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Let

=1

n =

—l=Sx, <x,< - <x

be n points in (—1,+ 1). A well known theorem of Faber [5] states that

there always is a polynomial of degree n — 1 for which

' P.l!- I(xi)

<1, 1ZiZn
but

max | P,_(x)| > c logn.

=TtTgx=1

Throughout this paper P,(x) will denote a polymonial of degree n; c,c;¢5, -
will denote positive absolute constants not necessarily the same if they occur
at different places. In other words: for no choice of the points x,,---,x, can
we deduce from the boundedness of | P,,_I(x,-)]. 1 £ 1 < n the boundedness of
|P,,_I{x)| in the whole interval ( — 1, + 1). Bernstein [1] asked himself the
question whether one can deduce the boundedness of 'P,,(x)] in(—1,+1)
if we know that |P,,(x)| <1 for m> (1 + ¢)n values of x. His answer was
affirmative. In fact he showed that if | P,(x{")| =1 for all roots of the m™
Tchebichefl polynomial T,(x) where m > n(1 + ¢), then
1 max | P.(x)| < A(0)
where A(c) depends only on ¢. Zygmund [7] proved that (1) holds if T,(x)
is replaced by P,(x) the m™ Legendre polynomial.
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We can now put the following question: Let
) —1ZxM< < x 21, 1<m<w

be a triangular matrix. What is the necessary and sufficient condition on the
matrix that if for m > n(1 + ¢).

|Pn(x(.-m))l€1, 1<i<m

then (1) holds. A priori it is not obvious that a rcasonable necessary and
sufficient condition can be formulated, but we will find such a condition
which is not too complicated.

Put

cos 0M=x", 00" <.

Let 0<u<f<nr and denote by N,(xf) the number of 0™ satisfying
a< 0™ < p. Let

a<0™< <M< p

be the 0°s in (a,f), for each # we define a subsequence 0™ -.-0™

of these 0's where i, = i and if i,,---i,_, have already been defined then 0;™

. _ ! ;
is the smallest 0{", i,_, <I<j with 0{"—0, , > | thus the distance
r m

between any two 0 is >n/m and any other 0{",---,a<0™ <p is at
distance < n/m from at least one of the 0,, 1 £r < k. Put

N (e ) = k = k().
Now we formulate
Theorem 1. Let x{™ satisfy (2), and assume that
(3) [P,,(,\':-")l <1, 1£i<m, m>n(l+c)

holds. Then the necessary and sufficient condition that (3) should imply (1)
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is that there should be an y > 0 independent of m so that for every =, < f3,,
satisfying m(f,, — o,,) =

*) N B Z (1 4+ 0(D) = (B — ).

- ; 1 ;
Condition (4) means that every interval large compared to = contains

asymptotically at least as many points 0™} no two of which are ““too close™’,
as T, (x).

Before we give the fairly difficult proof 1 would like to call attention to a
Theorem [ proved 20 years ago [3].

Theorem 2. Let X" satisfy (2). The necessary and sufficient condition
that to every continuous function f(x),— 1 =x =1 and to every ¢ >0 there

should exists a sequence of polynomials P{x), n <m(l + ¢), such that
Py = (™), 1Zi<m
and P (x)— f(x) uniformly in (=1,+1) as n—co, is that

(5) liminf m. min (8!, —0")>0

n=ao 4

and that if m(f,—a,)— oo then

(6) ‘l\fm(.ofm- -'qm) S (I + 0(1]) % (ﬁm = ':”'m)‘ '

Condition (6) means that every interval (in ) which is large compared to
1 . . \ .
— contains asymptotically at most as many x;'s as T,,(x). The classical orth-
m

ogonal polynomials as is well known satisfy both (5) and (6), and also (4),
thus our Theorem 1 contains the results of Bernstein and Zygmund as special
cascs.

In [3] the proof of Theorem 2 was only outlined. The proof of Theorem 2
is in fact similar to the proof of Theorem 1. It can be shown that Theorem 2

is substantially equivalent to the following
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Theorem 3. Let x™ satisfy (2). The necessary and sufficient condition
that there should exist to every ¢>0 and A(c) so that to every
y}'"’,[_}-‘f’"ﬂ <1, 1Zism, 1<m< o there should exist a polynomial
P(x), n < (1 + ¢)m satisfying

P(x™) = y™, |P(x)| < A(e), —-1=x=<1

is that (5) and (6) should be satisfied.

Theorem 3 (and therefore Theorem 2 too) is clearly related to Theorem 1.
In this paper we do not further discuss Theorem 2 and 3.

Now we prove Theorem 1. First we show that (4) is sufficient, in other words
if (4) holds then for every ¢ > 0 (3) implies (1). To show this it will clearly
suffice to prove the following.

Theorem 4. Let >0, ¢ >0 be arbitrary given numbers, ¢ = ¢(y,¢) is
sufficiently small and B = B(e) is given. Then there is an A= A(y,c,&,B)
so that if

—l=x < <x, =21, cosl,=x;, i=1,---,m

m =

is a sequence for which for every 0 <a<f <n satisfying

B
7 p-a> =

we have

(8) NPz, f) > (1 — &) % S — o).

m

Then if P(x), n < it% is any polynomial satisfying

©) IPn(xi)I{]s 1Zism.
We have

| P.(x)| < A(n,c,e,B)  for —1<x<1.
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To prove Theorem 4 we will need two Lemmas:

Lemma 1. Let z, <, <z, be the roots of the n™ Tchebicheff
polynomial T,(x). Let t be a fixed integer and — 1<y, <-- <y, <1 where
vi=zforl=iZuandu+1t<i=n Assume further that for a fixed n > 0.

(10) Arc COS V,4g41— QL€ COS YVyps>n/n, 1=Zs<t.
Then for an absolute constant C = C(n,t) we have

L) =Cmn, —1=x=<1, 1=5k=n

where

- (x) } T .
I(x) = ol =" o(x) = kl-——-li (x— )

are the fundamental polynomials of the Lagrange interpolation formula
belonging to the y,.

Denote by Li(x) the fundamental polynomials of the Lagrange interpol-
ation belonging to the z,. It is well known that [4]

(11) L] <=, -1sxs1, 1skzn

Lemma 1 follows from (11) by a simple computation by comparing the
factors of /,(x) and L,(x) term by term and by using (10). We leave the simple
details to the reader. i

Before we state Lemma 2 (which will be the most difficult part of the paper)

n

we introduce the following nofations: Let P (x)=][] (x —x)), cos 0, =x,
i=1

is an arbitrary point in (— 1,4 1). I(z) denotes the interval
{cos 0, cos(l, + 2)} and I( — o, ) the interval {cos (0, — ), cos (0, + B)}.
N, (o) respectively N,( — o, ) denotes the number of the x; in I(x) respectively
in I( — o, ).

Lemma 2. To every t; and ¢, there is a ty=1,(t;,¢;) so that if

n > nylt,t,,¢y) and for every t, <t <t,
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(12) N, (%):»(H—cl)t!nand N,,(—%)>(l+cl)l,’n
then
(13) |Pxo)| <5 max [P,

—1l=x=1

In other words qualitatively speaking if P,(x) has much more roots in every
large neighborhood of x, than the n'™ Tchebichefl polynomial then |P,,(xn)]
is much smaller than the absolute maximum of ]P,,(x)| in (—1,41).

(13) would hold with an arbitrary ¢, instead of &, but then 1,(t,,¢,) has to
be replaced by 1,(t,¢,.¢;).

One further remark: In (12) we only consider those intervals for which
0=0, + :_!1 =

To prove Lemma 2 we replace our P,(x) by a new polynomial Q,(x). Outside
t H
of I (— —:-:—, %) all the roots of P,(x) are also roots of Q,(x). Q,(x) has the

further roots

: 3 21
cos(()(, + 2;—”—];@), 1=sisji= N,,(:—?) and cos (Uo ... ,It),

(14)

(15) ;(*Mm 2-_1‘1_;,1,{)

the roots of Q,(x) are congruent to those of T,(x) and by the well known

theorem of M. Riesz [6] Q,x) must assume its absolute maximum in
. i t 2y . . .

(— 1,4+ 1) outside the interval (15). By (12) I(—f,—r“) is inside the

interval (15).
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Assume now that

(16) |Qz0)| = _max [Q,(x)]-

By what has been just said we can assume that z, is outside the interval (15).
Now we prove

(1?} IQII(XOJ J"’-Pn{x())l = 2] Qn(zﬂ)/Pn(:l))l *
Assume that (17) has already been proved. By (16) we have
|Q.(z0) | Z | Qul(x0)|- thus from (17)

1
|Pxo)| < 5| Pulzo)| = _max_ | P,(x)]|

which proves (13) and thus Lemma 2 is proved.

Thus to complete our proof we only have to prove (17). The proof of (17)
is quite simple in principle and to avoid simple and routine computation we
will not give all the details. Without loss of generality we can assume that z,
lies to the right of the interval (15). Denote by x; = - < x;, the roots of

P,(x) in I(%) and by y, <. <y; the roots of Q,(x) inf(—%}'—:-l—).
n
; fy
Xy = -+ 2 xj, are the roots of P,(x) in I( - f) and yj <--- <y}, those of

Q. (x) in I (_ zfzn- 1 n) .

Put
Qu(x0)  Pulzo) | _
(18) lPrl{_xi)_) Qil(:U) a nl ]_[2
where

= It (xo = y) (26— %) _ 2 (xo — i) (z0 — x{)
(19) M = .l=—[1 (xo—x)(zo— ¥’ = i=1 (xg—xD(zg — i)~

Now it immediately follows from (12) and the definition of the x’s and y’s

; . t t
that for every x, and x; not in [ (— ?‘, ?') ;



142 P. ERDOS

(20) Yo~ hisg4sand BTN 145 Badey).
XD"“‘x" 'xo_xi

Also since z, is to the right of (15) we have for every x; not in

(21) Zg— X; > Zo— Vi

From (12), (19), (20) and (21) we obtain by a simple computation that for
t, > 15(ty,¢q) and n > ng(ty, 1y, ¢;)

(22) I, >2

since for sufficiently large 1, = £,(f;,¢;) and n > ny(t,,1;,¢;) the contribution
. . . t ; ;

to I, of the x; and y; corresponding to the x; in I(ﬁ) which do not satisfy

(20) can be ignored.
Similarly we sce that for 1, =#,(t;,¢;) and n > ny(l,,1,¢;)

(23) I, > 1

. t
since for the x! and y; not in [ ( — —:1) we have

(xo — ¥D)(20 — X1)
(xo —x3) (zo — ¥1)

(24) = 4

(24) can be deduced by a simple geometric (or analytic) argument from (20)
and z, > x,. The x, in I(%) can again be ignored for sufficiently large 1.

(18), (22) and (23) prove (17) and hence the proof of Lemma 2 is complete.

It is an open question if (13) remains true if instead of (12) we assume only
t ot
that for every t; <t <t, N, ( i ?) > (14 ¢;)2t/n.

Now we are ready to prove Theorem 4. If Theorem 4 would be false then
there would be a fixed ¢, &, and B so that for every D there would be arbitrarily
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large values of m for which there is a sequence —1=x, <. <x,=1
satisfying

(25) arc cos X;.q — arc cos x; >y /m
and for every « and f satisfying (7), (8) is satisfied. Finally this sequence would

m
1+ ¢

be such that there would exist a P(x), n < satisfying (9) and

(26) max | P,(x)|=D.

=1=x=1

From these assumptions we have to derive a contradiction for sufficiently
large D. Assume that |P,,(x0)| =D, —1=x,=1 (ie. |P“(x)| assumes its
absolute maximum in (— 1,4+ 1) at x,). Put cos 0y =xg, and let B<t<T
where T'is sufficiently large and will be determined later (T is independent of

m). By (25) and (8) (since (25) holds the » in (8) can be left out)
Q7 N (L) sa—5t
) " m) T

t ) i
N (;) denotes the number of the x; in lcos 0y, cos (0+ I—ﬂ)} . On the other

hand T,(x) has at most
t n ¢ t
(28) ?E-E-Z < (1—?) N"‘(E)

roots in [ (;';-) if e =e(c) is sufficiently small.

Denote now by —1=Zy;,<-+<yy=1 the roots of T, (x) outside
T T . T T

1 ( - E’E) and our x; in [ (— = E) . By (25) and (27), N =n+0(1)

where the error term O(1) depends only on T. Denote by Sy_(x) the poly-

nomial of degree at most N — 1 which coincides with P,(x) on the x; in

t i ; " 5
I ( =y H) and is 0 on the other y’s. By the Lagrange interpolation formula
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w(x)

(29) Sy-1() = EPL) W)=

N
o =TT &= ),

. F t
where in X'k runs over the y, (i.e. the x;) in I(— = -E;) . By (25) Lemma 1

can be applied for the [(x) of (29) and we obtain for every — 1 <x <1

S.'V—l(x}l <C(,T) L' ] P, l(xi-)l-

2
By (25) the number of summands in %’ is less than TT hence by (9)
T
(30) Mwiﬂ]<%?CWJl -18x=L

6T .
Choose now D = T C(y,T) and put

(31) R, (x) =P (x)— Sy_,(x), n;=max(n,N —1)=n+ O(1).

- .
R, (x) vanishes at the N, ( -—, I) X5 in J’( - I_T) Thus by (31)
m’om . m ' m
(27) and (28), (12) (of Lemma 2) is satisfied by R, (x) with B=t,, T=1, and
1

l—,f?.: 1+ ¢y At x4 we have by (26), (29), (31) and the choice of D
—_—

(32) | R, (x0) | > % max | R,(x)|

—1zxz1
but this contradicts Lemma 2 for sufficiently large T. Hence the proof of
Theorem 4 is complete and we showed that (4) is a sufficient condition that (3)
should imply (1).

To complete the proof of Theorem 1 we have to prove the necessity of (4).
In other words we shall show that if (4) is not satisfied then (3) does not imply
(1). To show this it will suffice to show that the conditions of Theorem 4 are
best possible. In other words we shall prove

Theorem 5. Let A be an arbitrary positive number, n=n(A) is suf-
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ficiently small, ¢ >0 is fixed and 6 <e/2 is arbitrary. Then there is a
B = B(A,n,&,0) so that if

—1Zx < <x, =1, m > my(A,n,¢,8,B)

, B
is any sequence satisfying for some 0 Z o <a+ H< T

(33) N (sc,a + g) <B(l—¢).
Then there is a polynomial P,(x), n <m(l — d) satisfying

(34) P(x)| <1, max |P(x)|>4.

—1s5x=s1

To make the idea of the proof more intelligible we first assume instead of
(33) the stronger condition

(35) N, (oc,cx + %) <B(l—¢)

and deduce the existence of a polynomial satisfying (34) from (35). It will
then be easy to modify our argument to show that (34) follows from (33) too.

First we define an auxiliary polynomial Q,(x). All the x; in (:x,a - —'E-;-) are
m
roots of Q,(x) (the interval cos f<x<cos y will be denoted (,7)). In

B =) 3 B(e—9
(:x + —(1 “é‘T)’ 0) and in (i"[,o: + —_(il-OﬁT_)) all the roots of i, —4(x)

are roots of Q,(x). By (33) and < ¢ we obtain that the degree of Q,(x) is less
than m(1 — 8). Thus by the theorem of M. Riesz [6] Q,(x) assumes its absolute

o . . B(e — 8) B e—20
maximum in (—1,41) in (:x + 0m ’JH-E (1 _T))’ say at

Xo = cos 0.
QOur polynomial P (x) is obtained from Q,(x) as follows: All the common

B(e — 6)
10m

roots of Q,(x) and Tj,,_z(x) in o, + are moved to cosx and
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all the common roots of @,,(x) and Tj,,; —4(x) in (oc -+ :: (1 - fl?)—é)’ o + E)
m

] B
are moved fo cos (a: + H).

B(e — 0
Thus __(il(l'_)+ O(1) roots are moved away from x, in both directions.

We now show that P,(x) satisfies (34). First of all P,(x;)=0 for all the x;

in (¢, + B/m), thus to complete our proof it will suffice to show that

(36) | Po(x0) | /| Pu(z0)| > 4, | Po(zo)| = max | P(x)]

where in (36) the maximum is taken over the x in (—1, +1) which are not in

(a o+ ) (since (36) clearly implies |P (\G)[ >A max P,x,) which is

1=i=n

(34)). By assumption we have ]Q,.(xo)] | Q.(z

can prove

Prl(xﬂ)

Qu(xo)

PH(ZU)

(37) 0.(z0)

The proof of (37) is almost identical with the proof of (17) and can be left
to the reader. This completes the proof of Theorem 5 if we assume (35).

To complete our proof we now have to show that a polynomial P,(x),
n < m(l — ) exists satisfying (34) if we only assume (33) (instead of (35)).
Choose 5 =2/nA. By (33) and the definition of N{P (see the introduction)

: e B
there is a subsequence Xx;,:--,x; , F<B(l —¢) of the x,’s in (oc,sf+—

satisfying

arccosX; ,

arccosx; > s pils
nAm W—RA)

; B ; o
so that for every x, in (at,-x + ”T) there is an x;, satisfying

2
38 arccosx, —arccosx; | < ——,
(38) | ¥ ‘-’I = nAm
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In view of our previous construction there is a polynomial P,(x), n < m(1—4)

satisfying

(39) max |P(x)| =4, Px;,)=0, j=1,r
~1=x=1

and

(40) max | P,(x)| < 1

‘ . B
where in (40) the maximum is taken over the — 1 < x < 1 not in (oc,cc + E)
A well known theorem of Bernstein [2] states that if f,(0) is a trigonometric
@] < n,

(thus from this theorem of Bernstein we easily obtain from (38) and (39) that

polynomial of degree n satisfying max [f,,({?)l =1 then max
0=f=2n 0=8=52xn

o s+ )
for every x, in (o, o + —
m

(41) | Pied] = 1

(39), (40) and (41) prove (34) and hence the proof of Theorem 5 is complete,
but this also finishes the proof of Theorem 1.
Finally we state without proof

Theorem 6. To every A however large there is an ¢>0 so that if
n>ny(A,e), m=[(1 +¢e)n], then for every —1=<x, <+ <x, =1 there is
a P(x) satisfying

]P,,(x,)[gl i=1,,m and max ]P,,(x)|>A.

-12x21

We do not give the proof of Theorem 6.
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