if e(G_n) > ex(n, L) − δn^2, then, for n > n_ε, G_n can be obtained from T_{n,p} by changing at most εn^2 edges.

3.3. The Decomposition Family

Theorems 3.4 and 3.5 are interesting on their own and also widely applicable. For more precise results we need

Some of my Favorite Erdős Theorems and Related Results, Theories 565

Definition 3.6. Let L be a family of forbidden subgraphs, and let p = p(L) be its subchromatic number. The decomposition M of L is the family of minimal graphs M for which we have L ⊆ M ⊗K_{p−1}(r, . . . , r) for r = v(L).^{11}

In other words, M is the family of minimal graphs M with the property that, for some L ∈ L, L contains M as an induced subgraph and L − M is (p − 1)-colorable.^{12} Another way of describing M is that the graphs in M are those graphs which cannot be put into the (first) class of T_{n,p} without getting forbidden subgraphs.

Let us see some examples. In case of L = {K_{p+1}} the family M consists of one graph, K_2. If L is finite, then M is also finite but the converse is not true: for the family of all odd cycles, M := {K_2}, again.

If L = K_{p+1}(t_0, t_1, t_2, . . . , t_p), (t_0 ≤ t_1 ≤ t_2 ≤ . . . ≤ t_p) then K(t_0, t_1) is in the decomposition and this is crucial in handling the corresponding extremal graph problem (Erdős and Simonovits [127]). If L is the icosahedron graph, then M := {P_6, K_3 + K_3}, where K_3 + K_3 is the vertex-disjoint union of two triangles. (This is not evident!)

Generally, take any p + 1-chromatic L_0 ∈ L and color it in p + 1 colors. All the graphs spanned in L_0 by two colors are in M. Hence p(M) = 1.

The following result is due to Simonovits [246], (see also Erdős [91]).

Theorem 3.7 (Decomposition Theorem [246]). Let L be a family of forbidden graphs with p(L) = p and decomposition M. Then every extremal graph S_n ∈ EX(n, L) can be obtained from a suitable K_p(n_1, . . . , n_p) by changing O ( ex(n, M) ) +O(n) edges. Furthermore, n_j =^n_p +O (_{ex(n,M)} n ) + O(1), and if L is finite, then

d_{min}(S_n) = ( 1 − 1 p ) n + O ( ex(n, M) n ) + O(1).

This implies that, with m = ⌈n/p⌉, ex(n, L) = e(T_{n,p}) + O ( ex(m, M) + n ) . If ex(n, M) > cn, then O ( ex(m, M) ) is sharp: put edges into the first class of a T_{n,p} so that they form a G_m ∈ EX(m, M); the resulting graph contains no L ∈ L, and has e(T_{n,p}) + ex(m, M) edges.

11 Taking the minimal graphs is a technical step but it guarantees, e.g., that M if finite when L is finite.

12 L − M is the graph obtained from L by deleting all the vertices of M and all the incident edges.

566 M. Simonovits

A second, more precise stability theorem can be established using the methods of [246], see [1]. We conclude this section with the theorem characterizing those cases where T_{n,p} is the extremal graph.

Theorem 3.8 (Simonovits [247]). The following statements are equivalent:

(a) The minimum chromatic number in L is p + 1 but there exists (at least one) L ∈ L with an edge e such that χ(L − e) = p. (Color critical edge.)

(b) There exists an n_0 such that for n > n_0(L), T_{n,p} is extremal. (c) There exists an n_0 such that for n > n_0(L), T_{n,p} is the only extremal graph.

The case p = 2 was (in some sense) settled earlier, by Erdős, see [86].

Remark 3.9. Turán’s theorem is self-strengthening in the sense that one can prove easily and in an elementary way that if T_{n,p} is extremal for n > n_0, then it is the only extremal graph for n > n_0 + 3p.

4. Degenerate Extremal Problems

One of the problems Turán asked in connection with his graph theorem was to find the extremal numbers for the graphs of the regular (Platonic) polytopes, see [86]. The Tetrahedron graph is K_4: the answer is given by Turán Theorem. The question of the Octahedron graph is solved by Theorem 5.2, the problems of the Icosahedron [249] and Dodecahedron [247] can be found in Section 6.

In some sense, if we cannot solve an (ordinary) extremal problem, the reason is that either it is degenerate and too difficult, or it reduces to a difficult degenerate extremal problem. In this sense, the central problems in Extremal Graph Theory are the degenerate ones. We return to this question in Section 5.

A subcase of the “unsolvable” degenerate extremal graph problems is when we have a probably sharp upper bound but no hope for a construction to provide a matching lower bound. This is the case for K(p, p), p ≥ 4, or for C_{2ℓ}, for 2ℓ ≠ 4, 6, 10, and probably for the cube Q_8. (I do not know of any case of a finite L where the “random graph construction” provided a sharp lower bound in an ordinary extremal graph problem.) So our hope lies in finite geometric or other, say, algebraic constructions.

Some of my Favorite Erdős Theorems and Related Results, Theories 567

4.1. The Kővári–T. Sós–Turán theorem

Perhaps the two most important degenerate extremal graph problems (i.e., when L contains bipartite graphs) are L := K_2(a, b) and L = C_{2k}. The Kővári–T. Sós–Turán theorem [205] solves the extremal graph problem of K_2(a, b), at least, provides an upper bound, which in some cases proved to be sharp and is conjectured always to be sharp.^{13} This theorem is a generalization of the C_4-problem, since C_4 = K(2, 2), and, on the other hand, is a special case of the Erdős–Stone theorem, apart from that we get estimates sharper than in the original Erdős–Stone case.

Theorem 4.1 (Kővári–T. Sós–Turán). Let 2 ≤ a ≤ b be fixed integers. Then ex ( n, K(a, b) ) ≤ 1 2 a√ b − 1 n^{2− 1a} + 1 2 an. Conjecture 4.2. The exponent 2 −^1_a is sharp: For a ≤ b ex ( n, K(a, b) ) ≥ c_an^{2− 1a} . This is known only for a = 2, by Erdős [80], Erdős, Rényi, V. T. Sós, [122], and independently W. G. Brown [54], who also showed the sharpness for a = 3. Random graph methods [134] show that ex ( n, K(a, a) ) > c_an^{2− 2a+1} . Füredi [155] (superseding a result of Mörs [229]) improved the constant in the upper bound, showing that ex ( n, K(2, b + 1) ) = 1 2 √ bn^{3/2} + O(n^{4/3}),

and that the constant provided by Brown’s construction is sharp. While one conjectures that ex ( n, K(4, 4) ) /n^{7/4} converges to a positive limit, we know only, by the Brown construction, that ex ( n, K(4, 4) ) > ex ( n, K(3, 3) ) > cn^{5/3}. It is unknown if ex ( n, K(4, 4) ) n^{5/3} → ∞.

13 A footnote of [205] tells us that the authors have received a letter from Erdős in which Erdős informed them that he also had proved most of the results of [205].

568 M. Simonovits

Remark 4.3. The Kővári–T. Sós–Turán theorem is applicable in many cases, in number theory and geometry.

Related literature: The survey of Guy [165], Znám [291], Hyltén-Cavallius [176], Mörs [229], Füredi [155], and Section 7.

4.2. Cycles in graphs

This part will be much shorter than it deserves to be, primarily because the first part of Bondy’s beautiful survey in this volume [48] covers many of the results I would mention here.

Cycles play central role in graph theory. Many results provide conditions to ensure the existence of some cycles in graphs. Among others, the theory of Hamiltonian cycles (and paths) constitute an important part of graph theory. The Handbook of Combinatorics contains a chapter by Bondy [47] giving a lot of information on ensuring cycles via various types of conditions. Also, the books of Bollobás [29], of Walther and Voss [287] and of Voss [285] contain many relevant results.

4.3. The Erdős–Gallai theorems

One of the problems posed by Turán was the extremal problem of cycles of length m. If we exclude all the odd cycles, the extremal graph will be the Turán graph T_{n,2}. What are the extremal graphs if we exclude the cycles of length at least m? The answer is given by the Erdős–Gallai theorem:

Theorem 4.4 Erdős and Gallai [109]). Let L_m = {C_k : k ≥ m}. Then (i)^{m−1}_2 n −^1_2 m^2 < ex(n, L_m) ≤^{m−1}_2 n and (ii) the connected graphs G_n whose 2-connected blocks are K_{m−1}’s are extremal (when they exist).

The following theorem is the twin of the previous one’s.

Theorem 4.5 (Erdős and Gallai [109]). ex(n, P_m) ≤^{m−2}_2 n. The union of ⌊_n m−1 ⌋ vertex disjoint K_{m−1} (and one smaller K_q) shows the sharpness:

ex(n, P_m) =^{m−2}_2 n + O(m^2).

Some of my Favorite Erdős Theorems and Related Results, Theories 569

This theorem has a sharper form, proved by Faudree and Schelp [140] and an even sharoer one by Kopylov [203]. They needed the sharper form to prove some Ramsey theorems on paths.

Remark 4.6. A “loop” is a path x_1x_2 . . . x_k and an extra edge x_kx_j for some j < k. Beside asking the problem of paths and cycles, Turán also asked for the determination of the extremal number of “loops”. The problem was solved by Andrásfai [10]. Erdős also mentioned this result in [89] and one can find a lot of information on this topic in Voss’ description [287, 286].

Related literature: Faudree and Schelp [140, 141], Kopylov [203], Voss [287, 286].

4.3.1. The Erdős–T. Sós conjecture. Erdős and T. Sós observed that the same estimates hold both for the path P_m and the star K_2(1, m−1) and these being two extremes among the trees of m vertices, they formulated

Conjecture 4.7 (Erdős–T. Sós). For any tree T_m,

ex(n, T_m) = m − 2 2 n + O(1). Some asymptotic versions of this conjecture were proved by Ajtai, Komlós and Szemerédi, (unpublished), also, the conjecture is proved in its sharp form for some special families of trees, like caterpillars.

Ajtai, Komlós, Simonovits and Szemerédi proved [3]:

Theorem 4.8. For every ε > 0 there exists an m_0 such that for any m > m_0, for any tree T_m, ex(n, T_m) ≤ m − 2 2 n + εn. The Loebl conjecture, originating from “problems on discrepancy of trees”, is very strongly related to these topics.

Conjecture 4.9 (Loebl). If G_n has at least^1_2 n vertices of degree at least 1 2 n, then G_n contains all trees of at most^1_2 n edges.

An asymptotic version of this was proved by Ajtai, Komlós, and Szemerédi [4]. The conjecture was generalized by Komlós and T. Sós:

570 M. Simonovits

Conjecture 4.10. If G_n has at least^1_2 n vertices of degree at least k, then G_n contains all trees of at most k edges.

A related theorem for paths was proved earlier by Erdős, Faudree, Schelp and me [104]. As we wrote in [104],

We wish to determine the minimum value of ℓ, such that each graph on n vertices with at least ℓ vertices of degree at least m contains a P_{k+1}.

Conjecture 4.11 ([104]). Let n, m and k be fixed positive integers, with n > m ≥ k and set δ = 2 when k is even and δ = 1 when k is odd. If G_n is a graph on n vertices and at least

(3) ℓ := ⌊ k − 1 2 ⌋ ⌊ n m + 1 ⌋ + δ vertices of degree ≥ m, then G_n contains a P_{k+1}.

This is sharp, if true. We proved (among others) that this is essentially true:

Theorem 4.12. For every positive integer k, Conjecture 4.11 holds if δ is replaced by O(1) in (3).

Problem 4.13. Assuming the connectivity of G_n is it enough to assume roughly half of the vertices required in (3) to be of high degree to ensure a P_{k+1} ⊆ G_n?

Related literature: Erdős, Füredi, Loebl, T. Sós [108], Ajtai, Komlós, and Szemerédi [4], Erdős, Faudree, Schelp and Simonovits [104].

4.4. The case of excluded C_{2k}

Since the odd cycles are 3-chromatic color-critical graphs, one can apply Theorem 3.8 to them to get the following Erdős result [86]: ex(n, C_{2k+1}) = [_{n2} 4 ] if n > n_0(k).

The case of even cycles is much more fascinating. The upper bound would become trivial if we assumed that G_n is (almost) regular and contains no cycles of length ≤ 2k. The difficulty comes from that we exclude only C_{2k}. The first case is that of C_4, see [80, 54, 122]. . . We shall discuss this very important problem later. The general case is described by

Some of my Favorite Erdős Theorems and Related Results, Theories 571

Theorem 4.14 (Erdős, Bondy–Simonovits [49]).

ex(n, C_{2k}) = O(kn^{1+1/k}).

Theorem 4.15 (Bondy–Simonovits [49]). If e(G_n) > 100kn^{1+1/k}, then

C_{2ℓ} ⊆ G_n for every integer ℓ ∈ [k, kn^{1/k}].

Erdős stated Theorem 4.14 in [86] without proof^{14} and conjectured Theorem 4.15, which we proved. The upper bound on the cycle-length is sharp: take a G_n which is the union of complete graphs of size ckn^{1+1/k}.

Related literature: Bondy [48], Simonovits [255] Gyárfás, Komlós, and Szemerédi [168].

4.5. Reduction to simpler graphs

As Erdős pointed out [90], the following holds.

Theorem 4.16. Every graph G_n has a bipartite subgraph H(U, V ) in which each vertex has at least half of its original degree: d_H (x) ≥^1_2 d_G(x). Thus e ( H(U, V ) ) ≥^1_2 e(G_n).

There are several results on how large p-partite graph can one find in a G_n, but here I skip the topic. One important consequence of this (almost trivial) fact is that (as to the order of magnitude), it does not matter if we optimize e(G_n) over all graphs or only over the bipartite graphs, if we care only for the exponent:

If ex_B(n, L) denotes the maximum number of edges a bipartite G_n can have without containing subgraphs from L, then ex(n, L) ≤ 2ex_B (n, L).^{15} So we may always reduce our problems to bipartite G_n. To prove the cubetheorem, (see Section 4.6.1) Erdős and I developed in [126] a much less trivial reduction. We need

14 The dependence of the constant on k was our result but it is unknown if it is sharp or not?

15 Here we are interested only in the case p(L) = 1, but the assertion itself holds for every L.

572 M. Simonovits

Definition 4.17. G_n is d-pseudo-regular, if its maximum degree divided by its minimum degree is bounded by d.

Let ex_{d,B}(n, L) denote the maximum number of edges a d-pseudo-regular, bipartite G_n can have without containing subgraphs from L.

Theorem 4.18 (Erdős–Simonovits [126]). For any L, if d is sufficiently large, and ex_{d,B}(n, L) = O(n^{1+α}), then also ex(n, L) = O(n^{1+α}).

This immediately follows from

Theorem 4.19 ([126]). Let d = 10 · 2^{α−2−1}. If e(G_n) ≥ n^{1+α}, then G_n contains a d-pseudo-regular H_m with e(H_m) ≥ m^{1+α} and m > n^{1−α1+α} .

4.6. Recursion theorems

Recursion theorems could be defined for ordinary graphs and hypergraphs, for ordinary degenerate extremal problems and non-degenerate extremal graph problems, for supersaturated graph problems, (see Erdős–Simonovits [130]) and many other similar cases. However, here we shall restrict our considerations to ordinary degenerate extremal graph problems. In this case we have a bipartite L and a procedure assigning an L^′ to L. Then we wish to deduce upper bounds on ex(n, L^′), using upper bounds on ex(n, L).

4.6.1. The “cube”-recursion. On the cube-graph we have

Theorem 4.20 (Cube Theorem, Erdős–Simonovits [126]).

ex(n, Q_8) = O(n^{8/5}).

We conjectured that the exponent 8/5 is sharp. Unfortunately, no “reasonable” lower bound is known. The Cube theorem follows from a recursion theorem:

Theorem 4.21 (Recursion Theorem [126]). Let L be a bipartite graph, colored in BLUE and RED. A K(t, t) be also colored in BLUE and RED. Let L^∗ be the graph obtained from these two (vertex-disjoint) graphs by joining each vertex of L to all the vertices of K(t, t) of the other color. If ex(n, L) = O(n^{2−α}) and 1 β − 1 α = t,

Some of my Favorite Erdős Theorems and Related Results, Theories 573

then ex(n, L^∗) = O(n^{2−β}).

Applying this recursion theorem with t = 1 and L = C_6 we obtain the Cube-theorem. This Erdős–Simonovits recursion immediately provided a unified, new proof for several old theorems, and disproved an earlier conjecture of Erdős that the exponents in the degenerate extremal problems always have either the form 1 +^1_ℓ or 2 −^1_ℓ , for some integer ℓ > 1. (The counterexample was more complicated than the cube; despite that we conjecture that ex(n, Q_8) ≥ c_Qn^{8/5}, we do not know if ex(n, Q_8)/n^{3/2} → ∞ when n → ∞.)

This recursion theorem has several interesting applications. One immediately can deduce from it the Kővári–T. Sós–Turán theorem (apart from the value of the multiplicative constant), by applying Theorem 4.21 to L = K(1, q − p + 1) with t = p − 1. (Of course, in some sense this is “cheating”, since we use here the extension of the technique we learned from the proof of Theorem 4.1.) However, if we apply this, e.g., to t = p − 1 and any tree, then we get, among others

Theorem 4.22 (Erdős). Let L be obtained from K_2(a+1, a+1) by deleting an edge. Then ex(n, L) = O ( n^{2− 1}a ) .

4.6.2. The Θ-recursion. Faudree and I sharpened Theorem 4.14 in another direction:

Definition 4.23 (Theta-graph). Θ(k, p) is the graph consisting of p independent paths of length k (i.e. k edges) joining two vertices x and y.

Clearly, Θ(k, 2) = C_{2k}. We proved

Theorem 4.24 (Faudree–Simonovits [142]). ex ( n, Θ(k, p) ) < c_{k,p} ·n^{1+1/k}. Fan Chung [69] constructed graphs, almost showing that for p > k_0, ex ( n, Θ(k, p) ) > c̃_{k,p} · n^{1+1/k}. The Erdős–Rényi Theorem [120] shows that Theorem 4.24 is sharp in the sense that ex ( n, Θ(k, p) ) > c^∗_{k,p}n^{1+ 1k + 1kp} . Again, see Bondy [48], for some further information. Theorem 4.24 was deduced from a recursion theorem. We need two definitions.

574 M. Simonovits

Definition 4.25 Given a bipartite graph L and a fixed proper 2-coloring of it, ψ : L → {Red, Blue}, L_k(L, ψ) is the graph obtained by taking a new vertex x outside of L and joining it to each Red vertex of L by a path of length k − 1,^{16} where these paths have no common vertices but x.

Most of our graphs are L connected and therefore they have only two 2-colorings. (The matching is not connected but it has only 1 2-coloring and is uninteresting in our theorems.)

Definition 4.26. Given a bipartite L and a fixed 2-coloring of L, ex^∗(a, b, L) is the maximum number of edges a bipartite graph G(a, b) can have without containing an L whose first color class is in the first color class of G(a, b) and the second color class is in the second color class of G(a, b).^{17} ex^∗(n, L) = max_a ex^∗(a, n − a, L).

Theorem 4.27. Let L be an arbitrary bipartite graph with a fixed coloring ψ and assume that

(4) ex^∗(n, L) = O(n^{2−α}).

Then for β = α + α^2 + . . . + α^{k−2} 1 + α + α^2 + . . . + α^{k−2} we have

(5) ex ( n, L_k(L, ψ) ) ≤ ex^∗ ( n, L_k(L, ψ) ) = O(n^{2−β}). A version of this theorem immediately implies the following generalization of Theorem 4.24.

Theorem 4.28. If T is a tree colored in Red and Blue, then for L = L_k(T, ψ), ex(n, L) = O ( n^{1+ 1}k ) . Related literature: Faudree and Simonovits [142, 143], Simonovits [254], [255] and Bondy [48].

16 i.e., k − 1 edges!

17 I.e., we do not exclude the occurrence of subgraphs of the opposite position!

Some of my Favorite Erdős Theorems and Related Results, Theories 575

4.7. Conjectures on degenerate extremal problems

(a) The first two conjectures below are from Erdős and myself.

Conjecture 4.29. Is it true that for any bipartite graph L, there exist an α ∈ [0, 1) and a c_L > 0 such that ex(n, L) n^{1+α} → c_L > 0 as n → ∞?

Perhaps α is always rational?

The motivation is that perhaps there are always some nearly optimal graphs coming from finite geometric constructions, or analogous algebraic constructions, where the whole graph has ≈ p^m vertices and the neighborhoods of the vertices are some k-dimensional surfaces (perhaps slightly modified), therefore α = k/m.

Conjecture 4.30 ([131]). If e(G_n) = ex(n, C_4) + 1, then G_n contains at least √ n + o (√ n ) copies of C_4.^{18}

The motivation is that in the Brown–Erdős–Rényi–T. Sós graph [54, 122] this can easily be verified.

Related literature: Erdős and Simonovits [131].

(b) We close this part with a beautiful but probably difficult problem of Erdős.

Conjecture 4.31. ex ( n, {C_3, C_4} ) =^1_2^√_2 n^{3/2} + o(n^{3/2}).

The meaning of this conjecture is that excluding C_3 beside C_4 has the same effect as if we excluded all the odd cycles. If we replace C_3 by C_5, then this is true, see [129]. Erdős risks the even sharper conjecture that the exact equality may hold: ex ( n, {C_3, C_4} ) = ex ( n, {C_4, C_3, C_5, C_7, C_9, C_{11} . . .} ) . Related further literature: Survey paper of R. Guy [165] and also of Guy and Znám [166] on K(a, b) and Lazebnik, Ustimenko and Woldar [207], [208].

18 This is a supersaturated graph problem, see Section 6.5.

576 M. Simonovits

4.8. A strange excluded graph

In the late 60’s, early 70’s we knew already many results on the C_4-free graphs. The connection between C_4-free graphs and finite geometries was also clear. Two important excluded graph sequences, the K_2(a, b) and the C_{2k}, were fairly well described. The “cube” theorem was proved. Erdős wanted to understand what happens if the excluded L is C_4-free. So he asked two related questions, discussed below.

Problem 4.32. Let B_{10} be the bipartite graph on x_1, x_2, x_3, x_4 and y_{1,2}, y_{1,3}, y_{1,4}, y_{2,3}, y_{2,4}, y_{3,4}, where y_{i,j} is joined to x_i and x_j .

(a) Is ex(n, B_{10}) = O ( n^{3/2−c} ) , for some constant c > 0?

(b) If L_{11} is obtained from B_{10} by adding a new vertex z and joining it to all the x_i’s, is ex(n, L_{11}) = O(n^{3/2})?

Clearly, C_4 ⊈ B_{10}, while L_{11} contains six C_4’s. The second problem was solved by Füredi, the first one by Faudree and me.

Theorem 4.33 (Füredi [150]). c_1n^{3/2} ≤ ex(n, L_{11}) ≤ c_2n^{3/2}.

The lower bound immediately follows from that C_4 ⊆ L_{11}. More generally, let F (k, t) be the bipartite graph with k vertices x_1, . . . , x_k and (_k 2 ) t further vertices in groups U_{ij} of size t, where all the vertices of ∪U_{ij} are independent and the t vertices of U_{ij} are joined to x_i and x_j (1 ≤ i < j ≤ k). Finally, a vertex z be joined to all the x_ℓ’s. Erdős asked for the determination of ex ( n, F (k, t) ) for t = 1. For t = 1 and k = 2 this is just C_4, so the extremal number is ≈^1_2 n^{3/2}. Erdős also proved [86] for F (3, 1) which is the cube graph minus an edge, that ex ( n, F (3, 1) ) = O(n^{3/2}).

(This follows from our Theorem 4.21 as well.)

Theorem 4.34 (Füredi [150]). For every k ≥ 2 and t ≥ 1, ex ( n, F (k, t) ) = O(n^{3/2}).

Theorem 4.35 (Faudree–Simonovits [142]). ex(n, B_{10}) = O(n^{3/2−c}), for some constant c > 0.

Some of my Favorite Erdős Theorems and Related Results, Theories 577

5. The Product Conjecture

When I started working in extremal graph theory, I formulated (and later slightly modified) a conjecture on the structure of extremal graphs in nondegenerate cases.

Conjecture 5.1 (Product structure). Let L be a family of forbidden graphs and M be the decomposition family of L. If no trees (or forests) occur in M, then all the extremal graphs S_n for L have the following structure: V (S_n) can be partitioned into p = p(L) subsets V_1, . . . , V_p, with |V_i| =^n_p + o(n), so that V_i is completely joined to V_j for every 1 ≤ i < j ≤ p.

This implies that each S_n is the product of p graphs G_i, where each G_i is extremal for some degenerate family L_{i,n}. The meaning of this conjecture is that (almost) all the non-degenerate extremal graph problems can be reduced to degenerate extremal graph problems, see Section 5.1. A nontrivial illustration is the Octahedron theorem:

Theorem 5.2 (Erdős–Simonovits [127]). Let O_6 = K_3(2, 2, 2) (i.e. O_6 is the graph defined by the vertices and edges of the octahedron.) If S_n is an extremal graph for O_6 for n > n_0(O_6), then S_n is a product: S_n = H_m ⊗ H_{n−m} for some appropriate H_m and H_{n−m} (depending on S_n) where m =^1_2 n + o(n). Further, H_m is an extremal graph for C_4 and H_{n−m} is extremal for P_3.

The last sentence of this theorem is an easy consequence of that S_n is the product of two other graphs of approximately the same size. More generally, analogous product results hold for all the forbidden graphs L = K_{p+1}(t_0, t_2, t_1, . . . , t_p) if t_0 = 2 or t_0 = 3, see [127]. Probably the octahedron theorem can be extended to all graphs L = K_{p+1}(t_0, t_1, . . . , t_p) and even to more general cases. On the other hand, in [252] counterexamples are constructed to the product-conjecture if we allow a long path in the decomposition family. If the decomposition contains trees, both cases can occur: the extremal graphs may be non-products and also they may be products. Turán’s theorem itself is a product-case, where the decomposition family contains K_2 = P_2. In all the “natural cases” the extremal graphs are prod-

578 M. Simonovits

ucts. A theorem very strongly connected to Theorem 5.2 is that of Griggs, Simonovits and Thomas [164]^{19}:

Theorem 5.3. Let L_{k,ℓ} be the family of all graphs on k points and ℓ edges. If S_n is an extremal graph for L_{6,12} for n > n_0(L_{6,12}), then S_n = H_m⊗H_{n−m} for some m =^1_2 n + o(n). Further, H_m is an extremal graph for {C_3, C_4} and e(H_{n−m}) = 0.

5.1. The importance of the Product Conjecture

The product conjecture helps to reduce the non-degenerate extremal problems to degenerate ones. Indeed, if S_n is extremal for L and S_n = U_m ⊗ W_{n−m}, then U_m is extremal for the family M^∗ defined as the set of those graphs M for which M ⊗ W_{n−m} contains some L ∈ L. Further, if p(L) > 1 then p(M^∗) < p(L). Generally we see that the graphs G[U_i] are extremal for some M^#_{i,n} containing M. As we have mentioned, p(M) = 1. Hence p(M^#_{i,n}) = 1 as well.

Two questions should be clarified here: (a) is it enough to know the decomposition family to solve an extremal graph problem exactly? (b) What is really missing to generalize the Octahedron Theorem to all K_{p+1}(t_0, . . . , t_p)?

(a) There are cases when the decomposition family is exactly the same for L_1 and L_2 but ex(n, L_1) ≠ ex(n, L_2). So the decomposition does not completely determine the extremal number. If this is so then we have to use some further information in our proofs as well. For the octahedron, P_3 is not in M but to determine the extremal graphs, Erdős and I had to use the fact that if we put a P_3 into both classes of T_{n,2}, then the resulting graph will contain O_6.

(b) Let us call x ∈ v(L) a weak point if^{20} ex^∗(n, L − x) = o ( ex(n, L) ) . In our proof of the Octahedron theorem we used that “K(a, b) has a weak point for p ≤ 3” and we think this always holds but we do not know, since Conjecture 4.2 is not proved.^{21}

19 The results of [164] are strongly connected to Erdős’s paper [86], see also Sections 6.2, 6.4.

20 See Definition 4.26.

21 By the lower bounds in [192, 8], now we know the corresponding “product results” for every t_1 > (t_0 − 1)!.

Some of my Favorite Erdős Theorems and Related Results, Theories 579

Related literature: Erdős and Simonovits [127], Simonovits [248], [252], [256].

6. Some Non-degenerate Problems

6.1. The Dodecahedron and Icosahedron Problems

Let H_{n,p,s} = K_{s−1} ⊗ T_{n−s+1,p}. The situation for the dodecahedron and icosahedron graphs is as follows:

Theorem 6.1 (Simonovits [247]). For n sufficiently large, H_{n,2,6} is the only extremal graph for the dodecahedron-graph.

Theorem 6.2 (Simonovits [249]). For the icosahedron-graph I_{12}, H_{n,3,3} is the only extremal graph, for n > n_0.

The case of the Dodecahedron graph is much simpler. Its solution led to a general theory, described in [247], involving “chromatic perturbations” of the extremal graphs. The solution of the icosahedron problem led to another theory: to the solution of problems where the decomposition M(L) contains a path. The theorem thus obtained is one of the most general results in that part of Extremal Graph Theory where ex(n, L) = e(T_{n,p}) + O(n). It immediately solves many other problems, see e.g. [256]. The methods used to prove these two theorems also imply

Theorem 6.3 (Simonovits [256]). For n > n_0, H_{n,2,3} is the (only) extremal graph for the Petersen graph.

Remark 6.4. The decomposition of the Petersen graph contains 3 independent edges.

6.2. Extremal graph problems with linear decomposition

In [247] I have given a fairly general theorem which provides an “almost algorithmic” solution of many involved extremal graph problems. This theorem (Theorem 6.8) covered most of the known results of those days with linear error terms, i.e., when ex(n, L) − e(T_{n,p}) = O(n). It covered the case

580 M. Simonovits

of the Dodecahedron graph and would have covered the case of the Petersen graph as well, and several generalizations of the Petersen graph, e.g., the Kneser graph, and others, except that those days I have not formulated these problems (see [256]). (In some sense, it was motivated by and covered the case of the Icosahedron as well.) Informally, the meaning of this theorem was that if the decomposition contains a path P_τ , then some extremal graphs are obtained from a T_{n,p} by adding small symmetrical blocks to each class and a few new, high degree vertices, joined to these blocks very symmetrically. This theorem enables us to solve many extremal graph problems “almost algorithmically” even in the case of “chromatic perturbation”. We need some definitions.

Definition 6.5. The subgraphs H_1, . . . , H_ℓ ⊆ G will be called symmetric in G if (a) there are no edges between them and (b) one can fix some automorphisms ψ_i : H_1 → H_i such that for any y ∈ G−H_i −H_1, x ∈ V (H_1) is joined to y iff ψ_i(x) ∈ V (H_i) is joined to y.

Definition 6.6 (Family of symmetric graphs). D(n, p, r) is the class of graphs G_n satisfying the following symmetry condition:

(i) It is possible to omit ≤ r vertices of G_n so that the remaining graph G^∗ is a product (of graphs of almost equal order):

G^∗ = ∏ ℓ≤p G_{mℓ} where | |m_ℓ − n p | | ≤ r.

(ii) For every ℓ ≤ p, there exist connected graphs H_{ℓ,j} ⊆ G_{mℓ} such that H_{ℓ,j} (j = 1, . . . , k_ℓ) are symmetric subgraphs of G_n (with appropriate isomorphisms ψ_{ℓ,j} : H_{ℓ,1} → H_{ℓ,j}), further, v(H_{ℓ,j}) ≤ r and G_{mℓ} = ∑ j≤k_ℓ Hℓ,j, where the sum ∑ H_{ℓ,j} is the vertex-disjoint union.

Before formulating our main theorem, let us generalize the ordinary extremal problems to extremal problems with chromatic perturbations. A “chromatic condition” is defined in some more general way^{22}; here we shall restrict ourselves to a simpler, less general version:

Definition 6.7. Let q, Ω be two given non-negative integers. The chromatic condition A := A_{q,Ω} is the family of graphs from which one cannot delete (at most) Ω vertices to get a q-colorable graph.

22 The theorem is the same for the general case just the definition is more general.

Some of my Favorite Erdős Theorems and Related Results, Theories 581

Given a chromatic condition A, we shall denote by (L, A) the extremal problem of determining the maximum of e(G_n), assuming that G_n contains no L ∈ L and G_n ∈ A.

Theorem 6.8 (Symmetrical extremal graphs, [247]). Assume that a finite family L of forbidden graphs with p = p(L), and a chromatic condition A are given. If for some L ∈ L and v := v(L), (6) L ⊆ P_v ⊗ K_{p−1}(v, v, . . . , v), then there exists a constant r = r(L) such that, for every n, D(n, p, r) contains an extremal graph for (L, A).

Related literature: Simonovits [247, 256].

6.3. Large excluded subgraphs

Bollobás, Erdős, Simonovits and Szemerédi [39] considered problems where the excluded graphs were parametrized and the parameters tended to infinity as n → ∞. (The Erdős–Stone theorem is also of such type.) We formulate here two theorems from that paper.

Theorem 6.9. Let I_h be the graph consisting of h independent vertices. Let M be a bipartite graph. Put

q(n, M) = max_{n1+n2=n} { n_1n_2 + ex(n_1, M) + ex(n_2, M) } . There exists a c > 0 and an n_0 such that if n > n_0 and e(G_n) > q(n, M), then G_n contains an L := M ⊗ I_{[cm]}, and every extremal graph U_n ∈ EX(n, L) is a product of an S_m ∈ EX(m, M) and an S_{n−m} ∈ EX(n − m, M), where m = n/2 + o(n).

Clearly, this theorem is strongly connected (a) to the general theory and (b) to the Octahedron theorem. Another result of [39] is about the fact that if a graph does not contain short odd cycles, then it can be turned “easily” into a bipartite graph. To formulate this result more generally, let L[t] denote the graph obtained by replacing each vertex of L by an independent t-tuple and joining two new vertices if the originals have been joined.

582 M. Simonovits

Theorem 6.10. Fix an integer t. For every ε > 0 there is a K(ε) such that if a graph G_n cannot be turned into bipartite by deleting at most εn^2 edges, then C_{2ℓ+1}[t] ⊆ G_n for some 0 < ℓ ≤ K(ε).

Our estimate for K(ε) was fairly trivial, much later Komlós has found the right order of magnitude of K(ε) [193].

Remark 6.11. We gave two proofs of Theorem 6.10. One of them used the Regularity Lemma, the other was “quite elementary”. Of course, using the Regularity Lemma if one gets a C_{2ℓ+1} then one always gets a “blown-up” odd cycle, i.e., a C_{2ℓ+1}[t] ⊆ G_n as well, for any fixed t and n > n_0(t, ε).

6.4. “The complete list of theorems”

Watching Erdős working, beside of his great proving power and elegance, one striking feature was, how he posed his conjectures. Often we did not immediately understand the importance of his questions. Slightly mockingly, once one of his best friends, A. Hajnal told him: “You would like to have a Complete List of Theorems”. I think there is some truth in this remark, yet one modification should be made. Erdős did not like to state his conjectures immediately in their most general forms. Instead, he picked very special cases and attacked first these ones. Mostly he picked his examples “very fortunately”. Therefore, having solved these special cases he very often discovered whole new areas, and it was difficult for the surrounding to understand how could he be so “fortunate”. So, the reader of Erdős and the reader of this survey should keep in mind that Erdős’s method was to attack first important special cases.

Examples of “complete lists”

The Smolenice^{23} paper. Perhaps the first survey paper of Erdős I know is the Smolenice paper [86]. In the Smolenice paper Erdős defines three functions, f_1(n, k, ℓ), f_2(n, k, ℓ), and f_3(n, k, ℓ).^{24}

23 The Smolenice Graph Conference was one of the early ones, in Czechoslovakia, June 1963.

24 The +1 comes from the fact that sometimes we speak of the maximum number of the edges in the L-free Gn, in other cases about the minimum number of edges ensuring an L_k ⊆ Gn.

Some of my Favorite Erdős Theorems and Related Results, Theories 583

Here f_1(n, k, ℓ) = ex(n, L_{k,ℓ}) + 1, where L_{k,ℓ} is the family of k-vertex graphs with ℓ edges; f_2(n, k, ℓ) = min_{Lk∈Lk,ℓ} ex(n, L_k) + 1, f_3(n, k, ℓ) = max_{Lk∈Lk,ℓ} ex(n, L_k) + 1.

Erdős proved several results on these functions, and also listed all the extremal numbers ex(n, L) for v(L) ≤ 5. Finally, he listed various interesting results and problems, demonstrating his desire to find the “complete list”.

The case of K_{p+1}. When Turán proved his theorem, Erdős and others were fascinated by its simplicity and elegance and proved later many generalizations of it. I will again illustrate his “quest for the complete list”, but will not try to list all his theorems connected to ex(n, K_{p+1}).

The first one is the degree-majorization theorem:

Theorem 6.12. If G_n contains no K_{p+1} and the degrees of G_n are d_1 ≥ d_2 ≥ . . . ≥ d_n, then there exists a p-chromatic G^∗_n with degrees d^∗_1 ≥ d_1, d^∗_2 ≥ d_2, . . . , d^∗_n ≥ d_n.

Clearly, 2e(G_n) ≤ ∑ d_i ≤ ∑ d^∗_i = 2e(G^∗_n) ≤ e(T_{n,p}), (since T_{n,p} has the most edges among the p-chromatic n-vertex graphs): Theorem 6.12 implies Turán Theorem, apart from the uniqueness of the extremal graph.

The following conjecture of Erdős was proved by Bollobás and Thomason [43] and Erdős and T. Sós [136]:

Theorem 6.13. If e(G_n) > e(T_{n,p}), then G_n has a vertex x of degree m for which its neighborhood Γ(x) contains more than e(T_{m,p−1}) edges.

The motivation of this theorem is that it immediately implies Turán’s theorem, by induction on p.

Related further literature: Bondy [46], Bollobás [32].

Rademacher type theorems. Almost immediately after Turán’s result, Rademacher proved the following nice theorem (unpublished, see [84]) :

584 M. Simonovits

Theorem 6.14 (Rademacher Theorem). If e(G_n) > ⌊_{n2} 4 ⌋ , then G_n contains at least [_n 2 ] triangles.

This is sharp: adding an edge to (the larger class of) T_{n,2} we get [_n 2 ] K_3’s. Erdős generalized this result by proving the following two basic theorems [84]:

Theorem 6.15. There exists a positive constant c_1 > 0 such that if e(G_n) > ⌊_{n2} 4 ⌋ , then G_n contains an edge e with at least c_1n triangles on it.

Theorem 6.16 (Generalized Rademacher Theorem). There exists a positive constant c_2 > 0 such that if 0 < k < c_2n and e(G_n) > ⌊_{n2} 4 ⌋ + k, then G_n contains at least k [_n 2 ] copies of K_3.

Erdős conjectured [81] and Lovász and I proved that c_2 =^1_2 [213]. For further results see Moon and Moser [228], Bollobás [27, 28], and [213], [214]. Erdős also proved the following theorem, going into the other direction.

Theorem 6.17 (Erdős [97]). If e(G_n) = ⌊_{n2} 4 ⌋ −ℓ and G_n contains at least one triangle, then it contains at least [_n 2 ] − ℓ − 1 triangles.

(Of course, we may assume that 0 ≤ ℓ ≤ [_n 2 ] − 3.)

Lovász–Simonovits results. Erdős also generalized Theorem 6.16 to the case of K_{p+1}’s:

Theorem 6.18 (Erdős, 1962). There exists a constant c_p such that if e(G_n) > ex(n, K_{p+1}) + k for some k ∈ [1, c_pn], then G_n contains at least k · ∏ 0≤i≤p ⌊ n + i p ⌋

copies of K_{p+1}.

The meaning of this result is the following. Let U(n, p, k) be the graph obtained from T_{n,p} by adding k edges to it, in its largest class. Then — assuming that the new edges do not form any triangle — each of them will belong to ∏ 0≤i≤p ⌊ n + i p ⌋

Some of my Favorite Erdős Theorems and Related Results, Theories 585

K_{p+1}’s. The above theorem asserts that if k is small, then this is sharp: the minimum number of K_{p+1}’s for a fixed number of edges is obtained by U(n, p, k). This result was also generalized by the Lovász–Simonovits theorem [214]. To be quite precise, before formulating the Lovász–Simonovits theorems we have to mention an important partial result of Moon and Moser [228]. Moon and Moser considered the following problem:

Problem 6.19. What is the maximum number of triangles t(n) a graph G_n can have without containing a K_4?

Denote by N_p = N_p (G) the number of K_p’s in G, (e.g., N_3 is the number of triangles, N_4 the number of K_4’s, etc.). They proved, among others that

Theorem 6.20 (Moon–Moser [228]). For k ≥ 3,

N_k (G_n) ≥ 1 k(k − 2) N_{k−1} (G_n) [ (k − 1)^2

N_{k−1} (G_n) N_{k−2} (G_n) − n ] . This provides a nice recursive lower bound on N_k /N_{k−1} and (using N_2 /N_1 =^{2E}_n ) we get a lower bound on N_k , see e.g. [214].

Let S_{n,p,E} be defined as follows: take a T_{m,p−1} and a triangle-free graph B_{n−m} with e(B_{n−m}) = E − m(n − m). So e(T_{m,p−1} ⊗ B_{n−m}) = E. Now, N_{p+1} (T_{m,p−1} ⊗ B_{n−m}) depends only on the choice of m. Choose m to minimize N_{p+1} (T_{m,p−1} ⊗ B_{n−m}). The resulting graph is not uniquely determined but take one of them and denote it by S_{n,p,E}.

Conjecture 6.21 (Lovász–Simonovits). If e(G_n) ≥ E, then N_{p+1} (G_n) ≥ N_{p+1} (S_{n,p,E}). Lovász and I could prove this conjecture for the special case when the edge-number is near to the edge-number of some Turán graph T_{n,h}. It can easily be that this conjecture is “slightly imprecise” i.e. should be slightly modified for some values of E. Below we formulate one of our main results in a simplified form.

Theorem 6.22. For every p there exists an ε_p > 0 such that if E := e(S_n) = e(T_{n,p}) + k for some 0 < k < ε_pn^2, then N_{p+1} (G_n) ≥ N_{p+1} (S_{n,p,E}).

The proof of this theorem is rather long, probably because the extremum is not sharp enough. We have formulated several simpler results there. The theorem below for p = 3 was proved by Goodman [161] and easily follows for the general case from the Moon–Moser theorem [228].

586 M. Simonovits

Theorem 6.23. Let t := t(G_n) be defined by e(G_n) = ( 1 −^1_t )(_n 2 ) . For t > p N_p (G_n) ≥ ( t p ) ( n t )_p . Here the meaning of t is clear: for a Turán graph G_n = T_{n,p} it is very near to the class number p: so it can be considered as the “fractional class number”. We also proved a corresponding “stability theorem”.

Theorem 6.24. Let C be an arbitrary constant. There exist positive constants δ and C^′ such that if 0 < k < δn^2 and for the t defined above, if

N_p (G_n) ≤ ( t p ) ( n t )_p + Ckn^{p−2}, then there exists a K_p(n_1, . . . , n_p) such that G_n can be obtained from this K_p(n_1, . . . , n_p) by adding at most C^′k edges to it and deleting at most C^′k edges from it.

(a) One can automatically extend Theorem 6.24 to the case −δn^2 < k < δn^2, (b) and one can immediately see that | |n_i −^n_p | | ≤ C′√k. (c) The importance of this stability theorem lies (partly) in that it can replace the application of Szemerédi’s Regularity Lemma in several cases: mostly, when the conjectured extremal graph is an almost Turán graph.

Related further literature: Lovász and Simonovits [214], Lovász [212].

6.5. Supersaturated graphs: the general case

Again, this section will be much shorter than what it deserves. The case of complete graphs is fairly well described by Bollobás [28, 27], and Lovász– Simonovits, [213, 214]. The question of supersaturated graphs for bipartite excluded graphs (p(L) = 1) is quite different. It would deserve a whole chapter. A survey of Erdős and myself on this topic is in the Waterloo volume [131], and also a “continuation” of this paper is in the same volume, by me [254]. Here I formulate only one conjecture.

Conjecture 6.25 (Erdős–Simonovits [131]). If L is bipartite, e := e(L), v := v(L), c > 0 and E := e(G_n) > (1 + c) · ex(n, L), then G_n contains at least c^′ E^e n^{2e−v}

Some of my Favorite Erdős Theorems and Related Results, Theories 587

copies of L, for some c^′ > 0.

The meaning of this conjecture is a phase transition, and it says that if one has more edges than the extremal graph then it has (up to a multiplicative constant) at least as many L as the corresponding random graph. The conjecture has several weaker and sharper versions.

There are many results on hypergraphs as well. Supersatured graph theorems can be used also to prove ordinary extremal graph results.

Related further literature: Sidorenko [245], Brown and Simonovits [59].

7. Finite Geometries and Extremal Graph Theory

For several years random graph methods and finite geometries were the only tools to show the sharpness of certain upper bounds in degenerate extremal graph problems (or related non-degenerate extremal graph problems).^{25} Clearly, Erdős was very interested in applications and characterizations of Finite Geometries. This is not the best place to write about this: I will restrict myself to the applications in Extremal Graph Theory and mention some further related papers.

For me, the application of finite geometries in Extremal Graph Theory started in the Erdős paper, with the construction of Eszter Klein [80], to prove the sharpness of Theorem 2.1. Later Reiman returned to this topic [238] and then, much later, Erdős and Rényi [121] used finite geometry for a diameter-extremal problem. That was followed by the Erdős–Rényi–T. Sós paper [122], and by the Brown paper [54].

The connection between finite planes and the C_4-extremal problem is clear: the last paper [54] is more surprising and it is even more surprising that it yields a sharp result, see Füredi [156].

There was an alternative line, which I feel is very interesting, namely, the problem of cycles, which was strongly connected to the so called “cage”- problem.

25 To be precise, there existed a third method as well, which I regarded very near to the finite geometric method. Also, in most cases (interesting from the point of view of extremal graph theory) the Random Graph Method gave only good approximation but sufficiently good lower bounds.

588 M. Simonovits

Let us return to Theorem 4.14. Is it sharp? Finite Geometric (and other) constructions show that for k = 2, 3, 5 YES. (See Singleton [260], Benson [22], Wenger [289] . . . ). Unfortunately, nobody knows if this is sharp for C_8, or for other C_{2k}’s.

In Erdős’s combinatorics the finite geometries pop up in many further places, e.g., in de Bruijn-Erdős theorem, which is also connected to the Gallai-Sylvester theorem.

Several problem papers of Erdős speak of finite geometries. Here I mention only Erdős [100], Erdős, Mullin, Sós, Stinson, [118], . . .

Finite Geometries and Polarized Partition Relations can also be found in Chvátal [75], Berge and Simonovits [23] Sterboul [267], where the C_4-free partitions of the complete graphs are constructed. This again is strongly connected to Erdős’s combinatorics but I skip the details.

For some use of finite geometries for hypergraphs see Brown–Erdős–Sós [56], Simonovits [251], . . . , T. Sós [261], and in some sense, also Berge– Simonovits [23].

An interesting result on the connection between Finite Geometries and the C_4-extremal graph problem is the so called “Friendship” theorem [122].

Related literature: Erdős, [100, 101], T. Sós [261].

7.1. Algebraic approach

Several people felt that the potential use of finite geometric construction is fairly limited: perhaps some more algebraic approach (say, the use of algebraic geometry) would provide new, beautiful results. This happened when Kollár, Rónyai and Szabó proved [192]^{26}

Theorem 7.1. Fix a b > a!. For n > n_0(a), Theorem 4.1 is sharp: ex ( n, K_2(a, b) ) > c_pn^{2− 1a} . This was slightly improved by Alon, Rónyai and Szabó [8]: the condition b > a! was replaced by b > (a − 1)!.

26 Perhaps one of the first applications of clearly algebraic methods to provide lower bounds in an extremal graph problem is Margulis’ Construction 9.3.

Some of my Favorite Erdős Theorems and Related Results, Theories 589

Remark 7.2. Describing walks and cycles in graphs is perhaps one of those parts of extremal graph theory where algebraic methods may be applied more often than in other extremal problems. One of the reasons for this is that the number of walks and also the number of even cycles in a graph can well be described by matrices and often by eigenvalues. I warmly recommend Noga Alon’s chapter: Tools from Higher Algebra [7], which provides a lot of interesting and useful information — among others — on topics I had to describe very shortly.

The reader could ask: what is the real difference between the finite geometric and the more algebraic constructions? The question is of course, partly philosophical: in both cases the vertices of the graph form some algebraic structures, and we define the edges of a graph by some equations: to prove the non-existence of a subgraph L is reduced to the proof of that some system of equations cannot be solved. Yet, in what I call finite geometric constructions, there is a geometric idea behind the system of equations, maybe even a geometric fact, while in the more algebraic construction this picture seems to disappear.

Remark 7.3. Lazebnik, Ustimenko and Woldar provided several algebraic constructions in connection with the girth problem. Since the cycles are thoroughly explained in [48], here I skip these results, just mentioning their papers, e.g., [207, 208] and also a paper of Wenger [289] and [160].

Remark 7.4. There are other algebraic methods as well. Further, in some cases it is not so easy to decide if the construction we consider is more algebraic or more number theoretic. One important construction to be mentioned is that of Biggs and Hoare [24], a cubic graph G_n of which Weiss [288] has proved that its girth is ≥

(_4 3 + o(1) ) log n.

8. Erdős–Pósa Theorem

8.1. Undirected case

The following question of Dirac and Erdős [87] is motivated partly by Menger Theorem. We shall call L_1, . . . , L_k ⊆ G vertex-independent, (or simply, independent) if no two of them have common vertices.

590 M. Simonovits

If G is a graph

(∗) not containing two vertex-independent cycles, how many vertices are needed to represent all the cycles of G?

K_5 satisfies (∗) and we need at least 3 vertices to represent all its cycles. Bollobás [25] proved that in all the graphs satisfying (∗) there exist 3 vertices the deletion of which results in a tree (or forest). More generally,

Let RC(k) denote the minimum t such that if a graph G contains no k + 1 independent cycles, then one can delete t vertices of G ruining all the cycles of the graph. Determine RC(k)!

Theorem 8.1 (Erdős and Pósa [119]). There exist two positive constants, c_1 and c_2 such that

c_1k log k ≤ RC(k) ≤ c_2k log k.

The lower bound used random methods, which can be replaced by the Margulis graph [221]. The Biggs–Hoare–Weiss construction also can be used here. This theorem is strongly connected to the following extremal graph theoretical question:

Assume that G_n is a graph in which the minimum degree is D. Find an upper bound on the girth of the graph in terms of D.

Here the usual upper bound is ≈

2 log n log(D − 1) .

8.1.1. The directed case. (a) The most important related result is the extension of Erdős–Pósa theorem to the directed case: this was done (after several preparatory steps) by B. Reed, N. Robertson, P. Seymour and R. Thomas [237].^{27} The first positive result was

Theorem 8.2 (McCuaig [223]). If −→D is a digraph in which any two directed cycles have a common vertex, then the directed cycles can be represented by 3 vertices.

27 Gallai has formulated this problem for the very special case when any two directed cycles have common vertices: I assume that Gallai meant the general problem as well, just wanted to restrict himself to the simplest unsolved case. Five years later Younger published the general question.

Some of my Favorite Erdős Theorems and Related Results, Theories 591

Theorem 8.3 (Reed–Robertson–Seymour–Thomas [237]). If −→D is a digraph not containing k + 1 vertex-independent directed cycles, then the directed cycles can be represented by O_k(1) vertices.

(b) There are results, due to Dirac [78], W. G. Brown [53] and Lovász [209], describing the structure of (undirected) graphs not containing two independent cycles, and actually, McCuaig completely describes the structure of digraphs without 2 independent dicycles.

9. “Random Constructions?”

Probabilistic method was one of the most important methods to prove the existence of complicated combinatorial objects. As I wrote, I will deal with this subject only superficially. The reader is refered to the books of Erdős and Spencer [134], of Bollobás [30], of Alon and Spencer [9] of Spencer [265], and, of course, to the original papers of Erdős and his coauthors, among others, to the “Art of Counting” [95]. A very recent book on Random Graphs is that of Janson, Łuczak and Ruciński [180].

Erdős wrote two papers with the title “Graph Theory and Probability”, one in 1959 [82], and the other in 1961, [83]. These papers were of great importance. The results of these papers may seem to be purely Ramsey theoretical, fairly surprising in those days, but they have several important consequences in Extremal Graph Theory as well. One important corollary of the main theorem of [83], more precisely, of its proof is

Theorem 9.1. If L contains no trees, neither forests, then ex(n, L) > c^∗_Ln^{1+cL} , for some constants c^∗_L, c_L > 0.

On the other hand, it is easy to see that if L ∈ L is a tree (or a forest), then ex(n, L) = O(n). Another important corollary of the above “random construction” is the lower bound in the Ramsey–Turán type Erdős–T. Sós theorem on RT ( n, K_{2ℓ+1}, o(n) ) . In some other cases the following theorem, from Graph Theory and Probability II is useful:

Theorem 9.2 ([83]). There exist a constant c > 0 and an n_0 such that for n > n_0 there exist graphs G_n with K_3 ⊈ G_n and α(G_n) ≤ c √ n log n.

The Random Graph method is definitely one which is very strongly connected to Erdős’s name and was extremely successful in many cases.

592 M. Simonovits

Here we speak of proving the existence of some objects by random methods. Though random codes were already used by Shannon and random graphs were investigated by others as well, definitely, in modern combinatorics it was the “Erdős method”. Later several variants were established, some connected to Erdős and Rényi, others to the Lovász Local Lemma [116]. Also there was another line, through Ajtai, Komlós and Szemerédi, then Rödl. All these methods can be used among others to show the existence of certain objects. One of the most important such objects was the expander graph. (I should also mention Janson’s and Suen’s inequalities, see e.g., [178, 179], [269], or Boppana and Spencer [50], and, finally, the use of martingale methods.)

Beside its pure theoretical interest, the fast development of Theoretical Computer Science and the great difficulties of producing truly random bits put a pressure on mathematicians to try to replace the “random constructions” by deterministic ones as often as possible.

Today we could say, that many of the “Random Constructions” were replaced by deterministic ones. The existence of graphs with high girth and high chromatic number (Erdős [83]) was proved without random graphs first by Lovász [211], (where Lovász extended the problem to hypergraphs and thus succeeded in using a — rather involved — induction), then by Nešetřil and Rödl [231, 232], then by Křiž [206] and the Margulis-Lubotzky-Phillips- Sarnak construction is also a deterministic construction to settle (among others) this problem as well.

9.1. The Margulis–Lubotzky–Phillips–Sarnak constructions

Sometimes we insist on finding constructions for certain cases, even when the randomized methods work easily. One such case was the girth problem discussed above, with one exception. Namely, in the girth problem Margulis [221, 222] and Lubotzky–Phillips–Sarnak [215, 216], succeeded in constructing regular graphs G_n of (arbitrary high) but fixed degree d and girth at least c_d log n. The original random-graph existence proof is due to Erdős and Sachs [124].

Theorem 9.3 (Margulis [221]). For every ε > 0 we have infinitely many values of r, and for each of them an infinity of regular graphs X_j of degree 2r with girth g(X_j ) > ( 4 9 − ε ) log v(X_j ) log r .

Some of my Favorite Erdős Theorems and Related Results, Theories 593

Margulis also explained, how the above graphs can be used in constructing certain (explicit) error-correcting codes and generalized this construction (in the same paper) to arbitrary even degrees. The next breakthrough was due to Margulis [222] and to Lubotzky, Phillips and Sarnak [215, 216]. The graph of Lubotzky, Phillips and Sarnak was obtained not for extremal graph purposes. The authors, investigating the extremal spectral gap^{28} of d-regular graphs, constructed graphs where the difference between the first and second eigenvalues is as large as possible. Graphs with large spectral gaps are good expanders, and this was perhaps the primary interest in [216] or in [222]. As the authors of [216] remarked, Noga Alon turned their attention to the fact that their graphs can be “used” also for several other, classical purposes.

Definition 9.4. Let X be a connected k-regular graph. Denote by λ(X) the second largest eigenvalue (in absolute value) of the adjacency matrix of X. A k-regular graph on n vertices, X = X_{n,k}, will be called a Ramanujan graph, if λ(X_{n,k}) ≤ 2 √ k − 1. I do not have the place here to go into details, but the basic idea is that random graphs have roughly the spectral gap required above [159] [147], and vice versa: if the graph has a large spectral gap,^{29} then it may be regarded in some sense, as if it were a random graph. So the Ramanujan graphs provide near-extremum in some problems, where random graphs are near-extremal. (See also [6], [74])

Let p, q be distinct primes congruent to 1 mod 4. The Ramanujan graph X^{p,q} of [215] is a p + 1-regular Cayley graph of P SL(2, Z_q) if the Legendre symbol (_p q ) = 1 and of P GL(2, Z_q) if (_p q ) = −1. (Z_q is the field of integers mod q.) Here we restrict ourselves to the case (_p q ) = 1.

Theorem 9.5 (Alon, quoted in [216]). Let X_{n,k} = X^{p,q} be a non-bipartite Ramanujan graph; (_p q ) = 1, k = p + 1, n = q(q^2 − 1)/2. Then the independence number α(X_{n,k}) ≤^2 √ k−1 k n. Corollary 9.6 ([216]). If X_{n,k} is a non-bipartite Ramanujan graph, then χ(X_{n,k}) ≥^k_2^√_{k−1} .

28 = difference between the largest and second largest (in absolute value) eigenvalues

29 For a more precise description see [159], [74]. If we regard a d-regular graph, then we require that the second largest (by absolute value) eigenvalue be o(d): for random graphs it is around O

(√_d )_.

594 M. Simonovits

Margulis, Lubotzky, Phillips and Sarnak have constructed Ramanujan graphs which are p + 1-regular, non-bipartite Ramanujan graphs with n = q(q^2 − 1)/2 vertices, and with

girth(X_{n,p+1}) ≥ 2 3 log n log p + O(1), α(X_{n,p+1}) ≤ 2 √ p p + 1 n, χ(X_{n,p+1}) ≥ p + 1 2 √ p . Putting p = const or p ≈ n^c we get constructions of graphs the existence of which were known earlier only via random graph methods. Surprisingly, they are better than the known “random constructions”, showing that

ex(n, C_{2k}) > c_kn^{1+ 43k+25} .

Related literature: Lubotzky [217], Sarnak [242].

10. Topological Subgraphs

Given a graph L, we may associate with it all its topologically equivalent forms. Slightly more generally, let T (L) be the set of graphs obtained by replacing some edges of L by “hanging chains”, i.e., paths all inner vertices of which have degree 2.

Problem 10.1. Find the maximum number of edges a graph G_n can have without containing subgraphs from T (L).

Mader [219] showed that

Theorem 10.2. There exists a constant c > 0 such that if e(G) > tn, then G contains a topological complete p-graph L ∈ T (K_p) for p = [ c √ log t ] . This immediately implies

Corollary 10.3. For every L, ex ( n, T (L) ) = O(n).

One could ask: how large topologically complete subgraph is guaranteed by e(G_n) > tn. Mader [219], Erdős and Hajnal [113], conjectured that the answer is ≈ c √ t. Komlós and Szemerédi proved this apart from a log-power [201], and then the sharp result was proved by Bollobás and Thomason [45] and by Komlós and Szemerédi [202]:

Some of my Favorite Erdős Theorems and Related Results, Theories 595

Theorem 10.4 ([45, 202]). There is a positive c_1 such that if e(G_n) > tn, then G_n contains an L ∈ T (K_p) with p > c_1 √ t. Related literature: Bollobás, Chapter 7 of [29].

11. Extremal Subgraphs

Until now we were interested in the case when we tried to maximize e(G_n) for G_n ⊆ K_n, assuming that G_n contains no subgraphs from L. More generally, one could ask:

Given a sequence H_n of graphs, determine

ex(n, H_n, L) := max { e(G_n) : G_n ⊆ H_n, L ⊈ G_n if L ∈ L } . There are several important subcases of this family of problems. One of them is the “extremal substructures of the cube”. Here I will skip this field for two reasons: (a) It seems to me that the phenomena are the least understood here, (b) the topic is described in details in Bondy’s paper [48] in this volume.

Related literature: Chung [71], Bollobás, Erdős, and Szemerédi [41], Bollobás, Erdős and Straus [40].

11.0.1. Subgraphs of random graphs. Babai, Spencer and I (sharpening some results of Frankl and Rödl), proved some theorems on extremal subgraphs of random graphs [16]. Here I restrict myself to the simplest cases.

The simplest case was when L = K_3 and p > 0 was fixed.

Theorem 11.1 ([16]). There exists a p_0 <^1_2 such that if G_{n,p} is a random graph with edge-probability p > p_0 and F_n is a K_3-free subgraph of maximum number of edges, B_n is a bipartite subgraph with maximum number of edges, then e(F_n) = e(B_n) almost surely. Moreover, all triangle-free subgraphs F_n with maximum number of edges are almost surely bipartite.

The case of C_{2k+1} was covered by the Babai–Simonovits–Spencer theorem, but only for fixed positive probability p. Haxell, Kohayakawa and

596 M. Simonovits

Łuczak [173] extended this result to very low probabilities at the price of some sharpness of the estimates. Kohayakawa, Kreuter and Steger considered the case of degenerate extremal problems, above all, the case of C_{2k} [190], again for low probabilities.

Related literature: Erdős, Janson, Łuczak, Spencer, [114], Łuczak, [218].

12. Typical L-free Graphs

Erdős, Kleitman and Rothschild [115] started investigating the following problem:

How many labelled L-free graphs exist on n vertices.

Denote the family of L-free graphs of order n by P(n, L). We have a trivial lower bound on | P(n, L) | : take any fixed extremal graph S_n and take all the 2^{ex(n,L)} subgraphs of it: (7) | |P(n, L) | | ≥ 2^{ex(n,L)}. Erdős conjectured that this is mostly sharp: | |P(n, L) | | = 2(1+o(1))ex(n,L). In most cases it is irrelevant if we count labelled or unlabelled graphs.

Theorem 12.1 (Erdős–Kleitman–Rothschild [115]). The number of K_pfree graphs on n vertices and the number of p − 1-chromatic graphs on n vertices are in logarithm asymptotically equal: For every ε(n) → 0 there exists an η(n) → 0 such that if P(n, K_p, ε) denotes the family of graphs of n vertices and with at most εn^p subgraphs K_p, then ex(n, K_p) ≤ | log P(n, K_p, ε) | ≤ ex(n, K_p) + ηn^2.

In other word, we get “a large part of them” by simply taking all the (p − 1)-chromatic graphs.

More generally, Erdős, Frankl and Rödl [107] proved that

Theorem 12.2. If χ(L) > 2, then | |P(n, L) | | = 2^{ex(n,L)+o}(^{ex(n,L)}).

Some of my Favorite Erdős Theorems and Related Results, Theories 597

The corresponding question for bipartite graphs is unsolved. Even for the simplest non trivial case, i.e. for C_4, the results are unsatisfactory. This is not so surprising. All these problems are connected with random graphs, where for low edge-density the problems often become much more difficult. Kleitman and Winston [189] showed that | |P(n, C_4) | | ≤ 2^{cn√n}, but the best value of the constant c is unknown. The truth should be, of course (at least, by Erdős), | | P(n, C_4) | | = 2(^{(1/2)+o(1)})^{n√n}.

Kolaitis, Prömel and Rothschild [191] sharpened Theorem 12.1: they proved that, in fact, almost every K_{p+1}-free graph is p-colorable. (“G is p-colorable” means that χ(G) ≤ p.)

Theorem 12.3. Let C_n(p) be the set of labeled p-colorable graphs on {1, . . . , n}. Then | |P(n, K_{p+1}) | | | C_n(p) | → 1 as n → ∞.

Later, Prömel and Steger [233] extended Theorem 12.1. To state their result, we remind the reader that an edge e of L is color-critical if χ(L−e) < χ(L), and that many results for K_{p+1} can be generalized to graphs having critical edges.

Theorem 12.4. Let χ(L) = p + 1. Then | | P(n, L) | | | C_n(p) | → 1 as n → ∞ if and only if L contains a color-critical edge.

Many new results concerning this area were proved in the last few years. One of them is our improvement of the Erdős–Frankl–Rödl theorem. Balogh and Bollobás and I proved [19] that

Theorem 12.5. For every nontrivial^{30} family L of graphs there exists a constant γ = γ_L > 0 such that (8) | | P(n, L) | | ≤ 2^12

(_{1− 1} p )_{n2+O(n2−γ log n)} , 30 i.e. where e(L) > 0 for every L ∈ L.

598 M. Simonovits

for p = min_{L∈L} χ(L) − 1.

Assume that M is the decomposition class of L and ex(n, M) = O(n^{2−c}). Then we may take γ = c in the above theorem. We also have some sharper results but I skip the details here. I finish with a related problem of Erdős.

Problem 12.6 (Erdős). Determine or estimate the number of maximal triangle-free graphs on n vertices.

Some explanation. In the Erdős–Kleitman–Rothschild case (for K_3) the number of bipartite graphs was large enough to give a logarithmically sharp estimate. Here K(a, n − a) are the maximal bipartite graphs, their number is negligible. This is why the situation becomes less transparent.

The case of induced subgraphs is discussed, e.g., in Prömel–Steger [234] Bollobás and Thomason [44], or Balogh, Bollobás and Weinreich [20].

13. Pentagonlike Structures

Many problems on triangle-free graphs are connected to the pentagonstructure. We shall call a graph “pentagonlike” if we can partition its vertices into C_1, . . . , C_5 so that all the edges join some C_i to C_{i+1} where the indices are counted mod 5: C_6 := C_1. The maximal pentagonlike structures are obtained when C_i is joined to C_{i+1} completely. C_5[n_1, . . . , n_5] denotes the (maximal) pentagonlike graph when |C_i| = n_i. Denote by C_5[n] this graph if | |n_i − ⌊n/5⌋ | | < 1.31 Disregarding T_{n,2}, these are the simplest triangle-free structures. There are many problems where pentagonlike structures provide the extremal configurations. Denote by D(G) the minimum number of edges to be deleted from G to get a bipartite graphs.

Conjecture 13.1 (Erdős). If K_3 ⊈ G_n, then D(G_n) ≤ n^2/25.

The maximal pentagonlike graph Q_n := C_5[n] shows that, if true, this conjecture is sharp. The conjecture is still open, in spite of the fact that good approximations of its solutions were obtained by Erdős, Faudree, Pach and Spencer [105].

31 Actually, this is not uniquely defined but that does not matter here.

Some of my Favorite Erdős Theorems and Related Results, Theories 599

Theorem 13.2. For every triangle-free graph G with n vertices and m edges

(9) D(G_n) ≤ max { 1 2 m − 2m(2m^2 − n^3) n^2(n^2 − 2m) , m − 4m^2 n^2 }

This proves the conjecture for e(G_n) >^{n2}_5 . The general conjecture is still open for^{2n2}_{25} < e(G_n) <^{n2}_5 . The next theorem of Erdős, Győri and myself [112] states that if e(G_n) >^1_5 n^2, then the pentagon-like graphs need the most edges to be deleted to become bipartite. (Our result provides also information on the near-extremal structure.)

Theorem 13.3. If K_3 ⊈ G_n and e(G_n) ≥^{n2}_5 , then there is a pentagonlike graph H^∗_n with e(G_n) ≤ e(H^∗_n), for which D(G_n) ≤ D(H^∗_n).

13.0.2. The number of C_5’s in triangle-free graphs. A beautiful conjecture of Erdős states that if K_3 ⊈ G_n, then G_n contains at most (_n 5 )_5

copies of C_5. The motivation is that C_5[n] contains ≈ (_n 5 )_5

copies of C_5. In an elegant, short note E. Győri proved

Theorem 13.4 (Győri [169]). Let G_n be a triangle-free graph. Then the number of C_5’s in G_n is at most 1.03 × (_n 5 )_5 . This was improved by Z. Füredi (in a “far from trivial way”) to

Theorem 13.5 (Füredi [153]). Let G_n be a triangle-free graph. Then the number of C_5’s in G_n is at most 1.003 × (_n 5 )_5 .

13.1. Perturbation problems: Minimum degree problems

Given a family L, the Zarankiewicz problem [290]^{32} asks for the determination of dex (n, L) = max { d_{min}(G_n) : G_n ⊉ L ∈ L } , that is, the maximum minimum valence of an L-free G_n. Since d_{min}(G_n) ≤ (2/n)e(G_n), dex (n, L) ≤ 2 n ex(n, L) ≤ ( 1 − 1 p ) n + o(n). 32 Usually, we call two different questions as Zarankiewicz problem: the other is the determination of ex ( n, K(p, q) ) .

600 M. Simonovits

On the other hand, T_{n,p} shows that this is sharp. This means that in solving Turán’s problem, we have also solved Zarankiewicz’s problem. Theorem 6.8 implies that chromatic perturbation in Turán’s theorem changes the maximum only negligibly–that is, by O(n). The chromatic perturbation in Zarankiewicz-type problems is interesting because it changes the maximum by cn^2 edges:

Theorem 13.6 (Andrásfai, Erdős and T. Sós [11]). max { d_{min}(G_n) : χ(G_n) ≥ p + 1, K_{p+1} ⊈ G_n }

= ( 1 − 1 p − (1/3) ) n + 0(1).

The extremal graphs have fairly transparent structures: for K_3 they are pentagonlike graphs, for K_{p+1} we take (approximately) C_5[t] ⊗ T_{n−5t,p−1}, where t ≈^n_{3p−4} .

Erdős and Simonovits extended the above result to arbitrary L with critical edges. The surprising phenomenon is that in all other cases we have smaller upper bounds:

Theorem 13.7 (Erdős and Simonovits [128]). Let L ≠ K_{p+1}, p := χ(L)−1. Assume that L has a critical edge. If G_n is L-free, and χ(G_n) ≥ p + 1, then

d_{min}(G_n) ≤ ( 1 − 1 p − (1/2) ) n + O(1), and this is sharp.

The case of K_3, high chromatic number. Define ψ(n, L, t) as the minimum m such that if d_{min}(G_n) ≥ m, and χ(G_n) ≥ t, then L ⊆ G_n. The general problem of determining ψ(n, K_{p+1}, t), t > p + 1, is much more difficult. We conjectured that ψ(n, K_3, t) ≈ n/3, for t ≥ 4.

Let us restrict ourselves to this simplest case.

Theorem 13.8 (Häggkvist [174]). If G_n is triangle-free and d_{min}(G_n) ≥ 3 8 n, then G_n is pentagonlike.

Several conjectures were formulated and proved or disproved in this field. A. Hajnal (using the Kneser graph) [128] gave a construction showing

Some of my Favorite Erdős Theorems and Related Results, Theories 601

that ψ(n, K_3, t) ≥

(_1 3 − o(1) ) n. Perhaps today one of the most informative source on the situation is the paper of Guoping Jin’s [181].

It seems to me that the next theorem was the breakthrough: Jin has defined a sequence of graphs F (d) as follows: the vertices are x_1, . . . , x_{3d−1} and the edges are all the edges of the corresponding C_{3d−1}, i.e., x_ix_{i+1}, where x_{3d} := x_1, and also the “diagonals” x_ix_{i+3}, x_ix_{i+6}, . . . x_ix_{i+3[d/2]−2}. So, F_1 = K_2, F_2 = C_5. A graph is of F (d)-type if it can be homomorphically mapped into F (d).

Theorem (Guoping Jin [181]). If G_n is triangle-free and d_{min}(G_n) > ⌊_{(d+1)n}

3d+2 ⌋ , then G_n is of F_d type. Further, this is sharp for 1 ≤ d ≤ 9:

there is a triangle-free non-F (d)-type graph with d_{min}(G_n) =

⌊_{(d+1)n}

3d+2 ⌋ . For a sharper theorem see Guoping Jin [182], for a short proof of the original Andrásfai–Erdős–T. Sós theorem, see Brandt [52]. In a recent paper, C. Thomassen [275] proved the following related result:

Theorem 13.10. Let c > 1/3 be any fixed real number. Then the trianglefree graphs of minimum degree > cn (where n is the number of vertices) have bounded chromatic number.

14. Anti-Ramsey Theorems

Perhaps the first person I heard speaking of anti-Ramsey theorems was R. Rado, in Montreal, 1972, see [235]. Yet, that was slightly different. Babai [12] connects anti-Ramsey theorems to Sidon sets. This way Babai thinks that Anti-Ramsey theorems were first considered by Erdős and Turán, back in 1941 [138]. The topic I will shortly describe here is the following:

Given a family L of forbidden graphs, (maximum) how many colors can one use to color the edges of K_n without having a copy of some L ∈ L colored with all different colors, i.e. colored in e(L) colors. Denote the maximum by AR (n, L).

An edge-colored graph L will be called Totally Multicolored (TMC) if all its edges have distinct colors. It is clear that if we use (_n 2 ) colors, then we shall have a Totally Multicolored copy of any L with v(L) ≤ n. If we use one color, then we shall have no Totally Multicolored L (except K_1 and K_2). So AR (n, L) is well defined.

602 M. Simonovits

To get some orientation, let us assign to each L a family L^∗ by taking for each L ∈ L and for each e ∈ E(L) the graph L − e. These graphs form L^∗. Consider

Construction 14.1. Take an extremal graph S_n for L^∗ and color its edges by (all distinct) e(S_n) colors and color the edges of its complementary graph G_n by another color.

This shows that

Claim 14.2. AR (n, L) ≥ ex(n, L^∗) + 1.

This estimate is often sharp:

Theorem 14.3 (Erdős, T. Sós and Simonovits [133]). For n > n_0(p),

AR (n, K_{p+1}) = ex(n, K_p) + 1.

Montellano–Ballesteros and Neumann-Lara [226] removed the condition n > n_0 from the above theorem, by providing a quite elementary induction proof.

The cycle problem. As in the Erdős–Gallai Theorem, C_{≥ℓ} is the family of cycles of length ≥ ℓ. One of the unsolved problems of the field is to determine AR (n, C_{≥ℓ}). The next construction provides a lower bound and is conjectured to be sharp:

Construction 14.4 ([133]). Partition n vertices into ν = ⌈^n_{ℓ−1} ⌉ groups U_1, . . . , U_ν of ℓ − 1 vertices (the last group may be smaller). All the pairs (x, y) within the groups are colored by an “own” color, i.e., by a color not used for other edges. The edges (x, y) x ∈ C_i, y ∈ C_j , for j > i are colored by “i” (not used for the other edges).

Conjecture 14.5. The above coloring provides the (asymptotically?) best coloring for the AR (n, C_{≥ℓ})-problem.

For ℓ = 3 the problem is trivial, for ℓ = 4 the conjecture was proved by Alon [5]. Recently Tao Jiang and D. West proved the conjecture for ℓ = 5, 6 and provided some further estimates for ℓ > 6, see [184]. The same result was independently proved, perhaps a few month later, by Ingo Schiermayer.

Related further literature: Tao Jiang [183].

Some of my Favorite Erdős Theorems and Related Results, Theories 603

An application of an Anti-Ramsey theorem. First Babai [12] then Babai and T. Sós [17] used anti-Ramsey theorems to prove estimates on Sidon subsets of abstract groups. This was also used to estimate the order of a Cayley graph containing a given graph.

Uniformity conditions. In Construction 14.1 all the colors of S_n were used only once, while the colors of the complementary graph had multiplicity ≥ cn^2. This is very uneven. One can ask, what happens if we add an extra condition on the edge-color distribution, ruling out the very uneven coloring. Several related results can be found in some papers of Erdős and Tuza, see e.g. [139].

Trees of small diameter. I wish to mention here two new results. A. Bialostocki conjectured that if T_n(ℓ) denotes the family of spanning trees of diameter ℓ, then AR ( n, T_n(4) ) = ( n − 2 2 ) + 1 if n ≥ 3.

B. Montágh proved this, moreover, he proved the stronger result:

Theorem 14.6 (Montágh [224]). Let T_{n,k} be the family of trees of order n, diameter 3, with n − k edges, where one of the degrees is at least n − 2k − 2. Then AR (n, T_{n,k}) = ( n − k − 1 2 ) + 1, if n ≥ 11 2 k + 7. Improving an earlier result of Simonovits and T. Sós [257] Montágh proved that

Theorem 14.7 (Montágh, 2001 [225]). If n ≥ k^2 + 7k, then AR (n, P_{n−k}) = ( n − k − 1 2 ) + 1.

604 M. Simonovits

15. Hypergraph Extremal Problems

Erdős wrote in [102]:

As far as I know, the subject of hypergraphs was first mentioned by T. Gallai, in conversation with me in 1931. He remarked that hypergraphs should be studied as a generalization of graphs. The subject really came to life only with the work of Berge.

As we mentioned, we distinguish “intersection theorems for set systems” and “hypergraph extremal problems”, but many people prefer to regard them together. Anyway, for hypergraphs, most of the extremal problems are unsolved or only partially solved. I recommend the paper of Füredi [151]. Chapter 6 of the Chung-Graham book [73] deals with open Erdős problems (in this field) and is a very good source to use. Also, for Intersection Theorems one of the basic sources could be, e.g., Peter Frankl’s Chapter 24 in the Handbook of Combinatorics [145].

Hypergraph problems are much more involved than ordinary graph problems. Therefore, despite the fact that there are a few beautiful theorems in the field, in most cases we have only unsatisfactory results. A hypergraph is r-uniform if every edge has r vertices. Extremal problems extend to runiform hypergraphs, and the corresponding definitions of EX(n, L) and ex(n, L) are straightforward.

The oldest hypergraph extremal problems are due to Turán [280]. All hypergraphs are assumed to be uniform here.

Turán’s Problem. For given r, p and n, how many edges can an runiform hypergraph H_n have without containing the complete hypergraph of order p?

This problem seems to be extremely difficult. Here we restrict ourselves to the simplest case of the corresponding conjecture, with r = 3 and p = 4.

Conjecture 15.1. Let T^{(3)}_{n,3} be the 3-uniform hypergraph whose n vertices are divided into three sets C_1, C_2 and C_3 (as nearly equal in size as possible), where a triple {x, y, z} is an edge if no two of x, y, z are in the same set or if two belong to C_j and the third belongs to C_{j+1} (subscripts taken modulo 3).

Some of my Favorite Erdős Theorems and Related Results, Theories 605

Turán’s conjecture is that T^{(3)}_{n,3} has the maximum number of edges among the 3-uniform hypergraphs of order n not containing the complete hypergraph of order 4.

Even this simplest case is unsolved. If the conjecture is true, then the extremal graph is not unique. In addition to there being some trivial variations of Turán’s construction, a very nice construction was found by Brown [55] and then a more general one, by Kostochka [204].

Related literature: Katona, Nemetz, and Simonovits [188], Spencer [264], de Caen [63] Sidorenko [244].

15.1. Erdős hypergraph theorem

We now turn to the hypergraph version of the Kővári–T. Sós–Turán theorem. Let K^{(r)}_r (m) denote the complete r-partite r-uniform hypergraph with m vertices in each of its classes, where the edges are the r-tuples with one vertex from each class. The problem is to determine how many r-tuples can H_n have without containing K^{(r)}_r (m). Bounds for this number were found by Erdős^{33} [85]:

Theorem 15.2. There exists an n_0 such that for n > n_0 n^{r−rm1−r} ≤ ex ( n, K^{(r)}_r (m) ) ≤ n^{r−cm1−r} . The proof of the upper bound of this theorem is not much more difficult than that of the Kővári–T. Sós–Turán theorem: as a matter of fact, it can be reduced to iterating the argument of the proof of Theorem 4.1. The lower bound is obtained by the method of random hypergraphs.

The Problem of Jumping Constants. Theorem 15.2 has the following consequence:

Corollary 15.3. Let ε > 0, and let (S_n) be a sequence of r-uniform hypergraphs such that e(S_n) > ε (_n r ) . Then S_n contains a subhypergraph H_m with e(H_m) >^{r!}_{rr} (_m r ) and m → ∞ as n → ∞.

33 As Füredi pointed out to me, formally the lower bound was incorrect in Erdős’s theorem: the exponent in the lower bound was r − cm^1−^r. Since no proof was given, it is difficult to decide today what Erdős really meant there. For us the upper bound is the really important one.

606 M. Simonovits

This means that if the edge-density of S_n is positive, then, for some appropriately chosen subgraphs, this density must jump up (independently of ε) to^{r!}_{rr} . The problem of the jumping constants can be formulated in its most special form (with r = 3) as follows:

Problem 15.4. Does there exist a constant c > 0 (independent of ε) such that if (S_n) is a sequence of 3-uniform hypergraphs for which e(S_n) > (_1 27 + ε ) n^3, then there exists a sequence of subgraphs H_m ⊆ S_n (where m → ∞ as n → ∞), for which e(H_m) >

(_1 27 + c ) m^3?

Define the edge-density of a sequence of r-uniform hypergraphs S_n by

lim sup e(S_n) (_n r ) . The general problem is

Problem 15.5 (Erdős). Characterize those constants c for which there exists an f(c) > c such that, whenever the edge-density of (S_n) is larger than c, then there is a sequence of subgraphs H_m ⊆ S_n (m → ∞) for which the edge-density of H_m is at least f(c).

These are the “jumping constants”. By the Erdős–Stone theorem, every c is a “jumping constant” for r = 2. Clearly, c = 0 is also a jumping constant, for any r. Frankl and Rödl showed that there are infinitely many extremal densities which are not jumping constants (for 3-uniform hypergraphs) [146].

15.2. Brown–Erdős–T. Sós theory

W. G. Brown, Erdős and T. Sós wrote two papers [56], [57]. The first paper consisted (in some sense) of two separate parts. Here we regard the density problems:

Given the parameters r, k, and ℓ, what is the maximum number of hyperedges an r-uniform hypergraph can have without having a k-vertex subhypergraph of at least ℓ hyperedges.

Let L_{k,ℓ} denote the family of r-uniform hypergraphs with k vertices and ℓ edges. Brown, Erdős and T. Sós [56], [57] began investigating the function f(n, k, ℓ) = ex(n, L_{k,ℓ}). (The idea of investigating f(n, k, ℓ) goes back most probably to the Smolenice paper [86], see Section 6.4.)

Some of my Favorite Erdős Theorems and Related Results, Theories 607

This “frame” includes many interesting problems: the (4, 4) problem is Turán’s hypergraph problem, the (4, 2) problem is just the problem of Steiner triple systems. Also, the (4, 3) problem is among the famous hypergraph extremal problems, see Section 5 of [259].

The problem of finding good lower and upper bounds is fairly simple for some pairs k, t and extremely difficult for others. Brown, Erdős and T. Sós have solved many cases of this general frame. The first real difficulty which they encountered was the case r = ℓ = 3, k = 6. Although they could not settle this problem, Ruzsa and Szemerédi [241] later found an astonishing result.

Let r_k(n) denote the maximum number of integers in [1, n] containing no arithmetic progression of length k. Szemerédi’s famous theorem [272] asserts that r_k(n) = o(n). Further, it is known (see Behrend, [21], Heath- Brown [175], Szemerédi [274], Bourgain [51]) that n^{1−c/} √_{log n} ≤ r_3(n) ≤ c^′ n (log n)^{12 +ε}

One can easily see that f(n, 6, 3) < cn^2.

Theorem 15.6 (Ruzsa–Szemerédi). There exists a c > 0 such that

cn · r_3(n) ≤ f(n, 6, 3) = o(n^2).

Clearly, the Ruzsa–Szemerédi theorem implies r_3(n) ≤ f(n, 6, 3)/n = o(n). One reason, why this result is so surprising is that it implies the nonexistence of an α such that (for some c_1 > 0)

c_1n^α ≤ f(n, 6, 3) ≤ c_2n^α.

Though we cannot prove it, we are convinced that for ordinary graphs the situation is completely different (see Conjecture 4.29).

Frankl and Rödl have tried to extend this and prove r_4(n) = o(n) using an appropriate extremal problem which could be solved by an appropriate version of the Szemerédi Regularity Lemma, and they have announced that they succeeded in this for r_4(n). Until now nobody knows if the general case can be solved this way.

We close this part with an unpublished result of Füredi:

608 M. Simonovits

Theorem 15.7. ex(n, L_{5,3}) =^{n2}_5 + o(n^2).

Applications of the Ruzsa–Szemerédi theorem. The Ruzsa–Szemerédi theorem has several applications in graph theory.

(a) One of the most interesting applications is

Theorem 15.8 (Füredi [154]). If G_n is a graph of diameter 2 but deleting any edge of G_n the diameter increases to 3, then e(G_n) ≤ e(T_{n,2}) if n > n_0, with equality holding if and only if G_n = T_{n,2}.

(b) Another application is when Gyárfás first generalized it as follows:

Theorem 15.9 (Gyárfás [167]). If G_n is a graph which can be edge-colored in cn colors so that each color defines a subgraph of maximum degree d, then e(G_n) = o_d(n^2).

The case d = 1 is equivalent with the (6, 3) problem. Gyárfás used this result as a lemma to prove a conjecture of Füredi and Kahn [157] on the dimension of lattices.

Burr, Erdős, Graham and T. Sós [61, 62] started investigating the following “anti-Ramsey” problem:

Given a sample graph L, and two integers n and e, what is the minimum number of colors, k = k(n, e, L) for which there exists a G_n with e = e(G_n) edges that we can edge-color in k colors so that every L ⊆ G_n is Totally Multicolored (i.e. all the edges of L have distinct colors).

Clearly, this is interesting only for e > ex(n, L). Burr, Erdős, Graham and T. Sós [61] gave various upper and lower bounds on the minimum of k(G, L) for fixed n and e. One important and striking fact was that for L = P_4 to solve the problem is equivalent with proving the Ruzsa–Szemerédi theorem. Several related results can be found in [61, 62] and [132].

Related further literature: Simonovits [1].

15.2.1. Hypergraphs and color-critical graphs. A graph is k-edge-color-critical if it is k-chromatic and deleting any edge of it we get a k − 1- chromatic graph. The 3-critical graphs are uninteresting: they are just the

Some of my Favorite Erdős Theorems and Related Results, Theories 609

odd cycles. Many questions were formulated by Dirac and Erdős about critical graphs. Erdős asked, how many edges can a k-critical graph have. Dirac, in return, showed his 6-critical graph G_n := C_{2ℓ+1} ⊗ C_{2ℓ+1} with ⌊_{n2} 4 ⌋ + n edges. Gallai also had several interesting results and conjectures on color-critical graphs. One of his conjectures asserted that color-critical graphs cannot have too many independent vertices. I have invented a method which, if applied to the Dirac construction, gave a 6-critical graph with n−o(n) vertices of degree 5, completely disproving Gallai’s conjecture, but only for 6-critical graphs. Then I decided not to publish this result since I learned from Erdős that Brown and Moon [58] (roughly the same time) found a much more constructive and much stronger counter-example to Gallai’s conjecture.

Next fall Bjarne Toft visited Budapest and I learned of his very simple and very nice construction of 4-critical graphs with many edges [276]. We had some discussion with Toft and then independently, but in a very similar way obtained a graph G_n which was 4-critical and its minimum degree was c^3 √ n [277], [250]. Further, I proved (using a hypergraph extremal problem) that a 4-critical graph G_n cannot have more than n − O(n^{2/5}) independent vertices.

Let L_{T RI} denote the family of 3-uniform hypergraphs obtained by taking an arbitrary triangulation of the sphere in R^3 .

Theorem 15.10 (Brown–Erdős–T. Sós [56]).

c_1n^{5/2} ≤ ex(n, L_{TRI}) ≤ c_2n^{5/2}.

Let L_{r-CONE} be the family of 3-uniform all the hypergraphs H_{r+k} obtained by taking a cycle x_1x_2 . . . x_kx_1 and r new vertices y_1, . . . , y_r and taking the triplets x_ix_{i+1}y_j for j = 1, . . . , r and i = 1 . . . , k (where x_{k+1} := x_1).

Theorem 15.11 (Simonovits [250, 251]). ex(n, L_{r-CONE}) = O ( n^{3−1/r} ) and for r = 2, 3 the upper bound is sharp.

I arrived at this result investigating color-critical graphs. I proved it independently from Brown, Erdős and T. Sós. For r = 2 their upper bound is formally weaker, but actually they prove exactly what I proved and their lower bound is stronger. For r = 3, I generalized Brown’s construction [54]: I used a “modified” finite geometric construction. L. Lovász [210] improved my estimate on the Gallai problem, by taking a wider class of forbidden graphs: Let L_{SPERNER} be the family of all the 3-uniform hypergraphs in which every pair of vertices is in an even number of 3-edges.

610 M. Simonovits

Theorem 15.12 (Lovász [210]). ex(n, L_{SPERNER}) = O(n^2).

Using my method and this stronger extremal result, Lovász proved

Theorem 15.13. Let α_k(n) denote the maximum number of independent vertices in a k-critical graph on n vertices. Then n − 2kn^{1/(k−2)} ≤ α_k(n) ≤ n − (k/6)n^{1/(k−2)}. The importance of this paper lies (among others) in that this is where Lovász started using linear algebra methods to graph problems.

Related literature: Bollobás, Chapter 5 of [29], Lovász [212].

15.3. Some solved hypergraph extremal problems

(a) G.O.H. Katona conjectured that if a 3-uniform hypergraph has 3n vertices and n^3 +1 triples, then there are two triples whose symmetric difference is contained in a third triple. The 3-partite hypergraph K^{(3)}_3 (n, n, n) showed that if true, the conjecture is sharp. Bollobás proved this conjecture [26]^{34}, and conjectured some generalizations which were proved for 4-uniform hypergraphs by Sidorenko [243] and some related estimates were also obtained for the general case by D. de Caen [64].

(b) Color-critical graphs play an important role in the theory of ordinary extremal graphs: these are where the extremal graphs are the simplest: T_{n,p}. For hypergraphs perhaps the Fano plane is one of the simplest color-critical graphs. One corresponding conjecture of V. T. Sós was:

Conjecture 15.14. Let F_7 be the 3-uniform hypergraph defined by the 7 triples of the Fano Plane. Is it true that (for n large) one extremal graph for F_7 is the graph obtained by splitting n vertices into two parts of order ≈^1_2 n and taking all the triplets having vertices in both classes.

The conjecture has recently been proved by de Caen and Füredi, [66], applying some multigraph results of Füredi and Kündgen [158]. For more details, see our multigraph survey with W. G. Brown [60].

Related literature: Mubayi and Rödl [230].

34 Bollobás mentioned that Erdős drew his attention to this problem

Some of my Favorite Erdős Theorems and Related Results, Theories 611

16. Complete?

Is this survey sufficient to get a good picture about these fields? By no ways. These few pages are not enough to describe such a huge area. Among many other topics, I completely left out everything on the list-chromatic number [123], Erdős results on Tournaments, the Erdős–Goodman–Pósa [111] results and the Hajnal-Szemerédi theorem on the Erdős conjecture [171]. I also left out here many results about covering a graph with given type subgraphs, results of Erdős and T. Sós and others on “unavoidable structures” . . . and many further interesting and important fields.

Many applications, motivations can be found (as I stated) in [60], [259], and also in my notes to Turán’s collected papers [284].

But let me stop here.

Acknowledgements. I would like to thank to many of my colleagues for their help; perhaps above all, to Z. Füredi and V. T. Sós.

References

[1] M. Simonovits, Some of my favorite Erdős theorems and related results, theories (the longer, electronic version of this paper) on my homepage:

http://www.renyi.hu/∼miki/erdos99.ps .

[2] A. Ádám, K. Győry and A. Sárközy, The life and mathematics of Paul Erdős (1913– 1996), Math. Japon., 46(3) (1997), 517–526.

[3] M. Ajtai, J. Komlós, M. Simonovits and E. Szemerédi, The asymptotic solution of the Erdős–T. Sós conjecture, manuscript, to be published [4] M. Ajtai, J. Komlós and E. Szemerédi, On a conjecture of Loebl, Graph theory, combinatorics and algorithms, Vol. 1, 2 (Kalamazoo, MI, 1992), 1135–1146, Wiley- Intersci. Publ., (New York, 1995).

[5] N. Alon, On a Conjecture of Erdős, Simonovits and Sós, Journal of Graph Theory, 7(1) (1983), 91–94.

[6] N. Alon, Eigenvalues and expanders, Combinatorica, 6(2) (1986), 83–96. [7] N. Alon, Tools from higher algebra, Chapter 32 of Handbook of Combinatorics (eds Graham, Lovász, Grötschel), North-Holland (1996) 1749–1783.

612 M. Simonovits

[8] N. Alon, L. Rónyai and T. Szabó, Norm-graphs: variations and applications, J. Combin. Theory Ser. B, 76(2) (1999), 280–290.

[9] N. Alon and J. Spencer, The Probabilistic Method, Wiley Interscience, 1992. [10] B. Andrásfai, Paths, circles and loops of graphs (in Hungarian, with Russian and German summary), Mat. Lapok, 13 (1962), 95–107.

[11] B. Andrásfai, P. Erdős and V. T. Sós, On the connection between chromatic number, maximal clique and minimal degree of a graph, Discrete Math., 8 (1974), 205-218.

[12] L. Babai, An Anti-Ramsey Theorem, Graphs and Combinatorics, 1(1) (1985), 23– 28. [13] L. Babai, In and out of Hungary, Paul Erdős, his friends and times, in: Combinatorics, Paul Erdős is 80, 2/2, Bolyai Society Math Studies (eds D. Miklós, V. T. Sós and T. Szőnyi) (1996), 7–96.

[14] L. Babai, Paul Erdős (1913–1996): his influence on the theory of computing, STOC ’97 (El Paso, TX), 383–401 (electronic), ACM (New York, 1999).

[15] L. Babai, K. Pomerance and P. Vértesi, The mathematics of Paul Erdős, Notices Amer. Math. Soc., 45(1) (1998), 19–31.

[16] L. Babai, M. Simonovits and J. Spencer, Extremal subgraphs of random graphs, Journal of Graph Theory, 14(5) (1990), 599–622.

[17] L. Babai and V. T. Sós, Sidon sets in groups and induced subgraphs of Cayley graphs, European J. Combin., 6(2) (1985), 101–114.

[18] L. Babai and J. Spencer, Paul Erdős (1913–1996), Notices Amer. Math. Soc., 45(1) (1998), 64–73.

[19] J. Balogh, B. Bollobás and M. Simonovits, On the number of L-free graphs, submitted.

[20] J. Balogh, B. Bollobás and D. Weinreich, The speed of Hereditary Properties of Graphs, J. Combin. Theory Ser. B, 79 (2000), 131–156.

[21] F. A. Behrend, On sets of integers which contain no three terms in arithmetical progression, Proc. Nat. Acad. Sci. U.S.A., 32 (1946), 331–332.

[22] C. T. Benson, Minimal regular graphs of girth eight and twelve, Canad. J. Math., 18 (1966), 1091–1094.

[23] C. Berge and M. Simonovits, The colouring numbers of the direct product of two hypergraphs, Lecture Notes in Math., 411, Hypergraph Seminar, Columbus, Ohio 1972 (1974), 21–33.

[24] N. L. Biggs and M. J. Hoare, The sextet construction for cubic graphs, Combinatorica, 3(2) (1983), 153–165.

[25] B. Bollobás, unpublished, mentioned by Erdős in [87] and in [287]. [26] B. Bollobás, Three-graphs without two triples whose symmetric difference is contained in a third, Discrete Math., 8 (1974), 21–24.

[27] B. Bollobás, Relations between sets of complete subgraphs, Proceedings of the Fifth British Combinatorial Conference (Univ. Aberdeen, Aberdeen, 1975), 79–84. Congressus Numerantium, No. XV, Utilitas Math., Winnipeg, Man. (1976).

[28] B. Bollobás, On complete subgraphs of different orders, Math. Proc. Cambridge Philos. Soc., 79(1) (1976), 19–24.

[29] B. Bollobás, Extremal Graph Theory, Academic Press (London, 1978). [30] B. Bollobás, Random Graphs, Academic Press (1985).

Some of my Favorite Erdős Theorems and Related Results, Theories 613

[31] B. Bollobás, Extremal graph theory, Chapter 23 of Handbook of Combinatorics (eds Graham, Lovász, Grötschel), North-Holland (1996) 1231-1292.

[32] B. Bollobás, Turán’s theorem and maximal degrees, J. Combin. Theory Ser. B, 75(1) (1999), 160–164.

[33] B. Bollobás, Paul Erdős and Probability Theory, Random Structures and Algorithms, 13(3-4) (1998), 521–533.

[34] B. Bollobás, Paul Erdős at seventy-five, Graph Theory and Combinatorics (Cambridge, 1988), Discrete Math., 75(1-3) (1989), 3–5.

[35] B. Bollobás, Paul Erdős’ Life and work, The mathematics of Paul Erdős, Algorithms Combin., 13, 1–41, Springer Verlag 1996.

[36] B. Bollobás, The Erdős–Rényi theory of random graphs, This volume. [37] B. Bollobás and P. Erdős, On the structure of edge graphs, Bull. London Math.

Soc., 5 (1973), 317–321.

[38] B. Bollobás, P. Erdős and M. Simonovits, On the structure of edge graphs II, Journal of London Math. Soc. (2), 12 (1976), 219–224.

[39] B. Bollobás, P. Erdős, M. Simonovits and E. Szemerédi, Extremal graphs without large forbidden subgraphs, in: Advances in Graph Theory (ed. B. Bollobás), Annals in Discr. Math. 3 (1977), 29–41.

[40] B. Bollobás, P. Erdős and E. G. Straus, Complete subgraphs of chromatic graphs and hypergraphs, Utilitas Math., 6 (1974), 343-347.

[41] B. Bollobás, P. Erdős and E. Szemerédi, On complete subgraphs of r-chromatic graphs, Discrete Math., 13(2) (1975), 97–107.

[42] B. Bollobás and Y. Kohayakawa, An extension of the Erdős–Stone theorem, Combinatorica, 14(3) (1994), 279–286.

[43] B. Bollobás and A. Thomason, Dense neighbourhoods and Turán’s theorem, J. Combin. Theory Ser. B, 31(1) (1981), 111–114.

[44] B. Bollobás and A. Thomason, Hereditary and monotone properties of Graphs in:

The Mathematics of Paul Erdős II (eds R. L. Graham, J. Nešetřil) (1997), series: Algorithms and Combinatorics, Vol. 14, Springer Verlag 70–78.

[45] B. Bollobás and A. Thomason, Proof of a conjecture of Mader, Erdős and Hajnal on topological complete subgraphs, European J. Combin., 19(8) (1998), 883–887.

[46] J. A. Bondy, Large dense neighbourhoods and Turán’s theorem, J. Combin. Theory Ser. B, 34(1) (1983), 109–111, see also J. A. Bondy, Erratum: “Large dense neighbourhoods and Turán’s theorem”, J. Combin. Theory Ser. B, 35(1) (1983), 80. [47] J. A. Bondy, Basic Graph Theory: Paths and Circuits, Chapter 1 of Handbook of Combinatorics (eds Graham, Lovász, Grötschel), North-Holland (1996) 3–110.

[48] J. A. Bondy, Extremal Problems of Paul Erdős on Circuits in Graphs, This volume. [49] J. A. Bondy and M. Simonovits, Cycles of even length in graphs, Journal of Combinatorial Theory B, 16(2) April (1974), 97–105.

[50] R. Boppana and J. Spencer, A useful elementary correlation inequality, J. Combin.

Theory Ser. A, 50(2) (1989), 305–307.

[51] J. Bourgain, On triples in arithmetic progression, Geom. Funct. Anal., 9(5) (1999), 968–984.

[52] S. Brandt, The local density of triangle-free graphs, Discrete Math., 183(1-3) (1998), 17–25.

614 M. Simonovits

[53] W. G. Brown, A new proof of a theorem of Dirac, Canad. Math. Bull., 8 (1965), 459–463.

[54] W. G. Brown, On graphs that do not contain a Thomsen graph, Canad. Math.

Bull., 9 (1966), 281–285.

[55] W. G. Brown, On an open problem of Paul Turán concerning 3-graphs, Studies in Pure Mathematics, 91–93, Birkhäuser (Basel, 1983).

[56] W. G. Brown, P. Erdős and V. T. Sós, On the existence of triangulated spheres in 3-graphs and related problems, Period Math. Hungar., 3 (1973), 221–228.

[57] W. G. Brown, P. Erdős and V. T. Sós, Some extremal problems on r-graphs, in:

New Directions in the Theory of Graphs (ed. F. Harary), Academic Press (New York, 1973), 53–63; MR50# 4376.

[58] W. G. Brown and J. W. Moon, Sur les ensembles de sommets indépendants dans les graphes chromatiques minimaux (French), Canad. J. Math., 21 (1969), 274–278.

[59] W. G. Brown and M. Simonovits, Digraph extremal problems, hypergraph extremal problems and densities of graph structures, Discrete Math., 48 (1984), 147–162.

[60] W. G. Brown and M. Simonovits, Extremal Multigraph and Digraph Problems, this volume.

[61] S. A. Burr, P. Erdős, R. L. Graham and V. T. Sós, Maximal antiramsey graphs and the strong chromatic number, Journal of Graph Theory, 13(3) (1989) 163–182.

[62] S. A. Burr, P. Erdős, P. Frankl, R. L. Graham and V. T. Sós, Further results on maximal anti-Ramsey graphs, Graph Theory, Combinatorics and Applications, Vol. 1 (Kalamazoo, MI, 1988), 193–206, Wiley-Intersci. Publ., (New York, 1991).

[63] D. de Caen, A note on the probabilistic approach to Turán’s problem, J. Combin.

Theory Ser. B, 34 (1983), 340–349.

[64] D. de Caen, Uniform hypergraphs with no block containing the symmetric difference of any two other blocks, Proceedings of the sixteenth Southeastern International Conference on Combinatorics, Graph Theory and Computing (Boca Raton, Fla., 1985), Congr. Numer., 47 (1985), 249–253.

[65] D. de Caen, The current status of Turán’s problem on hypergraphs, Extremal problems for finite sets (Visegrád, 1991), 187–197, Bolyai Soc. Math. Stud., 3, János Bolyai Math. Soc. (Budapest, 1994).

[66] D. de Caen and Z. Füredi, The maximum size of 3-uniform hypergraphs not containing a Fano plane, J. Combin. Theory Ser. B, 78(2) (2000), 274–276.

[67] D. de Caen and L. A. Székely, The maximum size of 4- and 6-cycle free bipartite graphs on m, n vertices. Sets, Graphs and Numbers (Budapest, 1991), 135–142, Colloq. Math. Soc. János Bolyai, 60, North-Holland (Amsterdam, 1992).

[68] D. de Caen and L. A. Székely, On a problem of Erdős and Lovász, Ars Combin., 35 (1993), A, 187–192.

[69] F. R. K. Chung, Diameters and eigenvalues, J. Amer. Math. Soc., 2(2) (1989), 187–196.

[70] F. R. K. Chung, Regularity lemmas for hypergraphs and quasi-randomness, Random Structures and Algorithms, 2(2) (1991), 241–252.

[71] F. R. K. Chung, manuscript.

[72] F. R. K. Chung, Open problems of Paul Erdős in graph theory, J. Graph Theory, 25(1) (1997), 3–36.

[73] F. R. K. Chung and R. L. Graham, Erdős on Graphs, His legacy of unsolved problems, A. K. Peters, Wellesly (Massachusetts, 1998).

Some of my Favorite Erdős Theorems and Related Results, Theories 615

[74] F. R. K. Chung, R. L. Graham and R. Wilson, Quasi-random graphs, Combinatorica, 9(4) (1989), 345–362.

[75] V. Chvátal, On polarized partition relations, Canad. Math. Bull., 12(3) (1969), 321–326.

[76] V. Chvátal and E. Szemerédi, On the Erdős–Stone theorem, Journal of the London Mathematics Society, Ser. 2, 23 (1981), 207–214.

[77] V. Chvátal and E. Szemerédi, Notes on the Erdős–Stone theorem, Combinatorial Mathematics (Marseille-Luminy, 1981), 183–190, North-Holland Math. Stud., 75, North-Holland (Amsterdam, 1983).

[78] G. A. Dirac, Some results concerning the structure of graphs, Canad. Math. Bull., 6 (1963), 183–210.

[79] R. Diestel, Graph theory, 2nd edition, Graduate Texts in Mathematics, 173, Springer-Verlag (New York, 2000).

[80] P. Erdős, On sequences of integers no one of which divides the product of two others and some related problems, Izvestiya Naustno-Issl. Inst. Mat. i Meh. Tomsk, 2, 74– 82. (1938) (Mitteilungen des Forschungsinstitutes für Math. und Mechanik, Tomsk, in Zentralblatt 20, p. 5.)

[81] P. Erdős, Some theorems on graphs, Riveon lematematika, 10 (1955), 13–16 (in Hebrew).

[82] P. Erdős, Graph Theory and Probability, Canad. Journal of Math., 11 (1959), 34– 38. [83] P. Erdős, Graph Theory and Probability, II. Canad. Journal of Math., 13 (1961), 346–352.

[84] P. Erdős; On a theorem or Rademacher–Turán, Illinois J. Math., 6 (1962), 122-127;

MR25#1111. (reprinted in the Art of Counting [95]) [85] P. Erdős, On some extremal problems in graph theory, Israel J. Math., 3 (1965), 113–116; MR32#7443.

[86] P. Erdős, Extremal problems in graph theory, in: Theory of Graphs and its Appl.

(M. Fiedler ed.) Proc. Symp. Smolenice, 1963, Acad. Press, NY (1965), 29–36, [95]. [87] P. Erdős, Problem 10, in: Theory of Graphs and its Appl. (M. Fiedler ed.) Proc.

Symp. Smolenice, 1963), Acad. Press, NY (1965) 159.

[88] P. Erdős, Extremal problems in graph theory, A Seminar on Graph Theory, Holt, Reinhart and Winston (New York, 1967), 54–59.

[89] P. Erdős, Some recent results on extremal problems in graph theory (Results), Theory of Graphs (International symposium, Rome, 1966), Gordon and Breach (New York) and Dunod (Paris, 1967), 118–123, MR 37, #2634.

[90] P. Erdős, On bipartite subgraphs of graphs (in Hungarian), Matematikai Lapok, 18 (1967), 283–288.

[91] P. Erdős, On some new inequalities concerning extremal properties or graphs, in:

Theory of Graphs (ed. P. Erdős and G. Katona), Academic Press (New York, 1968), 77–81; MR38# 1026.

[92] P. Erdős, On the number of complete subgraphs and circuits contained in graphs, Časopis Pešt. Mat., 94 (1969), 290–296; MR40#5474.

[93] P. Erdős, On some applications of graph theory to number theoretic problems, Publ.

Ramanujan Inst., 1 (1969), 131–136. (Sharpness of [80].)

[94] P. Erdős, On some extremal problems on r-graphs, Discrete Math., 1 (1971), 1–6.

616 M. Simonovits

[95] P. Erdős, The Art of Counting: Selected writings (Edited by Joel Spencer and with a dedication by Richard Rado), The MIT Press, Cambridge, Mass.-London, 1973.

[96] Paul Erdős, Extremal problems on graphs and hypergraphs, Lecture Notes in Math., 411, Hypergraph Seminar, Columbus, Ohio 1972 (1974),

[97] P. Erdős, On the number of triangles contained in certain graphs, Canad. Math.

Bull., 7(1) January (1974), 53–56.

[98] P. Erdős, Paul Turán 1910–1976: His work in graph theory, J. Graph Theory, 1 (1977), 96–101.

[99] P. Erdős, On the combinatorial problems which I would most like to see solved, Combinatorica, 1(1) (1981), 25-42.

[100] P. Erdős, Problems and results on block designs and set systems, Proceedings of the thirteenth Southeastern conference on combinatorics, graph theory and computing (Boca Raton, Fla., 1982), Congr. Numer., 35 (1982), 3–16.

[101] P. Erdős, On some of my favourite problems in graph theory and block designs, Graphs, designs and combinatorial geometries (Catania, 1989), Matematiche (Catania), 45(1) (1990), 61–73 (1991).

[102] P. Erdős, Problems and results on set systems and hypergraphs, Extremal Problems for Finite Sets (Visegrád, 1991), Bolyai Soc. Math. Stud., 3, János Bolyai Math. Soc., Budapest, 217–227, (1994). MR 95k:05131; Zbl 820.05057.

[103] P. Erdős, On some of my favorite theorems, in: Combinatorics, Paul Erdős is 80, 2/2, Bolyai Society Math Studies (eds D. Miklós, V. T. Sós and T. Szőnyi) (1996), 97–132.

[104] P. Erdős, R. J. Faudree, R. H. Schelp and M. Simonovits, An extremal result for paths, Graph theory and its applications: East and West (Jinan, 1986), 155–162, Ann. New York Acad. Sci., 576, New York Acad. Sci. (New York, 1989).

[105] P. Erdős, R. Faudree, J. Pach and J. Spencer, How to make a graph bipartite, Journal of Combinatorial Theory, (B) 45 (1988) 86–98.

[106] P. Erdős, J. C. Fowler, V. T. Sós and R. M. Wilson, On 2-designs, J. Combin.

Theory Ser. A, 38(2) (1985), 131–142.

[107] P. Erdős, P. Frankl and V. Rödl, The asymptotic number of graphs not containing a fixed subgraph and a problem for hypergraphs having no exponent, Graphs and Combinatorics, 2(2) (1986), 113–121.

[108] P. Erdős, Z. Füredi, M. Loebl and V. T. Sós, Discrepancy of trees, Studia Sci. Math.

Hungar., 30(1-2) (1995) 47-57.

[109] P. Erdős and T. Gallai, On maximal paths and circuits of graphs, Acta Math. Acad.

Sci. Hungar., 10 (1959), 337–356; MR22#5591.

[110] P. Erdős, T. Grünwald (=Gallai) and E. Weiszfeld (=Vázsonyi), On Euler lines of infinite graphs, Mat. Fiz. Lapok (1936), 129–141 (in Hungarian.)

[111] P. Erdős, A. W. Goodman and L. Pósa, The representation of a graph by set intersections, Canad. J. Math., 18 (1966), 106–112.

[112] P. Erdős, E. Győri and M. Simonovits, How many edges should be deleted to make a triangle-free graph bipartite, Sets, Graphs and Numbers, Proc. Coll. J. Bolyai, 60, Budapest, 1991 (1992), 239–263.

[113] Erdős, P. and A. Hajnal, On complete topological subgraphs of certain graphs, Ann.

Univ. Sci. Budapest. Eötvös Sect. Math., 7 (1964), 143–149.

Some of my Favorite Erdős Theorems and Related Results, Theories 617

[114] P. Erdős, S. Janson, T. Łuczak and J. Spencer, A note on triangle-free graphs, Random Discrete Structures (Minneapolis, MN, 1993), 117–119, IMA Vol. Math. Appl., 76, Springer (New York, 1996).

[115] P. Erdős, D. J. Kleitman and B. L. Rothschild, Asymptotic enumeration of Knfree graphs, Theorie Combinatorie, Proc. Conf. held at Rome, 1973, Roma, Acad. Nazionale dei Lincei 1976, vol. II, 19–27.

[116] P. Erdős and L. Lovász, Problems and results on 3-chromatic hypergraphs and some related questions. (English) Infinite and Finite Sets, Colloq. in Honour Paul Erdős, Keszthely 1973, Colloq. Math. Soc. János Bolyai, 10 (1075) 609-627.

[117] P. Erdős, A. Meir, V. T. Sós and P. Turán, On some applications of graph theory I, Discrete Math., 2(3) (1972), 207–228.

[118] P. Erdős, R. C. Mullin, V. T. Sós and D. R. Stinson, Finite linear spaces and projective planes, Discrete Math., 47(1) (1983), 49–62.

[119] P. Erdős and L. Pósa, On independent circuits contained in a graph, Canad.

J. Math., 17 (1965), 347–352.

[120] P. Erdős and A. Rényi, On the evolution of random graphs, Magyar Tud. Akad.

Mat. Kutató Int. Közl., 5 (1960), 17–61.

[121] P. Erdős and A. Rényi, On a problem in the theory of graphs, Magyar Tud. Akad.

Mat. Kutató Int. Közl., 7 (1962), 623–641 (1963).

[122] P. Erdős, A. Rényi and V. T. Sós, On a problem of graph theory, Studia Math.

Acad. Sci. Hung., 1 (1966) 215–235. (Reprinted in [95]).

[123] P. Erdős, A. L. Rubin and H. Taylor, Choosability in graphs, Proc. West Coast Conf.

on Combinatorics, Graph Theory and Computing, 1979. Congressus Numerantium, XXVI (1980), 125–157.

[124] P. Erdős and H. Sachs, Reguläre Graphen gegebener Taillenweite mit minimaler Knotenzahl, Wiss. Zeitschrift d. Luther Univ. Halle-Wittenberg, 12 (1963), 251– 258.

[125] P. Erdős and M. Simonovits, A limit theorem in graph theory, Studia Math. Acad.

Sci. Hung., 1 (1966) 51–57. (Reprinted in [95], 1973, 194–200.), 51–57; MR34. [126] P. Erdős and M. Simonovits, Some extremal problems in graph theory, in: Combinatorial Theory and its applications, I. (eds P. Erdős, A. Rényi and V. T. Sós), North-Holland, Amsterdam (1970), 377–390; MR46#84. Reprinted in [95], 246–259) [127] P. Erdős and M. Simonovits, An extremal graph problem, Acta Math. Acad. Sci.

Hung., 22(3-4) (1971), 275–282.

[128] P. Erdős and M. Simonovits, On a valence problem in graph theory, Discrete Mathematics, 5 (1973), 323–334.

[129] P. Erdős and M. Simonovits, Compactness results in extremal graph theory, Combinatorica, 2(3) (1982), 275-288.

[130] P. Erdős and M. Simonovits, Supersaturated graphs and hypergraphs, Combinatorica, 3(2) (1983), 181–192.

[131] P. Erdős and M. Simonovits, Cube supersaturated graphs and related problems, Progress in Graph Theory, Acad. Press (1984) 203–218.

[132] P. Erdős and M. Simonovits, How many colours are needed to colour every pentagon of a graph in five colours?, manuscript, to be published.

[133] P. Erdős, M. Simonovits and Vera T. Sós, Anti-Ramsey theorems, Coll. Math. Soc.

J. Bolyai, 10, Infinite and Finite Sets, Keszthely, Hungary (1973), 633–643.

618 M. Simonovits

[134] P. Erdős and J. Spencer, Probabilistic Methods in Combinatorics, Academic Press, London–New York, Akadémiai Kiadó, Budapest.

[135] P. Erdős and A. H. Stone, On the structure of linear graphs, Bull. Amer. Math.

Soc. 52 (1946), 1089–1091.

[136] P. Erdős and V. T. Sós, On a generalization of Turán’s graph-theorem, Studies in Pure Mathematics, 181–185, Birkhäuser, Basel–Boston, Mass., 1983.

[137] P. Erdős and G. Szekeres, A combinatorial problem in geometry, Compositio Math., 2(1935), 463–470. (Reprinted in [95].)

[138] P. Erdős and P. Turán, On a problem of Sidon in additive number theory and on some related problems, J. London Math. Soc., 16 (1941) 212-215.

[139] P. Erdős and Zs. Tuza, Rainbow subgraphs in edge-colourings of complete graphs, Quo Vadis Graph Theory, Annals of Discrete Math., 55 (1993), 81–88.

[140] R. J. Faudree and R. H. Schelp, Ramsey type results, Proc. Colloq. Math. Soc.

János Bolyai 10, Infinite and Finite Sets, Keszthely, 1973, 657–665. [141] R. J. Faudree and R. H. Schelp, Path Ramsey numbers in multicolorings, J. Combinatorial Theory Ser. B, 19(2) (1975), 150–160.

[142] R. J. Faudree and M. Simonovits, On a class of degenerate extremal graph problems, Combinatorica, 3(1) (1983), 83–93.

[143] R. J. Faudree and M. Simonovits, On a class of degenerate extremal graph problems II, Manuscript [144] P. Frankl and V. Rödl, The uniformity lemma for hypergraphs, Graphs Combin., 8(4) (1992), 309–312.

[145] P. Frankl, Extremal set systems, Chapter 24 of Handbook of Combinatorics (eds Graham, Lovász, Grötschel), North-Holland (1996) Vol. II, 1293–1329.

[146] P. Frankl and V. Rödl, Hypergraphs do not jump, Combinatorica, 4(2-3) (1984), 149–159.

[147] J. Friedman, J. Kahn and E. Szemerédi, On the second eigenvalue in random regular graphs, Proc. 21st Annual Conf. ACM STOC (1989), 587–598.

[148] A. Frieze and R. Kannan, Quick Approximation to matrices and applications Combinatorica, 19(2) (1999), 175–220.

[149] Z. Füredi, Graphs without quadrilaterals, J. Combin. Theory Ser. B, 34(2) (1983), 187–190.

[150] Z. Füredi, On a Turán type problem of Erdős, Combinatorica, 11(1) (1991), 75–79. [151] Z. Füredi, Turán type problems, in Surveys in Combinatorics (1991), Proc. of the 13th British Combinatorial Conference (ed. A. D. Keedwell) Cambridge Univ. Press. London Math. Soc. Lecture Note Series 166 (1991), 253–300.

[152] Z. Füredi, Matchings and covers in hypergraphs, Graphs and Combin., 4(3) (1988), 115–206.

[153] Z. Füredi, manuscript.

[154] Z. Füredi, The maximum number of edges in a minimal graph of diameter 2, J. Graph Theory, 16(1) (1992), 81–98.

[155] Z. Füredi, New asymptotics for bipartite Turán numbers, J. Combin. Theory Ser. A, 75(1) (1996), 141–144.

[156] Z. Füredi, An upper bound on Zarankiewicz’ problem, Combin. Probab. Comput., 5(1) (1996), 29–33.

[157] Z. Füredi and J. Kahn, Dimension Versus Size, Order, 5 (1988), 17–20.

Some of my Favorite Erdős Theorems and Related Results, Theories 619

[158] Z. Füredi and A. Kündgen, Turán problems for weighted graphs, J. Graph Theory (accepted, 2000).

[159] Z. Füredi and J. Komlós, The eigenvalues of random symmetric matrices, Combinatorica, 1(3) (1981), 233–241.

[160] Z. Füredi, F. Lazebnik, Á. Seress, V. A. Ustimenko and A. J. Woldar, Graphs of prescribed girth and bi-degree, J. Combin. Theory Ser. B, 64(2) (1995), 228–239.

[161] Goodman (see in [214]).

[162] R. L. Graham and J. Nešetřil, Ramsey theory and Paul Erdős, this volume. [163] R. L. Graham, B. L. Rothschild and J. H. Spencer, Ramsey theory, Second edition, Wiley-Interscience Series in Discrete Mathematics and Optimization. A Wiley- Interscience Publication, John Wiley & Sons, Inc., New York.

[164] J. Griggs, M. Simonovits and G. R. Thomas, Extremal graphs with bounded densities of small subgraphs, J. Graph Theory, 29(3) (1998), 185–207.

[165] R. K. Guy, A problem of Zarankiewicz, in: Theory of graphs, Proc. Coll. Tihany (1966) (eds P. Erdős and G. Katona) Acad. Press (N.Y., 1968), 119–150.

[166] R. K. Guy and Š. Znám, A problem of Zarankiewicz, in: Recent Progress in Combinatorics (eds J. A. Bondy, R. Murty) Academic Press (New York, 1969), 237–243.

[167] A. Gyárfás, Transitive edge-coloring of graphs and dimension of lattices, submitted (2001).

[168] A. Gyárfás, J. Komlós and E. Szemerédi, On the distribution of cycle lengths in graphs, J. Graph Theory, 8(4) (1984), 441–462.

[169] E. Győri, On the number of C_5’s in a triangle-free graph, Combinatorica, 9(1) (1989), 101–102.

[170] A. Hajnal and V. T. Sós, Paul Erdős is seventy, J. Graph Theory, 7(4) (1983), 391–393.

[171] A. Hajnal and E. Szemerédi, Proof of a conjecture of P. Erdős. Combinatorial theory and its applications, II (Proc. Colloq., Balatonfüred, 1969), 601–623. North-Holland (Amsterdam, 1970).

[172] A. Hajnal, Paul Erdős’ set theory, The Mathematics of Paul Erdős, II, 352–393, Algorithms Combin., 14, Springer (Berlin, 1997).

[173] P. Haxell, Y. Kohayakawa and T. Łuczak, Turán’s extremal problem in random graphs: forbidding odd cycles, Combinatorica, 16(1) (1996), 107–122.

[174] R. Häggkvist, Odd cycles of specified length in non-bipartite graphs, in: Graph Theory, Annals of Discrete Math., 13 (ed. Bollobás), 89–100.

[175] D. R. Heath-Brown, Integer sets containing no arithmetic progressions, J. London Math. Soc., (2) 35(3) (1987), 385–394;

[176] C. Hyltén-Cavallius, On a combinatorical problem, Colloq. Math., 6 (1958), 59–65. [177] Y. Ishigami, “Proof of a Conjecture of Bollobás and Kohayakawa on the Erdős– Stone Theorem”, manuscript (2000?).

[178] S. Janson, Poisson approximation for large deviations, Random Structures Algorithms, 1(2) (1990), 221–229.

[179] S. Janson, New versions of Suen’s correlation inequality. Proceedings of the Eighth International Conference “Random Structures and Algorithms” (Poznań, 1997), Random Structures Algorithms, 13(3-4) (1998).

[180] S. Janson, T. Łuczak and A. Ruciński, Random graphs, Wiley-Interscience Series in Discrete Mathematics and Optimization, Wiley-Interscience (New York, 2000).

620 M. Simonovits

[181] Guoping Jin, Triangle-free graphs with high minimal degrees, Combinatorics, Probability and Computing, 2(4) (1993), 479–490.

[182] Guoping Jin, Triangle-free four-chromatic graphs, Discrete Math., 145(1-3) (1995), 151–170.

[183] Tao Jiang, Anti-Ramsey numbers of subdivided graphs, manuscript, 2001. [184] Tao Jiang and D. West, On the Erdős–Simonovits–Sós conjecture about the anti- Ramsey number of a cycle, manuscript, 2001.

[185] Jeff Kahn, On some hypergraph problems of Paul Erdős and the asymptotics of matchings, covers and colorings, The mathematics of Paul Erdős, I, 345–371, Algorithms Combin., 13.

[186] G.O.H. Katona, Probabilistic inequalities from extremal graph results (a survey).

Random graphs ’83 (Poznań, 1983), 159–170, North-Holland Math. Stud., 118, North-Holland (Amsterdam, 1985).

[187] G.O.H. Katona, Sums of vectors and Turán’s problem for 3-graphs, European J. Combin., 2(2) (1981), 145–154.

[188] Gy. Katona, T. Nemetz and M. Simonovits, On a problem of Turán in the theory of graphs (Hungarian) Mat. Lapok, 15 (1964), 228–238.

[189] D. J. Kleitman and K. J. Winston, On the number of graphs without 4-cycles, Discrete Mathematics 41 (1982), 167–172.

[190] Y. Kohayakawa, B. Kreuter and A. Steger, An extremal problem for random graphs and the number of graphs with large even girth, Combinatorica, 18(1) (1998), 101– 120.

[191] Ph. G. Kolaitis, H. J. Prömel and B. L. Rothschild, K_{ℓ+1}-free graphs: asymptotic structure and a 0-1 law, Transactions of the American Mathematical Society, 303(2) (1987), 637–671.

[192] J. Kollár, L. Rónyai and T. Szabó, Norm-graphs and bipartite Turán numbers, Combinatorica, 16(3) (1996), 399–406.

[193] J. Komlós, Covering odd cycles, Combinatorica, 17(3) (1997), 393–400. [194] J. Komlós, The blow-up lemma, Recent trends in combinatorics (Mátraháza, 1995), Combin. Probab. Comput., 8(1-2) (1999), 161–176.

[195] J. Komlós, G. N. Sárközy and E. Szemerédi, Blow-up lemma, Combinatorica, 17(1) (1997), 109–123.

[196] J. Komlós, G. N. Sárközy and E. Szemerédi, On the Pósa–Seymour conjecture, J. Graph Theory, 29(3) (1998), 167–176.

[197] J. Komlós, G. N. Sárközy and E. Szemerédi, An algorithmic version of the blow-up lemma, Random Structures and Algorithms, 12(3) (1998), 297–312.

[198] J. Komlós, G. N. Sárközy and E. Szemerédi, Proof of the Seymour conjecture for large graphs, Ann. Comb., 2(1) (1998), 43–60.

[199] J. Komlós, A. Shokoufandeh, M. Simonovits and E. Szemerédi, The Regularity Lemma and its applications in Graph Theory, Proc. Coll. . . Springer Lecture Notes in Computer Science (2001) 1-2, 47–57.

[200] J. Komlós, M. Simonovits, Szemerédi’s Regularity Lemma and its applications in graph theory, in: Paul Erdős is 80, Vol. 2 (Keszthely, 1993), 295–352, Bolyai Soc. Math. Stud., 2, János Bolyai Math. Soc. (Budapest, 1996).

[201] J. Komlós and E. Szemerédi, Topological cliques in graphs, Combin. Probab. Comput., 3(2) (1994), 247–256.

Some of my Favorite Erdős Theorems and Related Results, Theories 621

[202] J. Komlós and E. Szemerédi, Topological cliques in graphs, II, Combin. Probab.

Comput., 5(1) (1996), 79–90.

[203] G. N. Kopylov, Maximal paths and cycles in a graph (Russian) Dokl. Akad. Nauk SSSR, 234(1) (1977), 19–21.

[204] A. V. Kostochka, A class of constructions for Turán’s (3, 4) problem, Combinatorica, 2(2) (1982), 187–192.

[205] T. Kővári, Vera T. Sós and P. Turán, On a problem of Zarankiewicz, Colloq. Math., 3 (1954), 50–57.

[206] I. Křiž, A hypergraph-free construction of highly chromatic graphs without short cycles, Combinatorica, 9(2) (1989), 227–229.

[207] F. Lazebnik and V.A. Ustimenko, New examples of graphs without small cycles and of large size, Algebraic combinatorics (Vladimir, 1991), European J. Combin., 14(5) (1993), 445–460.

[208] F. Lazebnik, V. A. Ustimenko and A. J. Woldar, New constructions of bipartite graphs on m, n vertices with many edges and without small cycles, J. Combin. Theory Ser. B, 61(1) (1994), 111–117.

[209] L. Lovász, On graphs without independent cycles (in Hungarian), Mat. Lapok, 16 (1965), 289–299.

[210] L. Lovász, Independent sets in critical chromatic graphs, Studia Sci. Math. Hungar., 8 (1973), 165–168.

[211] L. Lovász, On chromatic number of finite set-systems, Acta Math. Acad. Sci. Hungar., 19 (1968), 59–67.

[212] L. Lovász, Combinatorial problems and exercises (2nd edition) North-Holland Publishing Co. (Amsterdam, 1993).

[213] L. Lovász and M. Simonovits, On the number of complete subgraphs of a graph I, Proc. Fifth British Combin. Conf. Aberdeen (1975), 431–442.

[214] L. Lovász and M. Simonovits, On the number of complete subgraphs of a graph II, Studies in Pure Math (dedicated to the memory of P. Turán), Akadémiai Kiadó + Birkhäuser Verlag (1983), 459–495.

[215] A. Lubotzky, R. Phillips and P. Sarnak, Ramanujan graphs, Ramanujan conjecture and explicit construction of expanders, Proceedings of the Eighteenth Annual ACM Symposium on Theory of Computing (1986), 240–246.

[216] A. Lubotzky, R. Phillips and P. Sarnak, Ramanujan graphs, Combinatorica, 8(3) (1988), 261–277.

[217] A. Lubotzky, Discrete groups, expanding graphs and invariant measures, Progress in Mathematics 125, Birkhäuser, 1994.

[218] T. Łuczak, On triangle-free random graphs, Random Structures Algorithms, 16(3) (2000), 260–276.

[219] W. Mader, Homomorphieeigenschaften und mittlere Kantendichte von Graphen, Math. Ann., 174 (1967), 265–268.

[220] W. Mantel, Problem 28, Wiskundige Opgaven, 10 (1907), 60–61. [221] G. A. Margulis, Explicit constructions of graphs without short cycles and low density codes, Combinatorica, 2(1) (1982), 71–78.

[222] G. A. Margulis, Arithmetic groups and graphs without short cycles, 6th Internat.

Symp. on Information Theory, Tashkent 1984, Abstracts, Vol. 1, 123–125 (in Russian).

622 M. Simonovits

[223] W. McCuaig, Intercyclic digraphs, Graph structure theory (Seattle, WA, 1991), 203–245, Contemp. Math., 147, Amer. Math. Soc., Providence, RI (1993).

[224] B. Montágh, Anti-Ramsey theorems on spanning trees, submitted. [225] B. Montágh, An Anti-Ramsey theorem on long paths, manuscript. [226] J. J. Montellano-Ballesteros and V. Neumann-Lara, On the linear heterochromatic number of complete graphs, to appear in Combinatorica.

[227] J. W. Moon, On independent complete subgraphs in a graph, Canad. J. Math., 20 (1968), 95-102, also in: International Congress of Math. Moscow (1966), vol. 13.

[228] J. W. Moon and L. Moser, On a problem of Turán, Magyar Tud. Akad. Mat. Kutató Int. Közl., 7 (1962), 283–286.

[229] M. Mörs, A new result on the problem of Zarankiewicz, J. Combin. Theory Ser. A, 31(2) (1981), 126–130.

[230] D. Mubayi and V. Rödl, Manuscript.

[231] J. Nešetřil and V. Rödl, A short proof of the existence of highly chromatic hypergraphs without short cycles, J. Combin. Theory Ser. B, 27(2) (1979), 225–227.

[232] J. Nešetřil and V. Rödl, On a probabilistic graph-theoretical method, Proc. Amer.

Math. Soc., 72(2) (1978), 417–421.

[233] H. J. Prömel and A. Steger, The asymptotic number of graphs not containing a fixed color-critical subgraph, Combinatorica, 12(4) (1992), 463–473.

[234] H. J. Prömel and A. Steger, Excluding induced subgraphs, III: a general asymptotics, Random Structures and Algorithms, 3 (1992), 19–31.

[235] R. Rado, Anti-Ramsey theorems, Infinite and finite sets (Colloq., Keszthely, 1973, dedicated to P. Erdős on his 60th birthday), Vol. III, 1159-1168, Colloq. Math. Soc. János Bolyai, Vol. 10, North-Holland (Amsterdam, 1975).

[236] R. Rado, Paul Erdős is seventy years old, Combinatorica, 3(3-4) (1983), 243–244.

Reprinted here.

[237] B. A. Reed, N. Robertson, P. Seymour and R. Thomas, Packing directed circuits, Combinatorica, 16(4) (1996), 535–567.

[238] I. Reiman, Über ein Problem von K. Zarankiewicz (in German), Acta. Math. Acad.

Sci. Hungar., 9 (1958), 269–273.

[239] V. Rödl and A. Ruciński, Perfect matchings in ε-regular graphs and the blow-up lemma, Combinatorica, 19(3) (1999), 437–452.

[240] V. Rödl, A. Ruciński and M. Wagner, An algorithmic embedding of graphs via perfect matchings, Randomization and approximation techniques in computer science (Barcelona, 1998), 25–34, Lecture Notes in Comput. Sci., 1518, Springer (Berlin, 1998).

[241] I. Z. Ruzsa and E. Szemerédi, Triple systems with no six points carrying three triangles, Combinatorics (Keszthely, 1976) (1978), 18, Vol. II., 939–945. North- Holland, Amsterdam–New York.

[242] P. Sarnak, Some applications of modular forms, Cambridge Tracts in Mathematics, 99. Cambridge University Press (Cambridge, 1990).

[243] A. F. Sidorenko, On the maximal number of edges in a homogeneous hypergraph that does not contain prohibited subgraphs (Russian) Mat. Zametki, 41(3) (1987), 433–455, 459.

[244] A. F. Sidorenko, What do we know and what we do not know about Turán Numbers, Graphs and Combinatorics, 11(2) (1995), 179–199.

Some of my Favorite Erdős Theorems and Related Results, Theories 623

[245] A. Sidorenko, Randomness friendly graphs, Random Structures and Algorithms, 8(3) (1996), 229–241.

[246] M. Simonovits, A method for solving extremal problems in graph theory, in: Theory of graphs, Proc. Coll. Tihany (1966) (eds P. Erdős and G. Katona) Acad. Press, N.Y. (1968), 279–319.

[247] M. Simonovits, Extremal graph problems with symmetrical extremal graphs, additional chromatic conditions, Discrete Math., 7 (1974), 349–376.

[248] M. Simonovits, Extremal graph problems, Proc. Calgary International Conference on Combinatorial Structures and their Application (1969) 399–401.

[249] M. Simonovits, The extremal graph problem of the icosahedron, J. Combinatorial Theory Ser. B, 17 (1974), 69–79.

[250] M. Simonovits, On colour-critical graphs, Studia Sci. Math. Hungar., 7 (1972), 67– 81. [251] M. Simonovits, Note on a hypergraph extremal problem, Hypergraph Seminar, Columbus Ohio USA (1972) (ed. C. Berge and D. Ray-Chaudury), Lecture Notes in Mathematics, 411, Springer Verlag (1974), 147–151. MR51#2987.

[252] M. Simonovits, Extremal graph problems and graph products, Studies in Pure Math.

(dedicated to the memory of P. Turán) Akadémiai Kiadó + Birkhäuser Verlag (1982) [253] M. Simonovits, Extremal Graph Theory, in: Selected Topics in Graph Theory (ed. by Beineke and Wilson) Academic Press (London, New York, San Francisco), 161–200 (1983).

[254] M. Simonovits, Extremal graph problems, Degenerate extremal problems and Supersaturated graphs, in: Progress in Graph Theory (Acad. Press, ed. Bondy and Murty) (1984), 419–437.

[255] M. Simonovits, Paul Erdős’ influence on extremal graph theory, in: The Mathematics of Paul Erdős II (eds R. L. Graham, J. Nešetřil) (1997), series: Algorithms and Combinatorics, Vol. 14, Springer Verlag 148–192.

[256] M. Simonovits, How to solve a Turán type extremal graph problem? (linear decomposition), DIMACS Series in Discrete Math and Theoretical Comp. Sci., Vol. 49, 283–305, Amer. Math. Soc. (2000).

[257] M. Simonovits and V. T. Sós, On restricted colourings of Kn, Combinatorica, 4(1) (1984), 101–110.

[258] M. Simonovits and V. T. Sós, Foreword, Paul Erdős: the man and the mathematician (1913–1996), Recent trends in combinatorics (Mátraháza, 1995), ix–xx, Cambridge Univ. Press (Cambridge, 2001).

[259] M. Simonovits and V. T. Sós, Ramsey–Turán theory, Combinatorics, graph theory, algorithms and applications, Discrete Math., 229(1-3) (2001), 293–340.

[260] R. Singleton, On minimal graphs of maximum even girth, Journal of Combinatorial Theory, 1 (1966), 306–332. MR34#l231.

[261] V. T. Sós, Remarks on the connection of graph theory, finite geometry and block designs, Colloquio Internazionale sulle Teorie Combinatorie (Roma, 1973), Tomo II, 223–233. Atti dei Convegni Lincei, No. 17, Accad. Naz. Lincei, Rome, 1976.

[262] V. T. Sós, Paul Erdős, 1913–1996, Aequationes Math., 54(3) (1997), 205–220. [263] V. T. Sós, Turbulent years: The formative years of Erdős’ mathematics and life in the light of his correspondence with Turán from 1934 to 1940, this volume.

[264] J. Spencer, Turán’s theorem for k-graphs, Discrete Math., 2 (1972), 183–186.

624 M. Simonovits

[265] J. Spencer, Probabilistic methods, Chapter 33 of Handbook of Combinatorics (eds Graham, Lovász, Grötschel), North-Holland (1996) 1785–1817.

[266] J. Spencer, Random graphs, sets and Tournaments, This volume. [267] F. Sterboul, On the chromatic number of the direct product of hypergraphs, Lecture Notes in Math., 411, Hypergraph Seminar, Columbus, Ohio 1972 (1974), 165–174.

[268] E. G. Straus, Paul Erdős at 70, Combinatorica, 3(3-4) (1983), 245–246. Reprinted here.

[269] S. W. Suen, A correlation inequality and a Poisson limit theorem for nonoverlapping balanced subgraphs of a random graph, Random Structures Algorithms, 1(2) (1990), 231–242.

[270] Gy. Szekeres, A Combinatorial Problem in Geometry, in [95], xix–xxii. [271] Gy. Szekeres, Paul Erdős (1913–1996), Austral. Math. Soc. Gaz., 23(5) (1996), 189– 191.

[272] E. Szemerédi, On a set containing no k elements in an arithmetic progression, Acta Arithmetica, 27 (1975), 199–245. MR51#5547.

[273] E. Szemerédi, Regular partitions of graphs, in: Problemes Combinatoires et Theorie des Graphes (ed. I.-C. Bermond et al.), CNRS, 260 (Paris, 1978), 399–401; MR81i:05095.

[274] E. Szemerédi, Integer sets containing no arithmetic progressions, Acta Math. Hungar., 56(1-2) (1990), 155–158.

[275] C. Thomassen, On the chromatic number of triangle-free graphs of large minimum degree, to appear in Combinatorica (2002).

[276] B. Toft, On the maximal number of edges of critical k-chromatic graphs, Studia Sci.

Math. Hungar., 5 (1970), 461–470.

[277] B. Toft, Two theorems on critical 4-chromatic graphs, Studia Sci. Math. Hungar., 7(1972), 83–89.

[278] P. Turán, On an extremal problem in graph theory, Matematikai Lapok, 48 (1941), 436–452 (in Hungarian) (see also [279], [284]). MR8284j [279] P. Turán, On the theory of graphs, Colloq. Math., 3 (1954), 19–30 (see also [284]). [280] P. Turán, Research problems, MTA Mat. Kutató Int. Közl., 6 (1961), 417–423. [281] P. Turán, Paul Erdős is 50, Matematikai Lapok, 14 (1963)/1-2, 1–28 (in Hungarian), reprinted in English, in [284] and now reprinted in these volumes.

[282] P. Turán, Applications of graph theory to geometry and potential theory, Proc.

Calgary International Conf. on Combinatorial Structures and their Application (1969), 423–434 (see also [284]).

[283] P. Turán, in Art of Counting, [95].

[284] Collected papers of Paul Turán, Akadémiai Kiadó (Budapest, 1989). Vol. 1-3 (with comments of Simonovits on Turán’s graph theorem).

[285] H.-J. Voss, Some properties of graphs containing k independent circuits, in: Theory of graphs, Proc. Coll. Tihany (1966) (eds P. Erdős and G. Katona) Acad. Press (N.Y., 1968) 321–334.

[286] H.-J. Voss, Cycles and bridges in graphs, Mathematics and its Applications (East European Series), 49. Kluwer Academic Publishers Group, Dordrecht; VEB Deutscher Verlag der Wissenschaften (Berlin, 1991).

[287] H. Walter and H.-J. Voss, Über Kreise in Graphen (Cycles in graphs, book, in German) VEB Deutscher Verlag der Wissenschaften (Berlin, 1974).

Some of my Favorite Erdős Theorems and Related Results, Theories 625

[288] A. Weiss, Girths of bipartite sextet graphs, Combinatorica, 4(2-3) (1984), 241–245. [289] R. Wenger, Extremal graphs with no C^4, C^6 and C^{10}, Journal of Combinatorial Theory, (B) 52(1) (1991) 113–116.

[290] K. Zarankiewicz, Problem P101, Colloq. Math., 2 (1951), 301. [291] Š. Znám, On a combinatorical problem of K. Zarankiewicz, Colloq. Math., 11 (1963), 81–84.

[292] A. A. Zykov, On some properties or linear complexes, Mat. Sbornik IV.S., 24 (66) (1949) 163–188; MR11, Amer. Math. Soc. Transl., 79 (1952); MR14, 493a.

Miklós Simonovits A. Rényi Mathematical Institute Hungarian Academy of Sciences H-1053 Budapest Reáltanoda u. 13–15 Hungary

e-mail: miki@renyi.hu