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| have written many papers with similar titles during my long life. I will try to write this
paper in such a way that it will not entirely be contained in the union of the set of my
previous papers and that at least some of the open problems | state will not be entirely
hopeless. Perhaps the most interesting and significant results are Lhose connected with
van der Waerden's and Szemerédi's theorem, but since I and others have written a
great deal about these questions, | will include only a short discussion of these problems
at the end of the paper.

For a rich source of solved and unsolved problems in combinatorial number theory,
see [10, 20].

First of all I mention a few old problems and results. First a very simple old
well-known result of mine.

t. In December 1933 | observed that if 1 =ay <+« + = a,,; = 2n, then for at
least two indices { and j I:.r,«|a_,.1 that is, among any a+ 1 integers = 2n, at least one divides
the other. My first proof was not as simple as it should have been, but M. Wachsberger
(Dr. M. Svéd) and E. Vézsonyi independently argued as follows: a, = 2%, b, odd. Thus
two a's belong to the same b, and therefore one divides the other. The integers
n+l, ..., 2n show that this result is best possible.

Perhaps one of my first theorems, which I found in 1932, states: There is an
absolute constant C so that if @, < a5 - - - is a finite or infinite sequence of integers no
one dividing the other, then

= 1

o log a;

{1

The proof iz simpie but not entirely trivial, [ conjectured that the sum in (1) is maximal
if the a's are the primes. 1 expect that this problem can be decided with the help of a
computer, some patience, and perhaps not too many new ideas. For more related
problems and results of this type, see the survey paper of Sarkdzy, Szemerédi, and
mysell, {Selfridge convinced me that the proof will be more difficult than I thought.)
In 1936 | observed that if | < a; = - « + = @3, = # i5 2 sequence of integers for
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which the products a,a, are all distinct, then

"!j'-i nif'-i
w{n) + c.w =max k, = ={n) + CW. (2)

where w{n) denotes the number of primes not exceeding n and |, o are positive
absolute constants, Probably there is a positive absolute constant ¢ for which

max k, =x(n) + (¢ 4+ of(1)) n‘f"f{lug ne, ()]

| was never able 1o prove (3). I should perhaps make a remark about the proof of (2),
since it 1s basically graph-theroetical. Tt depends on the following result of E. Klein and
myself; Denote by T'(r; C,) the Turdn number of C,, that is, the smallest integer for
which every graph of m vertices and T{n.C,) edges contains a C, (a cycle of length 4).
We proved

e < T{m C)) < e, 4}

Curiously we failed to formulate the general problems on extremal graphs—this was
done 2 ar 3 years later by Turdn, who did not even know of our paper, and as well
deserved punishment for our failure, these numbers are now called Turdn numbers,
For references on extremal graph theory, see the excellent book of Bollobds or the
excellent survey paper of Simonovits, and [4, 5, 18, 21].

2. Here is another ¢lementary problem in number theory that nevertheless leads to

a problem that, as far as T know, iz still open, Observe thatif l <@y = - » » =@y =n, />
/2, then at least two of the a's must be relatively prime. Denote by f{m; ) the largest
set of integers | = @) = « - + <4, = a, for which there is no set of r + 1 a's that is

pairwise relatively prime, | expect that one gets f(n; £,) by taking the ¢ smallest primes
2,3,...,p,and taking the set of all their multiples not exceeding n. This has been
proved for k = 4, but for k& = 4 the proof is already quite long and cumbersome. The
conjecture would follow if one could prove that ¢ is obtained by taking the set of
multiples not exceeding nof a set of 1 primes. 1f this is proved, then denote ddg. . . .. g2
n) the set of multiples of g, . . ., g, not exceeding n. To complete the proof it suffices to
show that (g, - .. ; g;) is maximal if the g's are the first ¢ primes. In my lecture at
Yenan Teachers College | stated that [ think this is simple but 1 do not guite see how to
do il Fan Chung, who translated my lecture, said this must be trivial, | had another
look at itand saw that she is indeed right. Let @, .. . . . be the complement of the ¢,
that is; the set of the other primes. Clearly ¥{g,. §3.. .., s 1) equals n minus the
number of integers not exceeding n composed of the ("s. The number of integers = n
composed of the (s is clearly minimal if the (s are as large as possible or if g; = py,
Q.E.D.

3. R. L. Graham stated about 15 years ago the following very nice conjecture: Let
| =@y =a;< +++» <a,beany set of nintegers. Then
max —2
Tmi<fmn [‘-]'h ﬂJ}

= I
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Recently M. Szegedy proved this conjecture for sufficiently large n. His proof is not
too simple and is very ingenious [25].

4. A lintle-known conjecture of Hegyviri states: Let () be the graph whose
vertices are the integers i = n, and ¢ is joined to j if |7 (or if [£, j] = n). Denote by f(n),
respectively, Fin) the longest path of this graph. Prove f{n) and Fin) are both o{n).
These conjectures were recently proved by Pomerance, but the proof is surprisingly
difficult [24]. Is it true that F{a)/f(n) — = or at least F{n) — f(n) — =? The second
conjecture must certainly be true, It would perhaps be worth while to get an asymptotic
formula or at least good upper and lower bounds for these functions.

5. MNow perhaps | should discuss some problems and results on additive number
theory that occupied me a great deal over the last few years. The classical problems
(Goldbach, Waring) will be ignored, not because I do not consider them important,
but because they perhaps cannot be attacked by combinatorial methods. Let A -
[t =a,=ay,<-.-| be an infinite sequence of inegers, and denote by fi(n) the
number of solutions of n = a; + a,. If f{n) = 0 for all s, then A is called a basis of order
2. 1L f{n) = O for all n > my, then A is called an asymptotic basis of order 2. Sidon asked
me more than 50 years ago: Does there exist a basis for which for every ¢ = 0

as f—= =7
I first thought that (5) is easy and the answer is affirmative. Twenty years later |

was able to prove (5) by probabilistic methods. In fact, I showed that there is a
sequenice A = |4y, as, . .. | for which

eilog n < f{n) < cilog n. ()

Inequality (6) seems to be the natural boundary of the probabilistic methods, and in
fact 1 conjectured long ago that there is no sequence A for which

iim@—c{ﬂ-:c-qm}. (7
a== log n

1 offer 500 dollars for a proof or disproof of (7) and [ offer 100 dollars for a proof of
{5} by an explicit construction. Sdrkzy and 1 praoved that

( fin) — clogn)
(log n)"?

cannot lend to 0, Sdrkézy and I further proved that if g(a) is an increasing function of
regular and slow growth, then there is a sequence A for which

fo
gin)logn :

Perhaps (7) can be strengthened in the following way: There is an absolute constant
Csothatin (6) ¢; = (1 + Cey, that is, &3 and ¢, cannot be 1oo close, Further, perhaps if
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one only assumes that a; < ck®for every &, then

lim sup ﬂ:i

=01 for some ¢; = 0. 8

If true, (8) is probably very deep. An old conjecture of Turdn and myself (for which
1 often offered 500 dollars) states that if A is a basis of order 2, then

lim sup fin} = = (9}

that is; if f{n) = 0 for all # = ny, then f{n) cannot be bounded. Perhaps (9) follows
already if we only assume that f{a) = 0 holds for a sequence of density (or perhaps only
upper density) 1. The following guestion is perhaps of some interest: 1s it true that if
S{n) = 0 for a sequence of positive density, then Hm sup fim) = =T The following finite
form of this question seems interesting to me: let gy = @3 <+ - - <= a, = nbe a
sequence of integers for which the number of integers m < n for which f{m) = 0 is less
than &.n. s it then true that for some &, fw) = r. If this is true we probably can also
assume ¥ < . | have to apologize to the reader if' 1 overlooked a trivial counterexample,
but 1 didn’t have time to consider these questions scriously, This conjecture scems
difficult and it ceriainly is much weaker than (4). The analogous conjecture for
multiplicative répresentation is true and is not very hard to prove. Rényi and [ proved
by probabilistic methods that there is a sequence A satisfying a, < ck® for which

X
Y fin) < CX. (10)

On the other hand, perhaps if' 4 is a basis of order 2, then

'I A
}‘;HH]‘—-W- (1)

I it is true, no doubt (11) is very difficult; it is very much sharper than (9), and even
(9} is probably deep, Equation (11) has recently been disproved by 1. Ruzsa.

By the way, it is a simple exercise to construct a sequence A for which every positive
integer a can be written uniguely in the form g, — a. 1t is not known if there is such a
sequence for which a /k** or even a,/ k> — (. The greedy algorithm easily gives such a
sequence for which a, < ck?. It is not difficult to prove that if @, < ¢k® for every k, then
the number of solutions of n = &, — a, cannot be bounded. This last statement follows
from the Fact that if @, < ek and F(#) denotes the number of solutions of a; = gy A,
then Fn)/n— w«.

Denote by A () the largest integer ! for which there is a sequence | = @, =
g < = » « = ay= i {or which all the sums

Efjr‘lrrzdlﬁr- d;=10
i
are all distinet. Turdn and | proved

Auln) =" 4 en', {12)
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Let
l=gy=agy<:+ v g, =miz=cnn=mir) {129

Determine the smallest ¢, for which (12°) implies that there is some m for which
ftm) = r, Or one could also ask for the smallest ¢, for which 1, = ¢/ n' implies that for
some m, m = a; — d, has at least r solotions, It is easy to see that both ¢, and ¢! are
O(r'?). Perhaps the following question is more interesting: Let 1 =gy < -« « =@y =n
besuch that the number of distinet integers of the form &, + a,is (1 + o(1)) 4. Lean
show that k= (1 4 o(1)M2f n.lrj}n’-"i is possible. Tosee this, let | =8 <b; = - -« <
by = n/3 besuch that the sums b, + b, are all distinct and | is maximal. Add to this
sequence the numbers n — by > + = « =n — by The b's and n — b% clearly have the
required properties. | do not see whether & = (1 + '/ (2/3"?) 15 possible. Lindstrom
improved (12) 1o 45(n) < n"* + #'* 4+ 1. Chowla and | observed that Singer's perfect
difference set implies 4y(n) = ', il n = p* + p + |, p prime or a power of a prime and
As(n) = (1 + al1))a"? for all n,
Bose and Chowla by an extension of Singer's construction proved that for every r

Adny = (1 + of1n'.
Bose and Chowla ebserved that our proof with Turin does not seem Lo give
Alm) < (1 + an'lr {13)

for r= 2. Inequality (13) very likely holds for every r, but as far a5 | know is still open,
The difficulty in proving (13} is that in the proof of (12} one could replace @, + a, by
a;— a;and as siated, if a3 < ok, then Fim)/n — o= if F(n) denotes the number of
solutions of @, — a; = n. 1t seems quite impossible to use this method for odd r, and
there are difficulties for gven rif r = 2. We all believe that (13) remains true even if we
only allow sums for which d, - | (i.e., sumsa, +a,, + - - - 4+ &, ), but al the moment
I do not see how to attack this guestion.

Further | cannot prove that if 4 is an infinite scquence satisfying a, < ck' for cvery
k, then the triple sums @) + a, + a; cannot all be distinct. Inequality (13) and thisare
perhaps the most cutstanding open questions here. Turdn and | conjéctured

Asln) = #'? + 0(1), (14}

1 was always convinced that (14) halds, but H. Taylor and 1. Ruzsa independently
of each other convinced me that the upper bound in (14) is probably false. If n = p* +
p + 1, Singer showed that thereare p + 1 residues (mod p* + p + 1), 5ay @), @a. .0,
d,., for which every nonzero residue can be uniquely expressed in the form a; — a If
for every C there is such a set for which for some { we have a,,, — a;> Cp'”, p= py(C),
then the upper bound in (14) fails. Perhaps (14) should for the time being be replaced
by the more modest conjecture: for every e = 0

Aylm) = ' 4 O, (14)

When [ first met Sidon in 1932 he also asked me the following prablem: A sequence
iy =y = -+ iscalled a BY sequence if the number of solutions

Y ga =0, Y u=t
i i



T—

e e T e T e L B

ERDOS: COMBINATORIAL NUMBER THEORY 137

is =t. In particular, ina B; (BY") sequence the sums g, + a;are all distinct. How slowly
can the terms of a 8; (or more generally of a BY") sequence increase? It is easy to see
that (by the greedy algorithm) there is 8 B sequence for which a, < ck”; a; = o(k")
was open for a long time, and finally a few years ago Ajtai, Komlds, and Szemerédi
proved that there is a B; sequence for which a, < ck’/log k. This seems to be the
natural boundary of their very ingenious method. Very likely there is a B, sequence for
which a; < &™* for k > ky(e). At the moment this seems rather hopeless. Rényi and 1
proved by the probability method that for 1 = t(e) there is a 8Y sequence for which
ag < &*** holds, I proved that lim inf @,/ k* can be finite for a B, sequence, but that for
infinitely many & we must have

a, = ek’ log k. (15)

It would be very interesting to decide whether (15) can be improved. In several
fortheoming (1 hope not posthumous) papers Sarkdzy, V. T. Sas, and | hope to discuss
many further related problems and results. Here I want to mention just one more
problem that was first mentioned in a joint paper with Nathanson and that we
“rediscovered” later: Let A be any sequence of integers, and denote by B(X) the
number of integers n < X for which f{n) = 1, that is, for which f{n) = O or fin) = 1. 1t
is not hard to show that for every € = () there is a sequence A4 for which B(X) =
ol X1, We conjectured

BX)X'? —va, (16}

Ruzsa stated that he proved B{X) = X' and Szemerédi claimed BLX) = X" for
every ¢ = 0if X = Xy(¢). Unfortunately none of these proofs have been published.

For many of the results stated see the excellent book [21]; also [1] and [13].

For many references on these and related problems see the very interesting papers
of [31, [15], [17].

6. MNow [ will discuss some of my work with M. Nathanson [11, 12]. A sequence A
is called an asymptotic basis of order rif every n = n, is the sum of r or fewer of the a's.
We will mostly restrict ourselves o the case r = 2. An asymplotic basis is called
minimal if the omission of any of its elements destroy the basis property, that is, if for
every f there are infinitely many integers a1 for which n cannot be represented as the
sum of 2 (or more generally r) terms from 4 — @, Mathanson proved that there are
minimal asymptotic bases for every rand that there are asymptotic bases that do not
contain minimal asymptotic bases. We proved that if fin) = ¢ log n, ¢ > log 4/3, then
A contains a minimal asymptotic basis of order 2. On the other hand, we proved that
for every k there is a sequence A for which f{n) = & for all n = ny, but A4 does not
contain a minimal asymptotic basis. Our most interesting open problems are: Is there
an A for which f{n) — = and that does not contain 2 minimal asymptotic basis? Is it
true that if fin) = ¢ log n for some e > 0, then A contains a minimal asymptotic
basis?

In a forthcoming paper we show that if A is such that f{a) = C log n where Cis a
sufficiently large constant, then A4 can be decomposed as the union of two disjoint
sequences A; 1 A, s0 that both 4, and 4, are asymptotic bases. Perhaps this remains
true if f{n) = Clog n is replaced by f{n) > ¢ log n, but perhaps there is-an .4 for which
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Sn) — =, but 4 cannot be decomposed as the disjoint union of two bases 4, and A,
{We know that f{n) > k does not imply such a decomposition. )

Perhaps if 4, (7] A, is empty and 4, and A, are both asymptotic baszes of order 2,
then A, |} A4, always contains a minimal asymptotic basis: Unfortunately, at the
moment we can neither prove nor disprove this atiractive conjecture.

Define a basis to be thin if A{n) < en'? for some ¢. Clearly, if a basis is not thin,
then {11} holds, We hoped that every thin minimal basis can be decomposed as the
union of r {perhaps r = 2) disjointsets 4, |_J{_; 4, = 4, sothat foreveryi,i=1,2,...,
r the set of integers of the form x + v, x, ¥ € A, has density 0. Originally I stated this
conjecture without the assumption that the basis is minimal. Volkmann pointed out
that there are trivial counterexamples, but the conjecture can perhaps be saved if we
assume that the basis is minimal. {For a similar error, see [10, p. 47].) This conjecture
is perhaps completely wrongheaded. For the proof of (11) it would suffice to show that
every thin basis 4 has a subset A’ for which A'(X) = X' for every X and such that
the density of the integers of the form x + ¥, x, peA"is 0. This conjecture could also be
completely wrong, and our excuse for making it is that we know so few thin bases {in
fact, |, Ruzsa disproved this conjecture).

7. Mow | will discuss some special problems on additive number theory, some of
which have been partially settied during our recent meeting at Hakone.

Several years ago Silverman and [ asked: let | <=a; =a@;< ... <g, =nbea
sequence of integers such that none of the sums g, + a; are squares. We al first thought
that perhaps max £, = n/3, and that this is reached if 4, = 1 + 3/. Massias soon showed
that in fact max ¢, = (11/32)n by finding 1| residuc classes mod 32, no two of which
add up to a quadratic residue. [ then conjectured that max ¢, = (11n/32) + O(1).
Lagarias, Odlyzko, and Shearer [22] proved this if the a's are residue classes mod d for
some 4. Their proof is quite difficult. They further proved thatif | =@, <@; <+ »+ =
a; = nis any sequence of integers for which a; + a, is never a square, then

max 1, < 0.475nq. (17

Thus 1, is definitely less than the trivial bound n/2, but we are very far from the
perhaps too optimistic conjecture (11/32)n + O(1). Then I posed the following
perhaps interesting question: Let n; < my < « - - bean infinite sequence of integers and

dy; = ay < + + + an infinite sequence of integers so that g, + a; # n for all i, j, k. For
which iy = ny =< - « -, does it then follow that

: 1

lim sup A{.r},n"x{i"." (18)

If the a’s increase sufficiently fast, then lim sup 4(x}/x = Y is certainly possible.
Perhaps my, /me — 1 implies (18). (I the #'s are uniformly distributed in the residue
classes, all m, odd are an obvious counterexample.)

I recently asked: How many integers | = gy = a3 =<+ « » =< d, = #can one give so
that none of the subset sums =, ¢ a,, ¢ = 0, or | are squares? [t js easy to see that
t,= (1 + o(1))2"n'R (1%

is possible. To see this, let p be the least prime gréater than n®27 P and let @, = ip, i <
2303, The sum of these a's is clearly never a square since all subset sums are
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multiples of p and none of p?. I could never get & better lower bound than (18), but
could not even prove 1, = e{n). Noga Alon [2] showed

cn

'.‘Cm~ (20

Both (18) and (19) are probably far away from the truth. Freud and | found an
infinite sequence a, = &, a about 10, 50 that none of the subsel sums are squares. Ten
is very far from the truth. We would have liked to show at least a, = en’, but were
unsuccessful. (Lipkin, Noga Alon, and Freiman have many results on these
problems.)

Freud and 1 then posed the following two seemingly trivial problems, which as far
as | know arestill open: Let 1l =&, =ay <+ + « <a,,; = Jx Is it true that some subset
sum It goay, ¢ = O or | must be a power of 2. The multiples of 3 show that if true, this
is best possible. (This was proved by Freiman.)

Letl =a = .+ =a,, =4y Then some subset sum must be squarefree. The
multiples of 4 show that if true the result is best possible, and perhaps the sum of 2 or at
mast three of the a's will already have the required properties. Clearly, many related
problems can be stated, but we had no success with any of them and perhaps we
averlook a trivial point. (A very simple proof was found by Filaseta.)

R. L. Graham and [ very recently asked: Is it true that if' n = ng{c) and

lsa <<+« <8, =n, 1= (% — €hn, (21)

then 2# is a subset sum of the a's? That is, 2rn = Zi_, a4, = 0 or 1. We thought that
perhaps ¢ = (n/3) + 1 {if true, this is clearly best possible). During the meeting in
Hakone, MNoga Alon proved (21) with ¢t — 2/5n (he now improved this to =
(1/3 + ¢)n). Graham'and Dalso asked: Let f{n) be the largest integer 50 that for every
mthereisasetof f(n) integers | =&, <ay< -+ » <4, =n t = f(n) 5o that misnota
sibset sum of the a's. We conjectured

fin) - (% + u{l}] ,D; - (22)
We showed
f(n) }(l + a{n)—"—. 23)
2 log n
Tao show (23) observe that wecan assumem <1 + 2+« « « 4 n= (0" + n)/2 Let p

be the least prime that does not divide m. From the prime number theorem, we have
p=1(2+ ol1)) log wand il we put ;= ip, | = {<n/(2 log n}, then hris not the subsel
sum of the a's, which proves (23). During our meeting Noga Alon proved f{n) =
{cn/log mr); thus (23) is not very far from the truth. 1t would also beof interest to know
how to choose m = min) to obtain the value of f{n) [2].

We also briefly discussed the following more general problem. Let f(n) be the
largest integer so that for every choice of my, . . -, m1, there is a set of f(n) integers | =
@ <@y = -+ - - <d = 1;=[f{m)sothat none of the subset sums Ejx, ¢ a,, ¢ = 0or |
s oneof the m,, i = 1,2, .., r. It scems interesting to determine how f{n) decreases as



140 ANNALS NEW YORK ACADEMY OF SCIENCES

rincreases and how we have to choose my, . . ., w1, 0 get ). OQur-old f{n) 15 of course

Siln).

A, Mow | would like to discuss a few older problems that seem to have been perhaps
undeservedly neglected. Not to make the paper too long, | will restrict mysell 1o a few
of them.

I Sdrkézy and [ [14] considered the following question: Let A - [a, < as<+sfbe
an infinite sequence of integers, and assume Lthat no a; divides the sum of two larger a's,
What can be said about A{x) = X ., 17 The reason that we restricted ourselves o
a; ,{"{a_, + @), § = f, 1= Dwas that we wanted to exclede the case 2a, - 4, + a,, which
leads to the well-known problem of three-term arithmetic progressions. We proved

Alx) = alx) {24}

and that (24) is best possible, that is, if f{x) — = as slowly as we please, then A{x) -
o(x/f(x)) does not have to hold. On the other hand, we conjectured that for infinitely
many x, perhaps A(x) = of{x/log x) or even A{x) < x' will hold, and we further
conjectured that X 1 /g, must converge. It is rather annoying that we could not prove
this rather atiractive conjecture, Perhaps even more annoying is the finite version of
our problem: Let @, < ¢3 < - « - < a, =< n be a sequence of integers and assume that
ai A (a; + ap) foreveryi < j< /. One would expect that then

max i, = g + 1. (25)

Equation (25), if true, is best possible. This can be seen by the integers (2n/3) < a; = n.
This conjecture, if true, should not be hard to prove and perhaps we overlooked a
simple argument. The following refated problems should perhaps be mentioned.
Assume that the finite sequence 4 is such that no g; divides the sum of r or fewer a,,
e, = a; Here one would guess that

max A(n) = —— + O(1),
r+1

where the extremal sequence is given by the integersm,n — 1,.. ., 0 — 1, where 1, is
the largest integer for which our property is satisfied. The same conjecture can be
made if we assume that no o divides any sum of larger a’s. Here one would assume that
the targest set of integers with this property is given by the integers in {n — ¢, n} with
{43 = nif A(n) = ¥2Zn 4+ O(1). A(r) < ¢y can probably be proved by the methods of
Szemerédi and OQlson. See also [14] and [26].

Il. Szemerédi and I [16] considered the following problem: Let @ < @y = » - = =
a, be any set of e distinct integers. Denote by by < by < « « «< b theset of all integers
that can be written in the form &, + a,or a, a; Determine or estimate as accurately as
possible min m,. |t seemed Lo us that if there are few distinet integers of the form a, +
a, then there must be many distinet integers of the form a, &; and vice versa. We
conjectured m, = #* ™ for every ¢ = 0if i = nyle), and proved that for a certain ¢ = 0
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m, = n'*, but that there is a sequence ¢, < gy < « = = < g, for which
1, < -l
The upper bound seemed 1o us 10 be close 1o the truth.

For further problems of a related nature, see [ 16].

111, Divide the integers 1, 2,. .., 2ninto two disjointsets ay, @y, oo @i By bpe s o
b, with n elements in each clags. Denote by M the number of solutions ol @y — b, = &
and put

M = M{n) = min min M
where the maximum is to be taken for all —2n = & = 2n and the minimum for all the
(%"} divisions of the integers into two disjoint classes with both having n elemems: |

asked for the determination or estimation of M more than 30 years ago, The best upper
bound isstill M = 0.4n. The best lower bound is due 1o L. Moser [23]

M= Ja — J15(n — 1) = 0.3570(n — 1).

As far as | can tell, the problem has been completely (perhaps undeservedly)
[orgotien,

IV. Let @y, a;, .. . , &, be preal numbers, all differant from 0. Dencte by f{n) the

largest integer so that for every sequence a,, d@, . . . . &, one can select k = {n) of them
@, ..., s0ihat thesum of two of these a's never equals a third. | proved [7]
n
fin) = 3 (26)

Very likely (26} is not best possible, perbaps f{n) = 3n/7. I in the representation a, +
i, = a4, weinsist that w 5= o, then we could hope that

fin) = [” ; 2]. @n

It 15 surprising that this problem has been completely forgotten, even by myself. A few
years ago Ruzsa independently rediscovered the conjecture; | told him what a nice
problem, how sifly that | did not think of it mysell.

For many other problems on combinatorial number theory, see [6], [8], [9].

9. Finally | present a very short discussion of some of the questions connected with
van der Waerden’s theorem. Denote by Win) the smallest integer for which if we
divide the integers from 1 to W{n) into two classes, at least one of the classes contains
an-arithmetic progression of n terms. van der Waerden proved about 60 years ago the
now classic result that Win} exists for every m van der Waerden's upper bound for
Win) is probably very far rom the truth; it tends to infinity as fast as the Ackermann’s
function, The first and most impartant task would be to prove or disprove that Wim)
dioes not tend to infinity so fast, that is, to give better upper bounds for W(n). This has
recently been accomplished by Shelah; his upper bound is probably still far too large.
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More than 50 years ago this problem lead Turdn and me to conjecture that van der
Waerden's theorem {s really a density theorem and that in fact every sequence of
positive density contains arbitrarily long arithmetic progressions, More precisely:
Denote by r,(n) the largest integer for which there is a sequence | =g <a; < - - - =
a, = M, t = ry{n) 5o that the a’s do not contain an arithmetic progression of k terms. We
conjectured that for every &

riln) = ol(n). {28}
More than 30 yvears ago K. F. Roth proved

cr

rafn) < ————.
log log n

(2%
Heath-Brown certainly proved ri{n) = en/{log n)’, € = 0 is a small positive number,
and Szemerédi and Pintz proved ry(n) < n/{log m)'/,

Some time ago | offered 1000 dollares fora proof or disproof of (28). About 15 vears
ago Szemerédi proved (28). His proof, which is a masterpiece of combinatorial
reasoning, already had many applications for many other combinatorial problems. A
few years later Filrstenberg proved {28) by using methods of ergedic theory; no doubt
his method will have many more applications in combinatorial number theory and
other subjects,

About 30 years ago | conjectured that if B, 1/a, = =, then the a's contain
arbitrarily long arithmetic progressions: This conjecture would in particular imply that
the primes contain arbitrarily long arithmetic progressions.

1 offer 3000 dollars for o proof or disproof of my conjecture. It is not even known
that if @ < @; = - » + contains no three-term arithmetic progression, then E7, | /o, <
w0, This would of course follow if the following were in fact true

= og =

Perhaps, in fact, for every & and ! we have for n = my(k, /)
n
—— A
riln) < (iog n) (30

If true, (30 would of course imply my 3000 dollar conjecture. Unfortunately, none of
the results 50 far give an improvement of the upper bound of Win) given by van der
Waerden. The first exponential lower bound for W () was given by Rado and myself,
and our bound was later improved by W. Schmidt. The current best lower bounds are
due to Berlekamp, Lovisz, and mysell. Berlekamp proved that for every prime p we
have

Wip + 1) =p, (31)

and Lovisz and 1 proved that for every n

Win) = ‘%j (31)
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The first step {which perhaps will not be too hard) is to prove

Win) -
2.

o, i33)

We all believe that
Wim"— =,

but even Win) = (2 + £)" for n > my(¢) seems to be beyond our reach at present.

Decfine Wik, [) as the smallest integer so that if we split the integers | = n =
Wk, Iy into two classes, either the first class contains an arithmetic progression of &
terms or the second class contains an arithmetic progression of [ terms. Win, n) -
Win). These van der Waerden numbers have, as far as 1 know, not been considered at
all. Observe that if @, < @; < » + + = @, = ndoes not contain an arithmetic progression
of k. terms, then ¢ = ry(n), and thus the complementary set of the «'s contains an
arithmetic progression of length at least o/ [ra(n)], or

i
W{k‘. r*[n}) <=, (3)

Is it true that Wk, !) is significantly less than the trivial bound given by (34)? The
simplest problem is: Let | = a4, = -+ - = &, = n be such that it does not contain a
three-term arithmetic progression. Is it then true that the complementary sequence
contains an arithmetic progression of more than (1 + cla/fryin) terms?

Freud and 1 tried to investigate the following problem: Let A{n) be the largest
integer for which if we decompose the integers 1, 2, ..., n into k{n) disjoint sets 4,
v ooy Ay, then there are always two of them, say 4, and 4, whose union contains a
four-term arithmetic progression. 1t would be of interest to determine or estimate hin)
as accurately as possible. Clearly, many generalizations are possible, but we had no
success even with f{n).

Toend this paper 1 would like to mention one of my oldest conjectures, which was
inspired by van der Waerden's theorem and which is about 55 years old. Divide the
integers into two ¢lasses in an-arbitrary way, or define a function f{n) that is either +1
ar — 1. Put

gld, m) - *Z:Iﬂkd}-
15 it true that
Iin}jup gld, nj =«

The connection with van der Waerden's theorem is clear. T restrict the arithmetic
progressions much more, but we demand much less. We do not demand that all terms
be in the same class, but only that one of the classes should have & majority that is
unbounded. A more precise quantitative formulation of the conjecture is: There is an
absolute constant ¢ = 0 50 that for some @ and m

Zf'lflm"r

k=1
i

= ¢ log n. (35)
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It is easy to see that (35) if true is best possible. A weaker form of the conjecture states:
Let fin} be a multiplicative function that only assumes the valves +1 [ie.,
flab) = fla) fib)]. Is it then true that

S fik)

is unbounded? This was conjectured independently also by Chudakov. Perhaps for
every ¢ the density of integers m for which | 2], (k) | < cis 0, See [26] and [27],
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